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ABSTRACT

Li, Xiaoyan, Lie Symmetry to Nonlinear Oscillator Systems and Applications. Master of Sci-

ence (MS), May, 2016, 68 pp., 41 references, 23 titles.

In this paper, we apply the theory of Lie symmetry to study a generalized second-order
nonlinear differential equation, which includes several physical nonlinear oscillators such as force-
free Helmholtz oscillator, force-free Duffing and Duffing-van der Pol oscillators, modified Emden-
type equation and its hierarchy etc, and investigate the dynamical properties of this rather general
equation. We identify and classify several new integrable cases for arbitrary values of exponents,
which determine the tangent vector as well as the infinitesimal generator. Using the Lie point
symmetry, we find the useful infinitesimal generators and canonical coordinates, and obtain the
first integrals of the second-order nonlinear systems under certain parametric conditions. It shows
that many classical integrable nonlinear oscillators can be derived as subcases of the obtained
results and significantly enlarge the list of integrable equations that exists in the contemporary
literature. Applications to wave equations of Korteweg-de Vries- Burgers-type equations are also

presented.
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CHAPTER I

INTRODUCTION

Many phenomena in physics and engineering are described by nonlinear differential equa-
tions. Nonlinear differential equations have a wide array of applications in many fields. They
could describe the motion of isolated waves, localized in a small part of space. Their applications
could extend to magnetofluid dynamics, water surface gravity waves, electromagnetic radiation
reactions, and ion acoustic waves in plasmas. Looking for exact solitary wave solutions to non-
linear evolution equations has long been a major concern for both mathematicians and physicists.
These solutions may well describe various phenomena in physics and other fields, such as soli-
tons and propagation with a finite speed, and thus they may give more insight into the physical
aspects of the problems. In order to obtain the periodic wave and soliton solutions of nonlinear
evolution equations, a number of methods have been proposed, such as tanh-sech function method,
extended tanh function method , hyperbolic function method, sine-cosine method, Jacobi elliptic
function expansion method, F-expansion method, transformed rational function method and the
first integral method. The first integral method is a powerful solution method for the computation
of exact traveling wave solutions [23]. The study of non-linear oscillators has been important in
the development of the theory of dynamical systems. Van der Pol and Van der Mark (1927) study-
ing a simple non-linear electronic circuit (a neon tube was the non-linear element) experimentally
found, but were not much interested in, ’noisy behavior” that we would now identify as chaos, and
Carwright and Littlewood (1945) studied chaos like behavior in a non-linear oscillator, predating
Lorenz’s work by decades. Nonlinearity is ubiquitous and all pervading in the physical world. For

a long time nonlinear systems were essentially studied under linear approximations, barring a few



exceptions. However, the famous Fermi-Pasta-Ulam numerical experiments of the year 1955 on
energy sharing between modes in anharmonic lattices triggered the golden era of modern nonlinear
dynamics. Several path-breaking discoveries followed in the subsequent decades.[18]. For many
nonlinear problemes, it is not always possible and sometimes not even advantageous to express ex-
act solutions of nonlinear differential equations explicitly in terms of elementary functions, but it is
possible to find elementary functions that are constant on solution curves, that is , elementary first
integrals. These first integrals allow us to occasionally deduce properties that an explicit solution
would not necessarily reveal [22].

In the previous work, Prelle and Singer proposed a procedure for solving first-order ODEs
that admits solutions in terms of elementary functions if such solutions exists [22]. Duarte et al.
modified the technique developed by Prelle and Singer and applied it to second-order ODEs. Their
approach was based on the conjecture that if an elementary solution exists for the given second-
order ODE then there exists as least one elementary first integral /(x,y,y’) whose derivatives are all
rational functions of x,y and y’ [3, 4]. Chandrasekar et al. [3] used the generalized extended Prelle-
Singer procedure applicable to identify integrable nonlinear oscillators and systems and construct
integrating factors. Another powerful technique for seeking the first integrals of various differential
equations is the Lie symmetry reduction method [10, 12, 14, 17]. Feng [11] applied Lie symmetry
reduction method to find the first integrals of nonlinear second-order ODEs. Special types of first
integrals and dynamical behaviors are of fundamental importance to our understanding of physical,
chemical and biological phenomena modelled differential equations.

Considering the force-free Duffing-van der Pol (DVP) oscillator,

Y+ (a+ByH)y —yw+y =0, (1.1)

where a, 8 and 7y are arbitrary parameters. It is integrable for the parametric condition o = 4/f3

and y = —3/B2. Under the transformation

w=—yell/B), z=e¢ /B (1.2)



Eq. (1.1) with restriction & = 4/ and y = —3 /% was shown to be transformable to the form

2

2 /
w’ — By = 0,

2

which can then be integrated[3]. Eq. (1.1) arises in a model describing the propagation of voltage
pulses along a neuronal axon and has recently received much attention from many authors. A large
amount of literature exists on this equation[16].

In a parallel direction, while performing the invariance analysis of a similar kind of prob-

lem, we find that not only the Eq. (1.1) but also its generalized version ,

4 3
y' + (E + Byz) y + Fy%—yS + 8y’ =0, 0 = arbitrary parameter, (1.3)

is invariant under the same set of Lie point symmetries. As a consequence one can use the same

transformation (1.2) to integrate Eq. (1.3) to the form

2
" ﬁ 2
w ——Ww
2

w + 8w’ =0,

which is not so simple to integrate straightforwardly. However, we observe that this equation
coincides with the second equation in the so-called modified Emden equation(MEE) hierarchy,

investigated by Feix et al.[5],
Yy +g?th =0, 1=12,...n,

where g is an arbitrary parameter. In fact, Feix et al. have shown that through a direct transforma-
tion to a third-order equation the above equation can be integrated to obtain the general solution
for the specific choice of the parameter g, namely, for g = 1/(I +2)?[3, 5]. However, one can also
expect that there should be a number of integrable equations which also admits solutions which

are both oscillatory and nonoscillatory types in the class
Y'+ (k! +k2)y + sy + kay?™ + 21y =0, € R. (1.4)

where ks, i = 1,2,3,4, and A; are arbitrary parameters. In this paper, we focus on this equation.

Eq. (1.4) is a unified model for several ground-breaking physical systems which includes simple

3



harmonic oscillator, anharmonic oscillator, force-free Helmholtz oscillator, force-free Duffing os-
cillator, MEE hierarchy, generalized DVP hierarchy, and so on [3]. If k3 = 0, then Eq. (1.4) is the

Duffing-van der Pol oscillator. When g = 1, Eq. (1.4) becomes the generalized MEE
V' (kiy +ka)y' +k3y* +kay® + Ay =0,

which provides us the force-free Helmholtz oscillator. When ¢ = 2, Eq. (1.4) gives us the force-
free Duffing-van der Pol oscillator.

Now, let us consider how to use Lie symmetry reduction to obtain the first integrals of
nonlinear ODEs. Symmetry is the key to solve differential equations. There are many well-known
techniques for obtaining exact solutions, but most of them are merely special cases of a few pow-
erful symmetry methods. These methods can be applied to differential equations of an unfamiliar
type. Instead, a given differential equation can be made to reveal its symmetries, which are then
used to construct exact solutions [17]. The usual procedure in the solution of any ordinary dif-
ferential equation is to search for some method whereby the order of the equation is depressed.
The two standard methods are reduction of order using a Lie point symmetry and determination
of a first integral. These are not equivalent processes [19]. Second-order ODEs whose Lie alge-
bra is three-dimensional cannnot be solved by using a two-dimensional solvable subalgebra, for
no such subalgebra exists. However these ODEs can be solved by a different approach. We can
derive a simple way of using Lie point symmetries to determine first integrals of a given ODE.
This technique relies upon the dimension of the Lie algebra being higher than the order of the
ODE. Remarkably, the method enables us to solve some ODEs without having to carry out any
quadrature whatsoever[17].

In this paper, we study Eq. (1.4) to obtain its first integrals under certain parametric con-
ditions by applying the Lie point symmetry reduction method. In fact, the exponent g determines
the tangent vector, which induces the infinitesimal generator, see Chapter 2. As a result of this,
we can classify the integrable cases by the different values of g. Particular cases are presented in
Chapter 4. For certain value of g, we can derive certain parametric conditions by the determining

equations for the infinitesimal generator, which can be reduced to canonical coordinates. Through
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the inverse transformation, we obtain the first integrals of Eq. (1.4).



CHAPTER II
PRELIMINARIES

This paper refers to Peter E. Hydon’s Symmetry Methods for Differential equations: A
Beginner’s Guide [17]. Materials presented in this section include the determining equations for

Lie point symmetries and the infinitesimal generator.
2.1 How to obtain Lie point symmetries of ODEs

Let us consider ODEs of the form

n n— dk
y( ):w<x7y7yl7"'7y( 1))7 y(k)Ed_);: (21)

It is assumed that @ is (locally) a smooth function of all its arguments. We first state the symmetry
condition. A symmetry condition of (2.1) is a diffeomorphism that maps the set of solutions of the

ODE to itself. Any diffeomorphism,

[ (xy) = (&9),

maps smooth planar curves to smooth planar curves. On the plane, the diffeomorphism I" generates

a mapping on the derivatives y®)
[ <x7y7y/7 e 7y(n)> = (Aay’\?j;/a T 79(’1)> ’

where

dsgk’

Using the chain rule, the function $*) can be written as

}/]\(k) _ d}f;(k—l) _ Dx)/}k—l
dx D&’

k=1,2,--n, 2.2)

6



(0)

y»=y,

where D(x) is the total derivative with respect to x:
Dy=0c+yoy+y"dy+---.
We obtain the symmetry condition for ODE (2.1)
3 = @ (,3,)37)3’,... ,)3(”—1)> , (2.3)

where the function $(*¥) is given by equation (2.2).
The action of a Lie symmetry maps every point on an orbit to a point on the same orbit.

Now consider the orbit through a noninvariant point (x,y). The tangent vector to the orbit at the

point (£,9) is (S(£,¥),1n(£,9)), where

dx A ay ..
%_é(xay% %_n(xa )
In particular, the tangent vector at (x,y) is
d&|  dy
o) = (Gl o)

For almost all ODEs, the symmetry condition (2.3) is nonlinear. Lie symmetries are ob-
tained by linearizing (2.3) about € = 0. It is usually easy to check whether or not a given diffeo-
morphism is a symmetry of a particular ODE. Since the trivial symmetry condition corresponding
to € = 0 leaves every point unchanged, then for € sufficiently close to O, the prolonged Lie sym-
metries are of the form

f=x+eE+0(e?),
$=y+en+0(e?), (2.4)
0 =y & L en® 1 0(e?), k> 1.
Note that the superscript in 1) ® (k=1,2,-- ,n) is merely an index; it does not denote a derivative

of . Substituting (2.4) into the symmetry condition (2.3); the O(g) terms yield the linearized

symmetry condition

" =éoc+noy+naoy+--+n""Yog,  when(2.1) holds. (2.5)
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The function n¥)(k = 1,2,--- ,n) can be obtained from equation (2.2). For k > 1, we have

o _ DYy +epn 1 0(e?)

D& 1+eD&E+0(g?)

=yW ¢ (Dxn(k_l) -~ y(k)Dx§> +0(e%).
From (2.4), we obtain
n® (x, VYo y<k>> —pn*-1_y®pe. (2.6)

In this paper, we consider second-order ODEs of the form

Y'=0(xy)). (2.7)

The diffeomorphism of the form

(£,9) = (£(x,),9(x,y))

is called a point symmetry. To find the Lie point symmetry of a second-order ODE, we just need
to calculate n(l) and n(z) first. Since the functions & and 1 depend upon x and y only, equation

(2.6) gives
N =ne+ (= &Y' — &7, (2.8)

% =nu.+ (21 — &)y + (Myy — 28y = &y + (ny — 2& — 3&)y". (2.9)
The linearized symmetry condition of (2.7) is obtained by substituting (2.8) and (2.9) into (2.5)

and then replacing y” by (x,y,y’). This gives
Nex + 2Ny = &)y + (Myy — 2§xy)y/2 - gyyyl3

= (=1 +26:+3&y )0 + E o+ Ny + {0+ (1, = &)Y — &y oy, (2.10)
which can be solved in some cases. Since & and 1) are independent of y/, then (2.10) can be decom-
posed into a system of PDEs, which are the determining equations for the Lie point symmetries.
Similarly, for higher-order ODEs, we can also obtain the linearized symmetry condition, which is

complicated.



2.2 Infinitesimal Generator and Canonical Coordinates

Suppose that a first-order ODE has a one-parameter Lie group of symmetries, whose tan-

gent vector at (x,y) is (§,1). Then the partial differential operator

X = é(x,y)ax'i‘ ﬂ(x7)’)3y

is called the infinitesimal generator of the Lie group. To deal with the action of Lie symmetries

on derivatives of order n or smaller, we introduce the prolonged infinitesimal generator
X(") = éax_|_ n&y + rl(l)ay, 4. n(”)ay(n).

The coefficient of d), is the O(€) term in the expansion of $®), and so X" is associated with the
tangent vector in the space of variables (x,y,y,--- ,y(”)). We can use the prolonged infinitesimal

generator to write the linearized symmetry condition (2.5) in a compact form:
X0 (50— w(x,y,y,.. y D)) =0 when (2.1) holds.

Let .Z denotes the set of all infinitesimal generators of one-parameter Lie groups of point
symmetries of an ODE of order n > 2. The linearized symmetry condition is linear in £ and 1, and
SO

X1, e L= Xi+X el Vci,co €R.

Hence .Z is a vector space. The dimension of this vector space is the number of arbitrary constants
that appear in the general solution of the linearized symmetry condition.
We know that if an ordinary differential equation admits an infinitesimal generator, then

there exists a pair of variables
r=r(x,y) and s =s(x,y),

which are called canonical coordinates, with r and s(s # 0) being arbitrary particular solutions of

the first-order linear partial equations

or or
5(%)’)5‘*‘”(%)’)5 - Oa

9



ds ds
é(xhy)a_x_i_n(x?y)a_y =1

The change of coordinates should be invertible in some neighbourhood of (x,y), so we impose the

nondegeneracy condition

Sy — IySx 7# 0.

Suppose that & (x,y) # 0. The invariant canonical coordinate r(x,y) is a first integral of

dx  dy

E(x,y)  mnxy)

The coordinate s(x,y) is obtained by quadrature

(x,) / dx
s ‘x7y = e/ 7N\
& (x,y(rx))
here the integral is evaluated with r being treated as a constant. Similarly, if &(x,y) = 0 and
n(x,y) # 0 then

d
r=x and s:/—y

b
n(x,y)
are canonical coordinates.

2.3 How to obtain Lie point symmetries of PDEs

Considering PDEs with one dependent variable, # and two independent variables, x and 7.

A point transformation is a diffeomorphism
L (x,t,u) = (R(x,2,u),1(x,y,u),d4(x,t,u)).
This transformation maps the surface u = u(x, ) to the following surface:
2=x(x,t,u(x,1)),

f=7(x,t,u(xt)), (2.11)

i

a(x,t,u(x,1)).
To calculate the prolongation of a given transformation, we need to differentiate (2.11) with respect
to each parameters x and ¢. To do this, we introduce the following derivatives:

D, = ax + uxau + uxxaux + uxlau, +--

Dy =0, +u 0y + uyy 0y, +updy, + -+ - .

10



the first two equations of (2.11) may be inverted (locally) to give x and ¢ in terms of X and 7,

provided that the Jacobian is nonzero, that is,

DX D,
J = #0 when u = u(x,1).

D& Dyt

If (2.12) is satisfied, then the last equation of (2.11) can be rewritten as
i =a(x,7).

Applying the chain rule to (2.13), we obtain

D.ii D, X Dif| | i
Dyii - Dk Dyt | | |
and therefor by Cramer’s rule
A 1 |Dyi Dyi A 1 |DyX Dyii
Uy = — U= — .
Y Alpa pil 7 \ps D

(2.12)

(2.13)

(2.14)

Similarly, we can obtain the second-order prolongations by repeating the above argument.

1 Dxﬁ)e Dxf R 1 DxxA Dxﬁf
Uge = — o U= )
/ D[ﬁx" D[f / Dt)? D[l:if

1 Dxﬁf Dxf 1 Dx)? Dxlft)g

Ugp =

/ Dtﬁf th j Dt-xA DlﬁxA

Define point symmetries of an nth order PDE:
A(x,t u,uy, iy, ...) = 0.
For simplicity, we shall restrict attention to PDEs of the form

A=us—o(x,t,uuy,u,...) =0,

where uq is one of the nth order derivatives of u and @ is independent of u.

transformation I' is a point symmetry of (2.16) if
A(R, 7,4, 0z, d;,...) =0 when (2.16) holds.

11
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And the point

2.17)



Typically, the symmetry condition (2.17) is extremely complicated, so we shall not try to solve it
directly. Nevertheless, it is quite easy to check whether or not a given point transformation is a
symmetry of a particular PDE.

Generally speaking, we do not know a prior what form the point symmetries of a given
PDE will take. However, it is usually possible to carry out a systematic search for one-parameter

Lie groups of point symmetries. We seek point symmetries of the form

£=x+€e&(x,t,u) +0(e?),
f=t+et(x,t,u)+0(€?), (2.18)
i =u+en(x,t,u) +0(e*).
Just as for Lie point transformations of the plane, each one-parameter (local) Lie group of point

transformation is obtained by exponentiating its infinitesimal generator, which is
X =&E0+ 10, +1n0,.
Equivalently, we can obtain (£,7,) by solving
dg dt

% - 5()27?712)7 P T()’C\vf;ﬁ% P n()%\?fvﬁ)?

subject to the initial conditions
(%,7, ﬁ)‘g:() = (x,t,u).

A surface u = u(x,t) is mapped to itself by the group of transformations generated by X if
X(u—u(x,t)) =0 when u=u(x,1). (2.19)
This condition can be expressed neatly by using the characteristic of the group, which is
Q=1 —Gux— Tuy.
From (2.19), the surface u = u(x,?) is invariant provided that

Q=0 when u=u(x,t). (2.20)

12



Equation (2.20) is called the invariant surface condition; it is central to some of the main tech-
niques for finding exact solutions of PDEs. The prolongation of the point transformation (2.18) to

first derivatives is

ﬁ)? = ux+8nx(x7t7u7uX7ul) + 0(82)’

I:Zf =u;+ gnt(xatvl’t?umul) + 0(82>’
where, form (2.14),

nx(xat7u7umut) - Dx - uxDxé - I/tthT,

N (x,t,u,uc,u;) = Dy —uyDE — u,D; T.
The transformation is prolonged to higher-order derivatives recursively, using (2.15). Suppose that
iy =uy+en’ +0(e?),

where
o1ty R oty

T oxiiari T zhark

for some numbers j; and j,. Then (2.15) yields

lys = us + €N’ +0(e%),
iy =uy+en’ +0(e?),

where
njx = Di - quDxé —uy Dy,
2.21)
th — DtJ — u]thé — uJ[D[T.

The infinitesimal generator is prolonged to derivatives by adding all terms of the form 179, ;

up to the desired order. For example,

XW =0+ 70, + N0+ 10, + 10, =X + 10, + 1"y

X(z) = X(l) + nxxauxx + nXtauxt + nttau” .

13



From now on, we adopt the convention that the generator is pronged as many times as is needed
to describe the group’s action on all variables. To find the Lie point symmetries, we need explicit
expression for (2.21). Then Lie point symmetries are obtained by differentiating the symmetry

condition (2.17) with respect to € at € = 0. We obtain the linearized symmetry condition
XA=0 when A =0. (2.22)

The restriction (2.16) enables us to eliminate us from (2.22); then we split the remaining terms
(according to their dependence on derivatives of u) to obtain a linear system of determining equa-
tions for &, 7 and 1. The vector space .Z of all Lie point symmetry generators of a given PDE is a
Lie algebra, although it may not be finite dimensional.

Since the late 1980s, quite a few mathematicians and physicists have obtained explicit ex-
act solutions to the Burgers-KdV equation by various methods. Feng[7, 9, 8, 6] proposed a new
approach by applying the first integral method to study the compound Burgers-KdV equation and
Burger-KdV equation. Applying Lie point symmetry method, we can get the first integrals of
PDEs. The first integral method is a powerful solution method for the computation of exact trav-
eling wave solutions. This method is one of the most direct and effective algebraic methods for
finding exact solutions of nonlinear partial differential equations. Different from other traditional
methods, the first integral method has many advantages, which is the avoidance of a great deal of
complicated and tedious calculations resulting in more exact and explicit traveling solitary solu-
tions with high accuracy[23]. In this paper, we focus on the first integrals of ODEs, for PDEs, we

will present them in the future.
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CHAPTER III

NONLINEAR OSCILLATORS AND SYSTEMS

3.1 Determining systems for the infinitesimal generator

Considering a second-order nonlinear ordinary differential equation of the form
Y+ (ki +ka)y + kay* T+ kay?t 4+ 41y = 0,q € R. 3.1)

where kls, i = 1,2,3,4, and A; are arbitrary parameters. In this chapter, we assume that g is
arbitrary. For the general cases, we will present in the following sections. Chandrasekar et al. [3]
used the generalized extended Prelle-Singer procedure to identify the first integrals of Eq. (3.1).
Feng [11] applied Lie symmetry to find the first integrals of Eq. (3.1) when the exponent ¢ is
arbitrary. Now, let us apply the method of Lie point symmetry [21, 17] to find new first integrals
of Eq. (3.1) under some certain parametric conditions. Following procedures to determine the
symmetries of a differential equation introduced in Chapter 2, we can get the linearized symmetry
condition concerning Eq. (3.1). Although (2.10) looks complicated, it is not difficult to solve
& (x,y) and n(x,y). Since the unknown functions do not depend on the derivative y', after setting the
coefficients of the powers (y')!(i = 0,1,2,3) in (2.10) to zero, the linearized symmetry condition

(2.10) can be decomposed into the determining equations as follows

V] : &y =0, (3.2)

V2 My — 2Ey = —2E k1Y — 2 ks, (3.3)

[y/]l : 277xy - gxx = _é:x(klyq + k2) - 3k3§yy2q+] - 3’]‘4§yyq—H -3 ‘:yy (3.4)
—gkiny?,

15



D1t M = =2k 8y — 2ka&y ™™ — 21 By + kamyy T+ kamyy T
+my — (2g+ Dksny* — (g+ Dkany? — 2 — (kiy? + k).
The first equation (3.2) gives
& =a(x)y+b(x).
Substituting (3.6) into (3.3), we have

B 2a(x)k p
N= g e —a@heh? +c@y+d(),

(3.5)

(3.6)

(3.7)

where ¢ # —1 and ¢ # —2. And a(x), b(x), c(x) and d(x) are functions of x to be determined.

Plugging (3.6) and (3.7) into (3.4) leads to

2k2g
2g+17 . 1 -
Y S3la+ ———a=0,
] (g+1)(g+2)
—1 3
[yq+1] . wklaq—y{z‘a —kikoga =0,

q+1
V9] : kb’ + kygec =0,

[y Y kygd =0,
] :d" —kyd' +2A1a=0,

0] :2¢ —b" + kb’ = 0.
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Similarly, plugging (3.6) and (3.7) into (3.5), we find that

2] 2 kiksa = 0,
2k3 ) 2k ky

b (2q = Diakaa —ka(q el + oy = T

a=0,
)
2 < kab' + ghse =0,

) : k3(2q+1)d =0,

2y, G eksat (g4 Dkad + 20N
[ ]-(q+1>(q+2) 1d" — (g — 1)koksa+ (g +1)ksa g2
2
L a3qtA L~ (3.9)
(g+1)(g+2)

I 2 2kgb’ 4 ghyc + ki’ =0,
) : (g+ 1kad +kyd' =0,
2] :d" +koha+2d —k3d =0,
] : " +2Mb" + ko =0,
1] d" + Md + kad' = 0.
In this section, we also assume that g #£ 0, %, —%, %, —%, 1 or 2. Since we can combine the coeffi-

cients of y with the same power, this assumption can avoid this case. In following sections, we will

state these cases in detail.
3.2 Integrable cases under certain parametric conditions

Case 1: ky,kp,k3,ks and A; are arbitrary.
The first equation in (3.9) gives

k1k3a = 0,

which means a(x) = 0. The forth equation in (3.8) gives

kigd =0,

17



which means d(x) = 0. Then the determining system for b(x) and c¢(x) is reduced to

2¢ —b" + kb =0, (3.10)
gc+b =0, (3.11)
" 42 + ko' =0, (3.12)
2kab’ + gkac + ki’ = 0. (3.13)

Substituting (3.11) into (3.10), we get

kg 2 kag
c(x) = coequ, b(x) = —W;Cﬂeq‘zﬂxﬁ-cl,
2

where ¢ and ¢ are constants. Substituting »(x) and c(x) into (3.12) and (3.13), we obtain para-

metric conditions
q+ 1 2 o k 1k2

l:(q+2)2 25 4_m7

respectively. Hence, the general solution of the linearized symmetry condition is

(3.14)

2 kg kg
“ _;2 )coeqizx*’cly n= Coeqizx)’-

E=-
Using & and 7, every infinitesimal generator is of the form
X = CoXo+CiX1,

where

(g+2)
2

Xo=—

kag kg
€12 0y + €712 o,
X1= ax~
For the generator ), it is a homothety operator. Generally, it is hard to use this operator to find
the first integrals of complicated second-order nonlinear ODEs. So we choose yp, which is a

translation operator, as a generator to get canonical coordinates. Note that in the following cases,

we assume that co = 1,¢; = 0 to get the generator ).

18



The invariant canonical coordinate r(x,y) is a first integral of

dx dy

E(x,y)  mnxy)

Then we obtain

12k
q+27y),
K Y

r(xay) =

The coordinate s(x,y) is obtained by quadrature:

dx
)= | gy

It is readily to get

gky
s(x,y) = —e w2,

Equations (3.15) and (3.16) can be rewritten to the parametric form [12]

q+2 ko

1
= In(gs), =——(gs)r.
M), y=5les)
Using the nonlinear transformations (3.17) yields [12]
dy k2 e (g N 1 1
—_ = ——x g 1 q —rs4
e (q+2)2q IS qrs :

9%y k% 24“( 2q+l+q—i—2 erl 1)
= q VecS 4 rgSs 4 —rs?
x  (g+2p? ™ g VT

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Substituting equations (3.18) and (3.19) into equation (3.1), under parametric condition (3.14),

we obtain
Fog = qu rerd — ﬂ 2q+1
(g+2)s! (g+2)%==> 7
which is integrated as
2k a1 | K@+ 2K =2k (g + 1)(g+2)7r
VB —4(q+ Dk (g+2)k3ro+1 I3 —4(g+ ks

+In [k3k§q‘2r2q+2 — kK (g4 2)T g+ (g D (g + 2)2q*2r§] _1,

where [ is an arbitrary constant. Using the inverse transformation of (3.17), we have

q_|_2 q+1)k2 (q_|_2)2 gtk
y

e 49+2
ka k3 ’
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where kpy+ (g +2)y #0.

(i): If k3 # 4-(q—-1i-1)’ substituting equation (3.22) into (3.21), we obtain the first integral of equation
(3.1) as [3, 11]

2ky 1 klyq+1+2kz(q+1)

- y+2(qg+1)y
tanh + kox+
\/k2 4(g+ 1)k \/k2 4(q+ 1)ksya+! q+2

In[(g+2)y" " [ks(q+2)y"™ +kikay + ki (g +2)y'] + (g + Dlkay + (g +2)y')]

2
(ii): If k3 = 4(qk—jrl), equation (3.20) can be integrated as

I 2kx(q+2)(q+ Dry iy
a2y T [1_ kkd(q +2)ra+1 () =1 (3.23)
== l 1%\
1k3 (g+2)rat

Substituting equation (3.22) into (3.23), we obtain the first integral of equation (3.1) as [3, 11]

q+1 +1 / 2(q+1) :|
T fox4In |kpy? 4 2(g+ 1)y + k
P [ 1y (g+1)y PRl

ki(g+2)ytt! B
ki(qg+2)yit 1 +2(qg+ Dkoy +2(q+ 1) (g +2)y'

0, k1,k>,k4 and A, are arbitrary.

Case 2: k3 =

In this case, Eq. (3.1) becomes the Duffing van der Pol type oscillator. The first integral of
this kind of oscillator is presented in [3, 12]

By the first equation and the forth equation in (3.8), we obtain a(x)

=0and d(x) =0. Then
the determining system for b(x) and c¢(x) is same as case 1. So we obtain

kg 2 kagq
c(x) = coeqi2 b(x) = _—(q; )<o qizx%-cl
2

where ¢y and ¢ are arbitrary constants and same parametric conditions

g+1 5 k _k1k2

- , _n 3.24
P =2 (3.24)
Using
k k
= _q;;zqux n=erry,
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and following procedures (3.15) to (3.20), under parametric condition (3.24), we obtain

q—1
Fes = ks rsrd
Ss (q + Z)q_l N b
which is integrated as
klk(zlil q+1
= I 3.25

where I; is an arbitrary constant. Substituting equation (3.22) into (3.25), we obtain the first
integral of equation (3.1) as

(g+1)ky k2 kl
e 2Ny 4+ ——y+ 9“) =1.
<y g+2° T+ 1’ !

Note that this first integral is same as the results in [3, 12].

Case 3: k| = 0,k3 = 0 and ky, k4, A; are arbitrary.

In this case, Eq. (3.1) becomes the Duffing-type oscillator. Similarly, the first integral of
this oscillator is presented in [3, 12].

The second equation in (3.8) gives a(x) = 0. And the seventh equation in (3.9) gives

d(x) = 0. The determining system for b(x) and c(x) is reduced to

2 —b" + kb =0, (3.26)
gc+2b' =0, (3.27)
" 20b + kb = 0. (3.28)

Substituting (3.27) into (3.26), we get

aky +4)cy 2
o) = coet, ) = —IEVO o
2ky
where cg and c; are arbitrary constants. In this case, we assume g # —4. If ¢ = —4, then we

get ¢(x) = 0, the equation (3.1) is partially integrable. Substituting b(x) and ¢(x) into (3.28), we

obtain one parametric condition
_2(q+2),,

= i (3.29)
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Assuming co = 1,¢1 = 0 yields

4 do o
I S
Using & and 7, we have

4 2%
rley) = S ey, (3:30)

2 _dk
s(x,y) = Ze”#H", 3.31)

q

Formulas (3.30) and (3.31) can be rewritten to the parametric form

x= —qq;z; In (%) L y= ;% (%) . (3.32)

Using the nonlinear transformations (3.32) yields

dy 2gk3 19\ q @2 2 2

= =— = - 3.33
ox (gt a? (3) (" ) (3-33)
%y 2¢°K3 /q\; 242 4\ a2 4 2

e tarap B [T ()] e

Substituting equations (3.33) and (3.34) into equation (3.1), under parametric condition (3.29),

2k, \ 172
res = —k ratl
sSs 4 (q+4)

we obtain

which is integrated as

2k 2k 92
2 4 2 q+2
ro =———— | —— r +I ; 3.35

where I is an arbitrary constant. Using the inverse transformation of (3.32), we have

4 ko(g+2) 4
g 55

% (3.36)

where 2k,y + (g +4)y’ # 0. Substituting equation (3.36) into (3.35), we obtain the first integral of
equation (3.1) as [3, 12]

gtk [y? 2ky 2/{% kg yq+2} _1.

e atd —+ '+ +
2 g+ T gra? T2
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Case 4: k; =0, k4 = 0 and ky, k3, A are arbitrary.
The first equation in (3.8) and the forth equation in (3.9) gives a(x) = 0 and d(x) = 0. Then we

can solve for b(x) and ¢(x) by following system

2 = b+ kb =0, (3.37)
ge+b' =0, (3.38)
"+ 200 + ko' = 0. (3.39)

Substituting (3.38) into (3.37), we get

gk 2 gk
c(x) e Coeq+22x’ b(x) — _Metﬁ-%x +C1,

where ¢o and ¢ are constants. Substituting b(x) and c¢(x) into (3.39), we obtain one parametric

condition
+1
M = (qq+—2>2k§. (3.40)
We assume ¢y = 1,¢1 = 0, then
k k
g = —ql;zze;%x, n= e(3+22)xy_

Following procedures (3.15) to (3.20), under parametric condition (3.40), we obtain

2q—2
Foo = — k3k2q r2q+1
e

which is integrated as
2q—2
k3k>?
2 3% 2g+2
r — r +I y 3.41
’ (g+1)(g+2)%2 ’ G4l

where I3 is an arbitrary constant. Substituting equation (3.22) into (3.41), we obtain the first

integral of equation (3.1) as

(2q+2)k2 kz k2 yl2 k3
e iz % 2 2+ l+_+_2q+2 — L.
20q+2)2 T2 T2 Tagi2’ 3

Note that the first integrals in this chapter are identical to the results in [3]. For other cases

of k1, k»,k3,kq and A, the original equation is partially integrable or the first integral can be derived
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directly without applying Lie point symmetry. So it is not meaningful to mention them. But the
value of ¢ may effect the first integrals of equation (3.1). For example, in this chapter, if ¢ = —1
or —2, the tangent vector 1(x,y) is undefined. However, we can still obtain the first integrals of
equation (3.1) when ¢ = —1,—2. And when g = 1, if we combine the coefficients of y? with y and
other y with same power, then the determining system for the infinitesimal generator may change.
Butif g =2, %, —%, %, or —%, the integrable cases are same as this chapter. In the following chapter,

we will consider these values of ¢ which are not included in this chapter.
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CHAPTER IV
PARTICULAR CASES

4.1 Integrable cases of g=1

In the proceeding section, if g = 1, the determining system for the infinitesimal generator

will change. Equation (3.1) becomes
Y+ (kiy +k2)y +ksy? + kay* + A1y = 0. 4.1)

By (3.6) and (3.7), we obtain
& =a(x)y+b(x), (4.2)

and

1= ) a4 ey (o), @3)

where a(x), b(x), ¢(x) and d(x) are functions of x to be determined. Same as Chapter 3, substituting

(4.2) and (4.3) into (3.4) and (3.5), we obtain two systems

y’] : k}a — 9kza =0,
y?] : kikya — 3kga = 0,

(4.4)
[y] : 3kod’ —3a" —3Aa—kib' —kic =0,

0] : 6" —2¢ —kyb' —kyd = 0.
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and
[y*] : Bkaksa — kykga — kza' + k3d' =0,
[y3] : —6kya' — 2kiAja —2k1d” + 4k kyd' — 6kzc — 6kzb’ =0,
2] : —kge — 2kgb’ —3ksd — ki +k3d —a"” — dd — Akya =0, (4.5)
[] : 2410”4 2kad + kyd' + ko' + " =0,
V0] : d" + kod' + Ayd = 0.
Clearly, these two systems are different from Chapter 3, since we combine some equations together.
Case 1: ki,kp, k3, k4 and A; are arbitrary.
In order to solve a(x),b(x),c(x) and d(x) easily, we assume following conditions.
Condition (1):
k} =9%ks,  kiky = 3ky. (4.6)

From above parametric condition, the first and second equation in system (4.4) and the first equa-
tion in system (4.5) are always true. In addition, by the parametric condition (4.6), we obtain the
third equation in system (4.4) and the second equation in system (4.5) are equivalent, which can
be simplified as

3(d'ky—d" —Aa)—ki (b +¢c)=0.

Let b’ + ¢ = 0, then the determining system for a(x), b(x), ¢(x) and d(x) is reduced to

d' —kyd +Ma=0, 4.7
d" 4+ (M —K3)d +koha+ (kse —3ksd — ki) =0, (4.8)
—3c 4 kyc —k1d =0, 4.9)
d" +kyd +Md =0, (4.10)
2Mic — ko' — " —2kyd —k1d' = 0. 4.11)

Under the parametric condition (4.6), in equation (4.8), we obtain

k
ksc — 3kzd — ki’ = ?1(—3(:’ +kye—kid) = 0.
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By equations (4.7) and (4.10), we get

a(x) = coe’™2x,  d(x) =crel’x, (4.12)
ey tr/I2—a0,
where p = M and ¢, c; are constants. Then from (4.9), we obtain
k k
c(x) = cre ¥ — 3p1_clk2 e, (4.13)

where p # %, ¢y is a constant. If p = ]%, then d(x) = 0. Plugging (4.12) and (4.13) into (4.11),

we can get parametric conditions
A =—= p=——. (4.14)

As a result of this, we obtain

% 3¢y K 3kic
a(x) = coesz7 b(x) = _k_ze%x 121 e_sz_*_c&
2 2k
k k k B
c(x) = czesz+ 1_6116*%)% d(x) = cle’?zx,

2ky

which satisfy equations (4.7) — (4.11).

Every infinitesimal generator is of the from

X =coXxo+cix1+cax2+c3xs,

where

2% k
X0 = eszyax, X1 = ﬁe 30+ (—6_3ZXY+6_3X) ay,
2

3 & k
XZ = _k_ze%xax+e%x8y7 X?ﬁ = aXa

which is a summary for two cases: d(x) = 0 and d(x) # 0. In general, for second-order ODEs, we
can only get 0, 1, 2, 3 or 8 infinitesimal generators for one case. Moreover, we can get 8 infinitesi-
mal generators if and only if the ODE either is linear, or is linearizable by a point transformation.

Part (a): If we choose ; as the infinitesimal generator, then assuming

5_ 3 _szx o _szx +2k2
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to make it simper to get canonical coordinates. We find that

k 2k k
r(x,y) =e 3% <y+ k—2> . s(xy)=et.
1

Then r(x,y) and s(x,y) can be written as

3 2k
x:gln(s), y:rs—k—lz.

Using the nonlinear transformations of x and y yields

d

a_z = ?2 (rssz—i—rs) ;

82 2

a—zi = 32 (rsss3 + 3rss2 + rs)

(4.15)

(4.16)

Substituting equations (4.15) and (4.16) into equation (4.1), under the parametric condi-

tion (4.14), we obtain

which is integrated as

(kzrs+k1r2)2
A7 . . 5 » — 14,

2korg +k1r2

where 14 is a constant. Using the inverse transformation of x and y, we obtain

where

Plugging (4.18) into (4.17), the first integral of equation (4.1) is

=1

2 [ Bhikay 3k +i3y* +263)°
kiy* +2kzy + 6/

Part (b): If we choose ); to get canonical coordinates, we obtain

3 k ky

g=-2otr p=ety,
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The canonical coordinates are

3 K )

r(x,y) = 567)6)/, S()C,y) =€ Tx‘

Formulas of r(x,y) and s(x,y) can be rewritten to the parametric form

3 k
X = —k—zln(s), y= gzsr. (4.19)

Using the nonlinear transformations (4.19) yields

dy k% 2

ax = — 9 (I"SS —|—}’S) 5 (4.20)
iy B K k5

o 2)yc = s’ re o+ (4.21)

Substituting equations (4.20) and (4.21) into equation (4.1), under parametric conditions

2

k¥ =93,  kikp=3ks, A= §k§,
we obtain
k2
rgs = kyrgr — §1r3,
which is integrated as
9 2 k2 4 6k 2
R LU (4.22)

k3r? — 6k

where Is is an arbitrary constant. Using the inverse transformation of (4.19) yields

3%, 9w,
rS = —Ee 3 xy— k—%e 3 xy . (4'23)

where kpy + 3y’ # 0. Substituting equation (4.23) into (4.22), we obtain the first integral of equa-

tion (4.1) as

Lo [y ki +3Y)2)
k1y? +2kyy + 6y’

Condition (2):
3ky = kiky, k3 # 9ks.
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It k% # 9k3, then from the first equation in system (4.4), we can get a(x) = 0. Then by the third

equation in system (4.4), we obtain

b +c=0. (4.24)

Plugging (4.24) into the forth equation in system (4.4) and the third equation in system (4.5), after
subtraction, we have

(9k3 —k3)d = 0.

Clearly, we obtain d(x) = 0. The determining system for b(x) and c¢(x) is reduced to

b —2c — kb’ =0, (4.25)
c+b =0, (4.26)
2Mb + ko + " =0. (4.27)
Plugging (4.26) into (4.25), we get
c(x) = coe%zx, b(x) = —3k—c;)el?x +cy,

where ¢g and ¢ are constants. Substituting b(x) and c¢(x) into (4.27), we obtain one parametric
condition
2

A = §k§. (4.28)

Hence, the general solution of the linearized symmetry condition is

3¢y ko ky
§=—, ¢ T m=coedy.
2

Assuming cg = 1,c; = 0, then following procedures of part (b) in Condition (1), under the para-

metric condition (4.28), we obtain

res = kyrrs —kar, (4.29)
which is integrated as

2k; canh-! kyr? —4ry

\/ k2 — 8k3 \/ k3 — 8ksr?

30

+1n (k3r* — ki Prg +217) = I, (4.30)



where Ig is an arbitrary constant.
@: If k% # 8ks, substituting equation (4.23) into (4.30), we obtain the first integral of equation

(4.1) as

2k 3k v + 4k 12y | 4k
L app-! 2R Ay 12y ) AR

/K2 — 8k3 3/K2 — 8ks)? 3

+1n [3y2(3k3y2 + kikoy + 3k1y') +2(koy + 3)’/)2} =l

(ii): If k7 = 8ks, equation (4.29) can be integrated as

4
+ln (1 - k;;) FIn(r?) = I, 4.31)

Substituting equation (4.23) into (4.31), we obtain the first integral of equation (4.1) as

3k1y? _
dkoy +3k1y2 4+ 12y

2%
sz +In (4kay + 3kiy® + 12y') + Is.

Note that this first integral is identical to the results in [3].

Condition (3): If k4 # 3k1ky, 9k3 = k%, we can only find the infinitesimal generator y = d,
which means equation (4.1) is partially integrable.

Case 2: k| =0, kp,k3,k4 and A, are arbitrary.

The first equation in (4.4) gives a(x) = 0. Then the determining system for b(x),c(x) and d(x)

yields
b +c=0, (4.32)
b —2c — kb’ =0, (4.33)
—kyc — 2k4b’ — 3kad = 0, (4.34)
26" +2k4d + k' + " =0, (4.35)
d" +kyd' +Ad =0. (4.36)

Plugging (4.32) into (4.33), we obtain

k 3 k
c(x) = coe 37, b(x) = —%e%x+c1,
1

31



where ¢, | are constants. Similarly, plugging b(x) and ¢(x) into (4.34), we can find

k kaco *
4 _ kaco ko

d(x) = 33t = 31

Then from (4.36), we can conclude a parametric condition

4k3
A =——2. (4.37)
9
Substituting (4.37) into (4.35), we obtain another parametric condition
k3 = —2k3ks. (4.38)
Assuming co = 1,¢1 = 0 yields
3 k ky ks
— _—_— 3" —e3X -
ol ey )
It is readily to get
k ky ky
r(x,y):eSX Y+ S(x7Y)_e 3
3k3
Then we can find
3 k
x:—k—zln(s), y:rs—i,
which induce
d k
a—i = —?2 (rss2 + rs) , (4.39)
%y k3
8_)632) =5 (ras® +3rs> +75). (4.40)

Substituting equations (4.39) and (4.40) into equation (4.1), under the parametric conditions

(4.37) and (4.38), we have

9k3 3
Tss = _k_%r )
which is integrated as
Ok
2 _ 3 4
I"s = —Z—k%r +I7, (441)
where I; is an arbitrary constant. Taking r(x,y) and s(x,y) into account yields
% (3, ky
= e (2 4. 4.42



where 93y’ + 3koksy + kakg # 0. Plugging (4.42) into (4.41), we obtain the first integral of equa-

tion (4.1) as

4ky ks 6k4 2ky 9 2ky 6
=X _52 R34 P43 <4 N e N A T — L.
e ( y +2k%y + k%y 3k3y+k%y +k2k3y +k2yy 7

Case 3: k| =0,k4s = 0 and k;,k3 and A; are arbitrary.
Same as section (4.1.2), we have a(x) = 0. By (4.34), we have d(x) = 0. Then the determining

system for b(x) and ¢(x) is reduced to

b’ —2c — kb =0, (4.43)
c+b' =0, (4.44)
20D 4k 4+ = 0. (4.45)
Plugging (4.44) into (4.43), we get
c(x) = coek%x7 b(x) = _3k_C206"32x +c1,

where cg and ¢ are constants. Substituting b(x) and c(x) into (4.45), we obtain one parametric
condition

2
M=§%. (4.46)

Then, we obtain

3¢ k K
E=——"=e3"+c, M=coe?y.
k>

Let co = 1, ¢y = 0 and following procedures of part (b) in case 1, under parametric condition

(4.46), we obtain

Tss = _k3r3:
which is integrated as
2 k3 r4
I"s :_T+I87 (447)

where Ig is an arbitrary constant. Substituting equation (4.23) into (4.47), we obtain the first

integral of equation (4.1) as

so (K 5 ko, Y ks g
3 £ f— p— f— :I_
e (18y+3yy+2+4y 8
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Note that this first integral is presented in [3].
Case 4: ky = 0,k3 =0, kp, k4 and A are arbitrary.
In this case, Eq. (4.1) is the Helmholtz Oscillator[12]. The second equation in (4.4) yields

a(x) = 0. Then the determining system for b(x) and c¢(x) is reduced to

b —2¢ — kb’ =0, (4.48)
c+2b =0. (4.49)
2B+ 2kyd + k' + " =0, (4.50)
d" +kyd' +Ad =0. 4.51)

Substituting (4.49) into (4.48), we obtain

k 5 k
c(x) = coe s, b(x) = —ﬂe%x—I—cl,
2ko

where ¢y and ¢ are constants. Substituting b(x) and ¢(x) into (4.50), we obtain one parametric

condition

1 6 ,

Similarly, substituting (4.52) into (4.51), we obtain another parametric condition

1 6 6
— (M ===k ) (M +=2k3 ) c=0.
2k4(1 25 2)(1+25 2)(;

Part (¢): A = %k%, then by equation (4.52), we have d(x) = 0. Assuming co = 1,¢; =0
yields
5 kK ky

é = —Z—kZeTx, ’n = e?xy.

Using & and 7, we obtain the invariant canonical coordinates are

5 2% k.

r(x,y) = —e3 "y, s(x,y) =2e 3. (4.53)
2k
The canonical coordinates r(x,y) and s(x,y) can be rewritten to the parametric form
5 S k2 2
2 (-) — 22, 4.54
X I n 5 y 1 OS . ( )
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Using the nonlinear transformations (4.54) yields

) k3

a—z = —% (rss3 —|—2rs2) , (4.55)
92 K k3 2k3

az';yc = 5507555 T 5655 + 355" (+:30)

Substituting equations (4.55) and (4.56) into equation (4.1), under the parametric condition A; =

6k3 /25, we obtain

5k4 2
Fss = 2_kzr,
which is integrated as
Sk
2 4.3
ry = —3—]Qr + 1o, 4.57)

where Iy is an arbitrary constant. Using the inverse transformation of (4.54), we have
25 3k 2
PR (y’ + —kzy) : (4.58)

where 5y’ +2kyy # 0. Substituting equation (4.58) into (4.57), we obtain the first integral of equa-

tion (4.1) as

o, (V> 2k, 2k 5 ka4
R A i BRI

Part (d): A = —%k%, then by equations b(x),c(x) and (4.52), we can get

K 5¢o « 6k3cy *
c(x) = coe%x, b(x) = —2—;2652x+61, d= _#kcf 3

Similarly, we assume co = 1,¢; = 0, then

2
2

Using & and 7, we obtain

2% 6k2 k
r(x,y) = e 5% ( - szzt) , s(x,y) = e 3%, (4.59)
Following procedures in part (c), under the parametric condition 4| = —6k% /25, we have
25ks 5
Tggs = — 4]{% r,
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which is integrated as

s =— +Ip. 4.60
I 61 r"+1o (4.60)
By equation (4.59), we can get

(kS (4.61)

o YT 5k 2k ) '
where
6k 5
-+ — 0.
YT T2

Plugging equation (4.61) into (4.60), we obtain the first integral of equation (4.1) as

6y 5 25 , 6k3 5 , 6ky, 25kq 4
S =2y + 5y 2y =y — —y + == ) = Do
¢ ( Y Tk TR T Tee ) T

These two first integrals of equation (4.1) are presented in [12, 1, 2, 13, 14].
Case 5: k3 =0, ki, k>, k4 and A, are arbitrary.
Taking the first equation in (4.4) into account, we find a(x) = 0. The determining system for b(x)

and ¢(x) is reduced to

kyc + 2kab' 4+ ki =0, (4.62)
c+b' =0, (4.63)
b —2¢ —kob' —kyd =0, (4.64)
216"+ 2k4d + kyd' + ko + " =0, (4.65)
d" +kyd + Md = 0. (4.66)

Substituting (4.63) into (4.62), we find that

kg ki ka
c(x) = coehr ™, b(x) = —Cz—lek'x‘i*cl,
4

where ¢o and c¢; are constants. Substituting b(x) and c¢(x) into (4.64), we obtain a parametric

condition
kiky — 3ky
= ———=¢.

d
ki

(4.67)
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Plugging b(x) and c(x) into (4.65), we obtain

42 2koky
2( M+ —2 - =0. 4.68
< 1+ @ N > c (4.68)
Plugging (4.67) into (4.66), we have
kiky—3ky (K3 koky
A SICLC I T Y 4.69
k% (k% + I +A1)c (4.69)

Combining (4.68) with (4.69), we have

3ky

~a (kika = 3ke) (kiko — ks) = 0.
1

Part (e): k1ky = 3k4, by equation (4.68), we obtain a parametric condition

2k3
)Ll — ?2
And by equations b(x),c(x) and (4.67), we have
s 3co kay
d(x) =0, c(x) = cpe3, b(x)=——e3" 4.

ko

Then, by letting co = 1,c1 = 0, following procedures of part (b) in case 1, under parametric

conditions
kiky =3ky, A =2k3/9,
we obtain
Trss = ki rry,
which is integrated as
k
re = 31# 1, (4.70)

where 1 is an arbitrary constant. Substituting equation (4.23) into (4.70), we obtain the first

integral of equation (4.1) as

which is identical to the results in [3].
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Part (f): k1ky = kg4, from equation (4.68), we have

A = —2K3.

From equations b(x),c(x) and (4.67), we have

b(x) =

. @ kox
ko

Assuming ¢y = 1 and ¢; = 0, we get

_ 1 kzx
é - kze )

Taking & and 7 into account, we obtain

e+ ¢y, c(x) = coe, d(x) =

r(x,y):ek2x< ——>, s(x,y) = e kx,

Equation (4.71) can be rewritten to the parametric form

Using the nonlinear transformations (4.72) yields

Substituting equations (4.73) and (4.74) into equation (4.1), under parametric conditions

we obtain

which is integrated as

1 2k
x:—k—zln(s), y:rs—l—k—lz.
d
a_fc =—ky (rss2 + rs) ,
(92
a—zz = k% (rsss3 + 3;’3s2 + rs) .

kiky = kq,
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A = —2Kk3,

4.71)

(4.72)

(4.73)

4.74)

(4.75)



where I} is an arbitrary constant. Using the inverse transformation of (4.72) yields

/
— _p2kox y__2_k2 4.76
s e <y+k2 kl)’ (4.76)

where kikyy + k1’ — 2k3 # 0. Substituting equation (4.76) into (4.75), we obtain the first integral
of equation (4.1) as

2 (2y — 2kay +k1y?) = hha.

If k3 = k4 = 0 and ky,ky,A; are arbitrary, it is easy to check equation (4.1) is partially
integrable.
Case 6: kr =0, k1, k3,ks4 and A, are arbitrary.

The second equation in (4.4) yields a(x) = 0. Then the determining system for b(x),c(x) and d(x)

yields
b +c=0, 4.77)
b —2c —kid =0, (4.78)
—kyc — 2ksb’ — 3ksd — ki’ =0, (4.79)
2B+ 2ksd +k1d' + " =0, (4.80)
d" 4+ Ad=0. (4.81)

Substituting (4.77) into (4.78), we have

d(x) = —%c’. (4.82)

Similarly, substituting (4.77) and (4.82) into (4.79) gives

klk4

X
_ ks —9k3
c = cope 3,

where ¢ 1s a constant and k% —9k3 # 0. Then from (4.81), we can get

k32
{(]C%_Tg)z + 7(«1:| d=0. (4.83)
Taking (4.83) and (4.80) into account yields
6k3
7ok c=0.
1 3

39



Since k4 is arbitrary, we obtain c(x) = d(x) = 0 and b(x) = c¢o. Assuming co = 1, then there is one
infinitesimal generator

X = Ox.
This indicates that only one infinitesimal generator is found, which means the differential equation
is partially integrable. If k; = k3 = 0, k1, k4, A; are arbitrary, (4.1) is partially integrable. But if
ki = ky = 0, k3, ks, A1 are arbitrary, we can get the first integral of (4.1) directly, which is
2 ks ks

A
+—y +t5y +

Moo
2 4 3 2

y- =13.

where /13 is an arbitrary constant.
Case 7: k) = k4 =0, k1, k3 and A, are arbitrary.

The determining system for a(x), b(x), ¢(x), and d(x) is reduced to

—3d" — kb’ —3Ma—kic=0, (4.84)
b —2¢ —kid =0, (4.85)
—6k3c — 2k Aya — 2kya" — 6ksb’ =0, (4.86)
—Md —3ksd — ki’ —d" =0, (4.87)
M 4 kid 4+ =0, (4.88)
d" +2d=0. (4.89)

From (4.84), we find that

k
d'+Ma= —?l(b'—kc).
Similarly, by (4.86), we have
3k3

d'+Aa=—-"=(b+c).
ki

We assume that b’ 4 ¢ = 0, then from (4.85), we obtain

k
= —?]d. (4.90)
Since a” + A1a = 0, then (4.87) becomes
3kzd + ki’ = 0. 4.91)
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By (4.90) and (4.91), we get a parametric condition
k3 = k7.
Taking (4.89) and (4.90) into account, we have
"+ Aic=0.

Then by (4.88), (4.90) and (4.92), we conclude another parametric condition

k2
)Ll = _317
and
kL 3co k1,
c(x) =d(x) = cpe” 37, b(x) = —e 3" 4cy,

where ¢, is constant. The infinitesimal generator is

X =coxo+cixi+c2x2,

where

T
I
®
o)

L=

=
I
®
NE

=

VY

<
+
_

Y/

(4.92)

(4.93)



From (4.93), we can solve x and y as follows

3

x:k—lln(s), y=rs—1.

From above equations, we have
gizzég(ms2+qw), (4.94)
3—3 = % (rsss3 + 3rss2 + rs) . (4.95)

Plugging equations (4.94) and (4.95) into equation (4.1), under parametric conditions 9k3 = k?

and 94| = —k%, we obtain
Fes = —3rsr — r3,
which is integrated as
(’”S + ”2)2
AR — 4.96
27'3 I I’°2 14, ( )

where 14 is an arbitrary constant. Using the inverse transformation of (4.93) yields

2%

3
o o e (k_yf Sy 1) , (4.97)
1

where 3y’ — k;jy —k; # 0. Substituting (4.97) into (4.96), we get the first integral of equation (4.1)

as

. [(k1y2+k1y+3)")2] _y
k3y? + 6kiy — ki '

Case 8: ks = 0 and k1, k;, k3, A are arbitrary.
By the second equation in (4.94), we obtain a(x) = 0. Then the determining equations for b(x), c(x)

and d(x) is reduced to

b +c=0, (4.98)
b —2¢ —kob' —kid =0, (4.99)
3k3d + ki’ =0, (4.100)
200 +kid' +kyd + " =0, (4.101)
d" +kyd +Md=0. (4.102)
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Substituting (4.98) and (4.100) into (4.99), we have

3koks

c(x) = cpe 9"3”‘%)6,

where cg is a constant. We assume that 93 — k% = 0, because if 93 — k% = 0, then ¢(x)=0, which

is a partially integrable case. By (4.100), we find that

—kiko
= c
Oks — k2

d(x) (%)

Plugging d(x) into (4.102), we obtain

36k5k3 — 3k3k3
(k3 —k1)?

+ A d(x) =0.

If d(x) = 0, which means ¢(x) = 0, then we can not obtain the first integral. Thus we assume that

d(x) # 0, which means

_ 36k3k3 — 3kiks
(9ks — k1)?

Substituting (4.103), b(x),c(x) and d(x) into (4.101), we have

A= (4.103)

12k3k3
c
Ok3 — k3

(x) =0,

which is a contradiction with ky,k3 are arbitrary. Hence, we conclude Eq. (4.1) in this case is
partially integrable. For other cases, we can also obtain the partially integrable equations or we

can get the first integral directly.
4.2 Integrable cases identical to Chapter 3

If ¢ = 2, the determining system for a(x),b(x),c(x) and d(x) is different from the case q is
arbitrary. For example, we can combine the coefficients for y? and y? together. But we can check
that the parametric conditions for ¢ = 2 and g is arbitrary to determine the first integral is identical,
same as in [3]. So we just need plugging g = 2 into the first integrals in Chapter 3 to get the first
integrals for g=2, which are as follows:

(1) k; = k4 =0, ky, k3, Ay are arbitrary.

s (k3 5 ke , Y? k3 g . 3,
X 22 et — 4= =] th Ay = —k5.
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(2) k1 =0,k3 =0 and ky, k4, A; are arbitrary. In this case, Eq. (3.1) is the Damped duffing equation.

W, (Y2 ke, Ko kg - 2.5
Y -4 = —= —y | =1 th A =—k5.

(3) k3 =0 and ky,ky,ks,A; are arbitrary. In this case, Eq. (3.1) is the force-free Duffing-van der

Pol oscillator.
3ky k> ki . 3
X l4 £ 23 ) = I th A = —kz kg =——.

The results on the first integral established in [12, 15] agree with this case.

(4) ky,ka,k3,kq, 21 are arbitrary.

2k kiy’+3%y4+6y | 3k
1 tanh_] 1y 7Y y 2

NPT T
\/ k3 — 123 \/ Kk} — 12k3)3

+1n [4y3 (43> + ki koy +4k1Y) + 3(koy + 4y )] = I,

k2
where k3 # 15.

3k2 3 / 3 (kzy + 4yl)
—x+1n(2k 3k 12y") — =
g VI 2k 3ky +12)) - e S E e =k
2
where k3 = % In this case,
3 kiky
M=—k3, kyj=-—2.

Similarly, if g = %, —%, %, or —%, we can substitute the values of ¢ into the first integrals in
chapter 3, respectively to get the first integrals for different values of g.
If g = 0, the determining system for & and 7 is different from Chapter 3, but it is easy to

get first integral in this case. Then the equation (3.1) becomes
y” + (k] +k2)y/ + (k3 + kg + M)y = 0.

Assume that

ki +k = a, ks+ks+ A =B.

(i): If a> = 4P, then the first integral is

y /
———+In(cx 2v) = Iis.
ocy+2Y'+n( y+2) =hs
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(ii): If o® # 4P, the first integral is

2/
o OC"‘l

1 [ay y’z] L v
—In|—4+B+=|+In(y) - ——=tan | ———| =1s.
2 { y A y? ®) V4B — a2 V4B — a2

In Chapter 3, if ¢ = —1 or ¢ = —2, the function 1(x,y) is undefined. But if ¢ = —1 or

g = —2, we can get new infinitesimal generators, which means new first integrals will be generated.
In the following two sections, we will show the new results induced by the cases ¢ = —1 and
q=—2.

4.3 Integrable cases of g=-1

If g = —1, the equation (3.1) becomes
" ki / k3
Y+ ;+k2 y+7+7tly+k4=0. (4.104)
Plugging ¢ = —1 into (3.6) and (3.7), we obtain

§(x,y) = alx)y+b(x),

n(x,y) = —2kia(x)yIn(y) +{d'(x) = kaa(x)}y* + {2kia(x) + c(x)}y +d (x),

where a(x),b(x),c(x) and d(x) are functions of x to be determined. Substituting & (x,y) and 1 (x,y)

into (3.4) yields
0] : 2¢ — b + kyb' + 3kga + kikoa = 0,
] :d" —kyd' +2X1a =0,
[y : kyb' + 3kza — 2k3a —kyc =0,
(4.105)
[y™2] :kid =0,
[In(y)] : kia’ =0,

b~ 'n(y)] : kfa = 0.
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Similarly, substituting & (x,y) and 1 (x,y) into (3.5) yields

Y0 : " + 2kgb’ + 3kpkza — kac — kzd' +2k3a’ + k¢’ + kod' + Ad = 0,
] : 3kid" + 2kokaa +2M kia + kikyd' + "+ 246 + k' =0,
V2] 1 koda+ Ad —k3d' +d" =0,
ly~!] : 2k3b’ — 2kzc — 2k kza+kyd' =0, (4.106)
[yIn(y)] : kia” + kikra' = 0,
[In(y)] : kykga —k3d' =0,
[y 'In(y)] : kiksa = 0.
Case 1: ky,kp,k3,ks and A; are arbitrary

By the forth equation and the last equation in (4.105) , we have d(x) = 0 and a(x) = 0. Then the

determining equations for b(x) and c(x) is

2 —b" 4+ kb =0, (4.107)
b —c=0, (4.108)
2kgb’ — kyc+ ki =0, (4.109)
"+ 200" + k' = 0. (4.110)

Plugging (4.108) into (4.107), we have

c(x) = coe ¥, b(x) = —Ii—oe_kzx +c,
2

where ¢ and ¢ are constants. Substituting b(x) and ¢(x) into (4.110), we have A; = 0. If A; # 0,
then we get ¢(x)=0, which is a partially integrable case. Similarly, from (4.109), we get ky = k1k3.

Let co = 1,c; = 0, we obtain

1
=g m=ety

Using & and 7, we can get canonical coordinates

r(x,y) = 2%y, s(x,y) = —e*,
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From r(x,y) and s(x,y), we can solve x and y as follows

1
x=—In(—s), y=—rs L.
k

Using the nonlinear transformation of x and y yields

dy - -1

_8x__k2 (rs—rs'), (4.111)
32

—azz = —k% (rsss— rs—l—rs_l) . 4.112)

Substituting (4.111) and (4.112) into equation (4.104), under parametric conditions A; = 0 and

kys = k1ky, we get

kl —1 k3 —1
Fos = 1 Vg — 21 4.113
\N) k2 N k% ( )
which is integrated as
I16k3k3 . K2
k3 e B ks
= — —_— 1 4.114
Is kika k3 + ) ( )

where /14 1s an arbitrary constant. W is the Lambert W function, also called the omega function or
product logarithm, is a set of functions, namely the branches of the inverse relation of the function
f(z) = ze* where € is the exponential function and z is any complex number. Using the inverse

transformation of r(x,y) and s(x,y) yields
1 /
rs=—y——Y, (4.115)
ko

where kpy+y # 0. Substituting (4.115) into (4.114), we obtain
L6k3H3 . Bky k2

k3 e % el yk 1,
— |W 1 —y =0.
kik2 ks TR

If k3 = 0, then (4.113) can be integrated as

k
re= k—lln(r) +17, (4.116)
2

where ;7 is an arbitrary constant. Substituting (4.115) into (4.116), we have the first integral of
equation (4.104) as

1 k
Y+ —y + L 1n(y) + kyx = I7.
ko ko
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Case 2: ky =0, kp,k3,ks and A; are arbitrary.
By the third equation in (4.105), we obtain a(x) = 0. Then the determining equations for b(x), c¢(x)

and d(x) is reduced as

2 —b" + kb =0, 4.117)
b =c, (4.118)
" 4200 + ko' =0, (4.119)
2k4b’ — kyc+d" +kpd' + Ad = 0. (4.120)

Substituting (4.118) into (4.117), we get

c(x) = coe**, b(x) = —Ii—oe_kzx +cy,
2

where cg and ¢ are constants. From (4.119), we find that A; = 0. Then, plugging b(x) and c(x)

into (4.120), we obtain

k
d(x) = %xe*kz)‘ + e o c3.
2

(i): If k4 = 0, taking b(x),c(x) and d(x) into account, we get

1
X0 = _k_ze—kzxax +e MYy, X1 = 0y, X2 = e "9,

We choose ) to get canonical coordinates, following procedures of case 1 in this section, under

parametric condition k4 = A; = 0, we can get

Fgs = —Iﬁf1
ss — Y
i
which can be integrated as
12 ks
E—f—gln(}’) :Ilg, (4121)

where I1g is a constant. Substituting (4.115) into (4.121), we get the first integral of equation

(4.104)
2
y 1 ’ 1 ” k3 k3
o —yw + —y?+ x4+ —=1In(y) = I3.
>t 2k%y P 2 (v) =1sg
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(ii): If k4 # 0, we can get three infinitesimal generators.

1 _ _ k _
X0 = _Ee kgxax+e fox <y+ éx> ay» X1= ax; X2=e kgxay‘

In this case, considering Y, it is hard to apply Lie point symmetry to get the first integral. And if
we taking ¥, into account, we find that y is a constant.
Case 3: ky = k3 =0, kp, k4 and A, are arbitrary.

In this case, the system of determining equations of a(x),b(x),c(x) and d(x) is as following

d' —kyd + Aa=0, (4.122)
2c —b" 4+ kob' +3k4a =0, (4.123)
kyda+Md —k3d +d" =0, (4.124)
" 42216 + ko' + 2koksa = 0, (4.125)
d" + kod' + Ad + 2k4b’ — kyc = 0. (4.126)

Considering (4.126), we assume that 25’ — ¢ = 0, then we get
d" +kyd +Md = 0. (4.127)
From (4.122) and (4.127), we find that

a(x) = coe™, d(x) = c1elP~R)x,

koEr/K3—42
2z

0 and (4.123), we obtain

where p = and cg, ¢y are arbitrary constants.. From the parametric condition 25’ — ¢ =

,’%zx 6k4cq o ( ) RIe) 7%2)6_ 3k4co

— , =——e ———eP 3,
3p+ks 2ks (3p+k)p 3

c(x) =cpe

where ¢; and c3 are arbitrary constants. If p = —k;, /3, we obtain d(x) = 0. Substituting a(x),b(x),

¢(x) into (4.125), we obtain parametric conditions

2 ky
M=gk  p=73, (4.128)
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which satisfies (4.124). Under parametric conditions, we obtain four infinitesimal generators

o[ k4 ky 3k K

_k _k,
X2:_2_k2€ 3 ax+e 3 yayu X3=<9x-

Note that these four infinitesimal generators are concluded by two cases: d(x) =0 or d(x) #

0. Same as section (4.1), in order to get the first integral easily, we choose ), to get canonical

coordinates as
k-

2ky 2
rix,y)=e3%,  s(xy) =-2e3".

Then we can solve for x and y as

3
x=—In (—E), y=4rs?

ky 2
Using the nonlinear transformation yields
0 4k _ _
%C = ?2 (res™' =2rs 2) , (4.129)
9%y  4k3 _ _
EE 92 (ros—3rgs ™' +4rs™2). (4.130)

Substituting (4.129) and (4.130) into equation (4.104) , under parametric condition (4.128), we

obtain
Oky
Fss = ——5,
4k
which can be integrated as
Oky
2 _
2r; +4k%r Iyo, (4.131)
where I} is a constant. Then by r(x,y) and s(x,y), we obtain

ro— —e 2 (y4 oy (4.132)
s = 2k y .
where 2k,y+ 3y’ # 0. Substituting (4.132) into (4.131), we get the first integral of equation (4.104)
as
2kz 6 18 Oky
2 — I9
(y +kyy+4k2y + k2y>
Similarly, in this chapter, we will not concern the partially integrable cases or the cases in which

at least three parameters are equal to zero.
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4.4 Integrable cases of g=-2
If ¢ = —2, the equation (3.1) becomes
V' (kiy 2+ k)Y +k3y S +kay 4+ Ay = 0. (4.133)

Similarly to section (4.4), we can get

E=a(x)y+o(x), 0 =2kal)n®)+{d (x) —ka(x)}y’ +c(x)y+d(x).
And there are two systems to derive functions a(x),b(x),c(x) and d(x). The first one is
Y] :2¢ —b" + kb’ =0,
y]:d" —kod' +A21a =0,

v~ : 3kyd’ + 3kga — 2kikoa = 0,

(4.134)
[y 2] : 2kic —kib' =0,
[y 3] : 3ksa+2kyd = 0,
ly3In(y)] : k}a=0.
The second one is
[yo] d" + kzd/ + Aid + 3kokga — 2k  Aa — k4a' —|—k1a” - klkzal =0,
] : " +20b" + k' =0,
2] s koha+Ad —k3d +d" =0,
1] —2kgb’ + 2k4c — k1’ =0,
2] : 3ksd' — Skoa + 2k kya + kad — kyd' =0,
(4.135)

[y 73] : 2ksc —ksb’ =0,

V4] : 2kiksa + 3kad = 0,

(In(y)] : k1d” + kikad' +kyAja =0,
[y 2In(y)] : kiksa —k2a =0,
()] : kikza = 0.
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Casel: ky,k,k3,ks and A; are arbitrary.
By the last equation and the seventh eugtion in (4.135), we have a(x) = d(x) = 0. Then the deter-

mining equations for b(x) and ¢(x) is reduced to

b =2c,
2 —b" + kzb, =0,
I+ 22,1]9/ + sz/ =0,

—2/{419/ + 2k4c — klcl =0.
Substituting b’ = 2c into 2¢’ — b” + kb’ = 0, we obtain
kb =0,

which means b’ = ¢ = 0. Then the original equation is partially integrable. But under some para-
metric conditions, we can generate a Lie point symmetry to get the first integral.
Case 2: ky =0, k1, k3,kq4 and A, are arbitrary.

In this case, we can get a(x) = d(x) = 0. Similarly, the determining system is reduced to

b =2, (4.136)
" +2b =0, (4.137)
—2kyb' + 2kyc — ki = 0. (4.138)

Substituting (4.136) into (4.137), we obtain

2y coki 24
c(x) =coe B b(x) = —%e Y

where ¢ and c; are arbitrary constants. Similarly, plugging b(x) and c(x) into (4.138), we get a

parametric condition

A k‘%
1= _k_%' (4.139)
Assume that co = 1,¢; = 0, we have
2k, 2k,
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Then, it is readily to get

b | 2
r(x,y) = ef'y, s(x,y) = —5e qY

Using r(x,y) and s(x,y), we have

D=

k
x:2—kl41n(—2s), y=r(—2s)"2.

Then by the nonlinear transformation, we obtain

dy 2% I

2 =) (rss% - Ers—i) , (4.140)
X 1

Py _ M- ( 3y ] ‘i) (4.141)

- = —=(— TssS2 + —1S . .

2x K3 4

Substituting (4.140) and (4.141) into equation (4.133), under parametric condition (4.139), we

obtain

2 2
_ ki . kiks _3
Tog = — Il —5r

(i): If k3 # 0, (4.142) can be integrated as

(4.142)

2
tanh-! ki +2kyrrs

\/ K3+ 4k kiy/ Kk} + 4ks

If k? + 4k3 # 0, using r(x,y) and s(x,y), we can get

1 k%(k3 — kyrrg) — %rzrsz} N ky

71n o —In(r)=ho, (4.143)

where I5( is a constant.

_ k
ro=—e 0" (y+ éy’) : (4.144)

where kqy+k1y' # 0. Substituting (4.144) into (4.143), we get the first integral of equation (4.133)

is

1, [k} (ks +kay? +kiyy') — (kay* + k1y')?
2 ks +

k k% — 2kqv* — 2k1yy k
! tanh ! | -1 4y LYY —ln(y)——4lezo.

/K2 + 4k ki \/ K2 + 4k ki

If k2 + 4ks = 0, then (4.142) can be integrated as

1 2karrg

—I—ln[ 5
Zkz%rrx +1 kl

+ 1} —1In(r) = Iy. (4.145)
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Substituting (4.144) into (4.145), we have the first integral of equation (4.133) is

k2 k2 — 2kgy* — 2kyyy' k
> 21 ; ‘I' ln 1 4)72 LYY — ln(y) — —4x = ]2()
ki —2kqy= —2k1yy ki ki
(ii): If k3 =0, (4.142) can be integrated as
k2
re=——Lrl4n, (4.146)
ky

where I is a constant. Substituting (4.144) into (4.146), we obtain the first integral of equation

ko (K3 k
YLyt y Sy =
e (k4y y k4y> 21

Case 3: k| = k3 =0, ky, k3, k4, A are arbitrary.

(4.133) is

By the third equation in (4.134) and the fifth equation in (4.135), we have a(x) = d(x) = 0. Then

we obtain
2¢ —b" + kb =0, (4.147)
" +2M4b =0, (4.148)
b =c. (4.149)

Substituting (4.149) into (4.147), we get

_ co _
¢ = coe ¥, b=——e ¥4,
ka

where co = 1,c¢; = 0. Substituting b(x) and c(x) into (4.148), we obtain A;=0. Following case 1 in

section (4.4), we get

Fgs = —Iﬁr_1
AN k% )
which can be integrated as
2k.
2= =) + b (4.150)
ks
Substituting (4.115) into (4.150), we get the first integral of equation (4.133) is

2 1 2k 2k
2 / n 4 4
y ‘f‘—)’)’"f‘—)’ +_x+_1n y = .
K2 ‘C% k2 ‘C% ( ) 2

For other cases, we can only get the infinitesimal generator as y = dy or we can get the first integral

directly. So we will not mention them in the paper.
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CHAPTER V

APPLICATION OF FIRST INTEGRALS

Nonlinear oscillator
Y+ (kiy? + o)y +kay* T +kay? ™ + 41y =0, €R.

can be transformed from a partial differential equation. In this chapter, we choose two integrable
equations from above class to study their exact solutions and the dynamics, which are presented in
[20].

During the past few decades, a great number of works have been published to deal with
traveling solitary wave solutions of the compound Burgers-Korteweg-de Vries(compound Burgers-
KdV) equation [7, 9]

Uy + oy + Brutuy + Wyt — S{ty = 0, (5.1)

and the Burgers-KdV equation
U + Ottty + Bty + Sty = 0. (5.2)
Assume that (5.1) and (5.2) have traveling solutions of the form
u=0&), E=x—wt. (5.3)

Substituting (5.3) into (5.1) and (5.2), then performing one integration yields [7, 9]

0" + ko9 + k39> +ka¢p? + 119 +d =0, (5.4)
where k) = —%, k3 = —3%, kg = —g—s‘l, M= —%, d is an arbitrary constant and
0" + ko' + ks> + 219 +d =0, (5.5)
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where ky = —%, ky = —5:, Ay = —%, d is an arbitrary constant. By a coordinate translation of ¢,

for simplicity, we can take d = 0 in (5.4) and (5.5).
Cubic and quadratic nonlinear oscillator with damping can be changed to an equivalent

dynamical system.
5.1 Exact solutions and dynamics of the integrable quadratic oscillator with damping

Eq. (5.5) is a quadratic nonlinear oscillator with damping, which is equivalent to the planar

dynamical system
do
dg - y7

= —koy —ka¢? — 11 9.

(5.6)
ay
dg

If k4 # 0, there exists two regular equilibrium points of system (5.6): 0(0,0) and A(—%, 0). Let

M(¢;,0) be the coefficient matrix of the linearized system of (5.6) at the equilibrium point (¢;,0).

Then we have

detM(0,0) = Ay, detM(—%,O) =—A1, TraceM (0,0) = —k»,
4

and

(Trace M(0,0))> —4J(0,0) = k3 —4A;.

Following Chapter 4.1, if A} = %k%, then system (5.6) is integrable, which has the first integral

depending on & as follows:

Hi(9,y,E) = e3hF

1 2 \? 1,
5 (Y+§k2¢> +§k4¢ ] = h, (5.7)

where 4 is a real constant. For an equilibrium point of a planar integrable system, if J < 0O, then
the equilibrium point is a saddle point; if J > 0 and (TraceM)? —4J < 0, then it is a focus point. if
J >0 and (TraceM)? —4J > 0, then it is a node point. Clearly, the equilibrium point O(0,0) is a
node point and if k; > 0 (k, < 0), it is stable (unstable). And the other equilibrium pointA(—;}—i,())
is a saddle point.

(i): The case of 7 =0
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Obviously, when & = 0, H,(¢,y,&) implies that there are two invariant curve solutions of

2 2
= —Zhkyp | —Sky¢?
y 52¢ 34¢,

where consists of three orbits of system (5.6). In this paper, we consider the case of k, > 0 and

system (5.6) given by

ks > 0. For other cases, the results are similar. For the heteroclinic orbit connecting equilibrium

points O and A defined by y = —%kqu — —%k4¢>3 and using the first equation of system (5.6),
we have
6k3
&)= s, (5.8)
—25ky (1 + up1 exp (gkzg))
where
2k 6k3
u01:1+—2>0 and ——2<¢01<0.

5¢/—3kad01 25ka

Formula (5.8) gives rise to a kink-profile wave solution of equation (5.5), because when & — it
2
has ¢ (&) — 0, and when § — —co it has ¢ (&) — —%.
For the unstable manifold of the saddle A defined by y = —%kz(b —\/— %k4¢3, by using the

first equation of system (5.6), we have

6k>
&)= 2 (5.9)

25ky (1 +upexp (Leo))”

where

2k 6k2
2 <0 and —o0 < pp < ——-= <O0.

5/ —32kadoo 25k

Formula (5.9) gives rise to a unbounded wave solution of equation (5.5).

u02:—1—

For the stable manifold of the node point O defined by y = —%kz(]) +14/ —%k4q)3 and using

the first equation of system (5.5), we have

2
£) = o (5.10)

25ks (1 - upsexp (1ha&))*

where
2k

54/ —3kado3

upz = 1+ >0 and —oo < @3 < 0.
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Formula (5.10) gives rise to another unbounded wave solution of equation (5.5)

(ii): The case of 1 £ 0

By making the coordinate transformations as
1 2 5 1
= Zk =—= ——k
w \/j(pexp (5 2&)7 < kzexp( 5 26)7

the first integral H; defined by (5.7) can be converted into the form
dw\* 22k
dw)T 2V s, (5.11)
dz 3

From (5.11), for 2 > 0 we have

/W dw
72—20 =
w\/ﬁ\/l—<2\§k4w3>

_1
_ (V2K /w dW
- 3 o /T3

It follows that

Mo = ( 2\Fk4)
_ : 23
- (_2\/_k4> (1—cn(w1(h)(z—zo),km)_<1+\/§)>’

where 7 is an arbitrary constant, and

3( 2\/—k4> , k01=M.

2

Hence, from ¢ (&) = v2wexp (—%kzé) we obtain

(ﬂf(l—cn(wl(h)( o 1) z)km)‘<”ﬁ>>“p(_§"25)'

k4 —2 exp (—1 —20),
(5.12)

9(5) =

From (5.11), for & < 0 we have

/°° dw
I—20 —
VI (-2 -




Hence, it further gives

W) = <_2f/|g<4> | Y

IRY v3
- (_2?/%4) <<1_\/§>+1—cn(wz(il>é—m>’k°2)>7

where 7 is an arbitrary constant, and

It implies that

(3 2V3 B (2
o ( ks ) (1 —cn (@2(h) (—3,exp (—3k2&) —20) ko2) * <1 \@)) p( 5k25) '
(5.13)

Formulas (5.12) and (5.13) give rise to the parametric representations of all orbits of system
(5.6), which approach to the invariant curve solution determined by y = —%kng — —%k4¢3 and
the node point O. These parametric representations are not associated with any periodic solution
of equation (5.5).

To sum up, we have the following results. For system (5.6), under the parametric conditions
ky >0, kg >0and A = %, we obtain that

(a) equation (5.5) with d = 0 has a kink-profile wave solution given by formula (5.8);

(b) equation (5.5) with d = 0 has two unbounded wave solutions given by formulas (5.9)
and (5.10); and

(c) corresponding to the level curves defined by system (5.6) with & # 0, equation (5.5)
with d = 0 has two families of exact solutions given by formulas (5.12) and (5.13), which are not

periodic solutions.
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5.2 Exact solutions and dynamics of the integrable cubic nonlinear oscillator with

damping

Equation (5.4) is equivalent to the planar dynamical system

¢ _
ac = (5.14)
j—g = —koy — k3¢ —ka¢* — 10 —d.
~ 3
By making a translation ¢ = ¢ — 3% and taking d = % — %, system (5.14) becomes (still denote
- 3
¢ by ¢):
a9 _
= (5.15)
& = —hy—ks¢ —mo,

k2
where m = A; — ﬁ

2
Following Chapter 4.1, we know that when m = 2,#, system (5.15) is integrable, which has

the first integral depending on & as follows:

HZ((])’yaé) =

1 1N\ 1, 4
3 (y—l— §k2(])) + é_lk3¢ ] exp <§k2€> =h, (5.16)
where £ is a real constant.

Clearly, for any k3 < 0 system (5.15) has three equilibrium points at A <$% _%3|k2|,0>
and 0(0,0). Let M(¢;,0) be the coefficient matrix of the linearized system of (5.15) at the equi-

librium point (¢;,0). Then, we have
2 1 [ 2 4
detM (0,0) = Zk3, detM | F51/——|k2|,0 | = —=k3

(TraceM (0,0))* —4J(0,0) = ékg. (5.17)

and

2
From (5.17), we see that when m = %, the equilibrium point O(0,0) is a node point when k >
0 (< 0), it is stable (unstable)), while A (:F%ﬂ / %]q\k2|,0> are two saddle points.
When h =0, Hy(¢,y,&) = 0 implies that there are four invariant curve solutions of system

(5.15) given by

1 1,
S Y ey
y=—gkd )~ Tko?,
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which consist of six orbits of system (5.15).

Let us consider the explicit parametric representations of orbits defined by H>(¢,y,&) = h.
Here we only investigate the case of k; > 0 and k3 < 0 . Discussions for other cases are closely
similar.

(i): The case of 7 =0

With regard to the heteroclinic orbit connecting the equilibrium points O and A_ defined
by y= —%kz(]) — \/% ¢2, by using the first equation of system (5.15) we obtain
ko

3 ( —%+v01 exp (%kﬁ))

1 1 1 1 2
Vo1 oo ( 3k 5 3¢01> 3\/ k3| 2| < o1

Formula (5.18) gives rise to a kink-profile wave solution of system (5.15), because when & — o it

(&)=~ : (5.18)

where

has ¢ (&) — 0, and when § — —co it has ¢ (&) — —% —%|k2|.

Regarding the heteroclinic orbit connecting the equilibrium points O and A, defined by

y= —%kzq) +4/ —%k3¢2, we have
ko
9(5) = ,
3 (\/ %kg + Vo1 €Xp (%kzg))

(5.19)

where

1 1 1 1 2
vor =g <—§k2— —§k3¢01> >0, —x ——3|k2’ < ¢o1 <0.

Formula (5.19) gives rise to an anti-kink wave solution of system (5.15), because when & — o, it
has ¢ (&) — 0, and when & — —co it has ¢ (&) — 1 /—%|k2\.
Regarding the two stable manifolds to the node point O(0,0) defined by y = —%qu) F

\/ —%kgqbz, we obtain

o)==+ —h : (5.20)

3 (Vozexp (Lkat) - @)
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where

o2 \ 3

Formula (5.20) gives rise to two unbounded wave solution of system (5.15).

1 1 1
Vo2 = —— (——kz + —§k3¢02> >0, —eo <o <0.

Regarding the two unstable manifolds to the saddle points A+ defined by y = —%kz(j) F

\/ —%k3¢2, we have

—ky
¢(8) ==+ : (5.21)

3 (\/ %h +vo3 €Xp (%kzé))

where
1 1 1 1 2
=— | —=ky—1/—=k <0, —oo< < —=1/——1ka|.
V03 = o ( k2 > 3¢03> 03 3\/ k3| 2|
Formula (5.21) gives rise to two unbounded wave solution of system (5.15).
(ii): The case of 1 # 0
By making the transformations
1 1 3 1
= —k == iy
w \/§¢6Xp<3 2&)7 < kzexp< 3 25)7
the first integral H; defined by (5.16) can be converted into the form
d 2
(—W) +kaw* = h. (5.22)
dz
From (5.22), for & > 0 we have
/°° dw
=20 =
(o)
) d A
= (—k3h)_% / 4
W V1w

It further gives

0= () +- (8) (FRamE)

and z is an arbitrary constant. Thus, we obtain

S

1

B _ﬁi 1+Cn(Q1(h)(_%2eXP(_%k2§)—Zo),kl) zex 1
¢>(i§)—\/§( ) ( (@) (= Lo (— 1) —a) ) p( Skzé). (5.23)
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From (5.22), for & < 0 we have

/W dw
—20 =
wo k
T (—ﬁw4_1>
LMY dw
= (=klh) 7% | —,
N

which implies that

$(E)=V2 (—%)lnc {Qz(h) {—%Zexp (—%kzg) —ZO} ,kl} : (5.24)

where Q(h) = 2(—k3|h|)% and 7o is an arbitrary constant.

Formulas (5.23) and (5.24) give rise to the parametric representations of all orbits of system
(5.15), which approach to the invariant curve solution determined by y = —%kz(l) + \/% ¢? and
the node point O. These parametric representations are not associated with any periodic orbit.

To sum up, we have the following results.

For system (5.15), under the parametric conditions k > 0, k3 < 0 and m = %, we obtain
that

(a) system (5.15) has a kink-profile wave solution given by (5.18) and an anti-kink wave
solution given by (5.19);

(b) system (5.15) has two unbounded wave solution given by formulas (5.20) and (5.21);

(c) corresponding to the level curves defined by (5.16) with & # 0, system (5.15) has two

families of exact solutions given by (5.23) and (5.24), which are not periodic solutions.
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CHAPTER VI

CONCLUSION

The first integral method is widely used in recent papers. In this paper, we identified the
first integrals of second-order nonlinear ODEs, which include several physically important nonlin-
ear oscillators and classify the integrable cases by certain parametric conditions. The choices of
variables in Eq. (3.1) provided several oscillators. First, we introduced how to obtain Lie point
symmetries of ODEs and PDEs. The important thing for symmetry was to obtain the linearized
symmetry condition. Since the exponent g in Eq. (3.1) determined the tangent vector, we obtained
various integrable cases. Then, to find the first integrals of Eq. (3.1), we derived the determin-
ing equations, which induced the infinitesimal generator. As a result, canonical coordinates were
constructed which changed Eq. (3.1) to a simple integrable equation. By the inverse transforma-
tion, the first integrals were obtained under certain parametric conditions. We also discussed some
special integrable cases of nonlinear oscillator systems. At last, applications to wave equations of

Korteweg-de Vries- Burgers-type equations were also presented.
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