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Positive solutions for the fractional Schrodinger equations with
logarithmic and critical non-linearities

Haining Fan, Zhaosheng Feng and Xingjie Yan

ABSTRACT

In this paper, we study a class of fractional Schrédinger equations involving logarithmic
and critical non-linearities on an unbounded domain, and show that such an equation with
positive or sign-changing weight potentials admits at least one positive ground state solution
and the associated energy is positive (or negative). By applying the Nehari manifold method
and Ljusternik—Schnirelmann category, we investigate how the weight potential affects the
multiplicity of positive solutions, and obtain the relationship between the number of positive
solutions and the category of some sets related to the weight potential.

1. Introduction

The aim of this paper is to study how the weight potential affects the existence of ground state
solutions and the number of positive solutions of the fractional Schrédinger equation:

(=A)%u +u = Aa(z)uln |u| + b(z)|ul*u, zeRY, (1.1)
where a € (0,1), A > 0, N > 4, a(z) and b(z) are continuous and bounded weight potentials,
and 27, =2N/(N —2a) is the fractional critical Sobolev exponent. Let p(R”Y) denote the
Schwartz space of rapidly decaying C* functions in RY. The operator (—A)? is the fractional
Laplacian defined by the Riesz potential [18]:

(e = OO0 [ vl Zy) - 2le)

5 PR dy, € RN, ue pRY)

C(N,a>=(/ 1€|N‘f§§d§> €= (€16 ).

For the definition of the fractional Laplacian (—A)® and the fractional Sobolev spaces, we refer
the reader to Nezza—Palatucci—Valdinoci [18].
Recall the classical Schrodinger elliptic equation:

—Au+V(x)u= f(z,u) in RY, (1.2)
where f(z,u) is a polynomial -type non-linearity, such as f(z,u) = a(z)u|??u + b(z)|u|P~2u
with 2<g¢<p<2" = . del Pino-Kowalczyk-Wei [17] studied equation (1.2) with a

small parameter for standmg waves for a mnon-linear Schrodinger equation in RY when
f(z,u) =uP, p> 1. Floer-Weinstein [24] constructed positive solutions to this problem when
p =3 and N = 1, such that the concentration takes place near a given non-degenerate critical
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point zo of V(x). Brezis-Nirenberg [5] obtained a positive solution of equation (1.2) in a
bounded domain for A € (0,\;) when f(z,u) = Nu|? ?u + |u|?> ~2u, where \; is the first
eigenvalue of —A with the Dirichlet boundary condition. Brezis [4] investigated how the weight
potential a(z) affects the number of solutions of (1.2), when f(z,u) = a(x)|u|? u + |u* ~u.
For more results related to equation (1.2), we refer the reader to [7, 12, 38] for the subcritical
growth and [19, 21, 23] for the critical case.

Various non-linearities have a rather diverse group of applications in scientific fields [40,
42]. For example, logarithmic non-linearity appears frequently in partial differential equations
which are widely applied to quantum mechanics, reaction-diffusion phenomena, nuclear physics,
quantum optics, theory of superfluidity and Bose-Einstein condensation [43]. In particular, for
the Schrodinger equation with a logarithmic non-linearity:

~Au+V(z)u = a(zr)ulnu?® in RY, (1.3)

where V(z) and a(z) are periodic weight potentials, Squassina—Szulkin [34] studied (1.3) in
H'(RY) to establish the existence of infinitely many geometrically distinct solutions. Shuai [32]
proved the existence of positive and sign-changing solutions in H'(R™) using the direction
derivative and constrained minimization method. Tanaka—Zhang [35] considered a spatially
periodic logarithmic Schrodinger equation and showed that there exist infinitely many multi-
bump solutions that are distinct under a Z~-action. For more results related to (1.3), we refer
the reader to [1, 37, 39, 41] and the references therein.

In recent years, much attention has been focused on studying the problems involving the
fractional Laplacian from both mathematical and application points of view [8, 13, 20, 26—28,
30, 33]. Laskin [26, 27] found a fractional generalization of the Schrédinger equation for the
wave function in quantum mechanical systems by considering the Lévy flights instead of the
Brownian motion in the Feynman path integral approaches:

(—A)u+u = f(x,u), v € RY, (1.4)

By considering different expressions of the non-linearity f, quite many profound results have
been established on the existence and multiplicity of positive solutions. For example, Servadei—
Valdinoci [30] considered the model:

(1.5)

(=A)*u = A+ |ul?>2u, in Q,
u=0, in RM\Q,

and obtained an extended version of the classical Brezis—Nirenberg result to the case of non-
local fractional operators through variational techniques. For f(z,u) = a(x)|u|?%u + |u|>2u
with 0 < ¢ < 2% — 1 in (1.4), Dipierro-Medina—Peral-Valdinoci [20] presented the existence of
solutions by using the Lyapunov—-Schmidt reduction method. Moreover, for 0 < g < 1, under a
new functional setting, a fractional elliptic regularity theory was developed too. Chen-Li [10]
established the radial symmetry and monotonicity for positive solutions to semilinear equations
involving the fractional p-Laplacian in a unit ball and in the whole space. For more results
related to (1.4), we refer to [2, 11 15, 16, 25 29, 31 36]. However, most of these results
assume that f is of polynomial-type.

There is quite a natural and interesting question here: if the non-linearity of the fractional
Schrodinger equation contains both logarithmic and critical terms like (1.1), how about the
existence and multiplicity of positive solutions for equation (1.1)7 This is certainly not a trivial
problem, because the logarithmic non-linearity does not satisfy the monotonicity condition (or
Ambrosetti-Rabinowitz condition) and this type of non-linearity may change sign in R". On
the other hand, the appearance of logarithmic and critical non-linearity makes it more difficult
for us to prove the convergence of the resultant (PS) sequence, and the non-local properties of
fractional Laplacian operators also cause great difficulties for multiplicity of positive solutions.
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To the best of our knowledge, very little has been undertaken on the fractional Schrédinger
equations involving both logarithmic and critical non-linearities.

In the present paper, we will study the existence of ground state solutions of equation
(1.1) with positive, or negative, or sign-changing weight potentials, and show how the weight
potential affects the number of positive solutions.

Before stating our main results, we introduce some assumptions on a(z) and b(x).

(H1) limjy o0 a(z) =0, € RY.

(Hs) There exist a compact set M = {z € RY; b(z) = max,cp~ b(x) = 1} and a positive
number p > N such that b(z) — b(z) = O(|z — 2|?) as © — z uniformly in z € M.

(Hs) a(x) >0, z € M.

REMARK 1.1. Let M, = {x € RY; dist(x, M) < r} for » > 0. Then by (H) — (H3) there
exist Cp,rg > 0 such that
a(r) >0, x € M,, CRY
and
b(z) —b(x) < Colz — 2|”, = € By, (2)

uniformly in z € M, where B,,(z) = {x € RY; |z — 2| < 70}

REMARK 1.2. Define

boo 1= limsup b(x).

|| =00

Then by, < 1.

THEOREM 1.1. Assume that condition (H;) holds and a(x) is negative or sign-changing.
Then there exists Ay > 0 such that if A € (0,A;), equation (1.1) has a positive ground state
solution and the ground energy of (1.1) is negative.

THEOREM 1.2. Assume that conditions (Hy) — (Hs) hold and a(x) > 0. Then there exists
Ay > 0 such that if A € (0,A2), equation (1.1) has a positive ground state solution and the
ground energy of (1.1) is positive.

We will present the definitions of ground state solution and ground energy in Section 2. The
following results are regarding the relationship between the number of positive solutions and
the weight potentials a(x) and b(x).

THEOREM 1.3. Assume that conditions (Hy)— (Hs3) hold and a(x) is sign-changing.
Then for each § < ry, there exists As >0 such that if X € (0,As), equation (1.1) has at
least cat s, (M) + 1 distinct positive solutions, where cat means the Ljusternik—Schnirelmann
category (see [40]).

THEOREM 1.4. Assume that conditions (Hi) — (H3) hold and a(z) > 0. Then for each
d < 1o, there exists As > 0 such that if A € (0, As), equation (1.1) has at least catr, (M) distinct
positive solutions.

REMARK 1.3. If the right-hand side of equation (1.1) changes to
Aa()(u + [u|"2u) + b(z)[uf*> "2,
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with ¢ € (1,2) and N > 2a, by applying the techniques used in this paper, we can show that
(1.1) with small A > 0 admits at least catp, (M) + 1 distinct positive solutions under the
conditions (Hy) — (H3) and a(z) > 0 or a(x) is sign-changing, see [22].

Particularly, when b(x) = 1, we have

COROLLARY 1.1. Assume that condition (H;) holds and a(x) is sign-changing. Then there
exists Az > 0 such that if A € (0, A3), equation (1.1) has at least two distinct positive solutions.

COROLLARY 1.2. Assume that condition (Hy) holds and a(z) > 0 but a(x) # 0. Then there
exists As > 0 such that if A € (0,A3), equation (1.1) has at least one positive ground state
solution and the ground energy of (1.1) is positive.

REMARK 1.4. Corollaries 1.1 and 1.2 are the special cases of Theorems 1.3 and 1.4,
respectively, so we will omit the proofs.

To achieve our aim, the Nehari manifold and the Ljusternik—Schnirelmann theory are main
tools in this study. The main feature which distinguishes this paper from other related
works lies in the fact that in the proofs of our results, one of primary difficulties is that
the logarithmic non-linearity does not satisfy the monotonicity condition or Ambrosetti—
Rabinowitz condition and this type of non-linearity may change sign in R", which makes
discussions more complicated and challenging than those without logarithmic non-linearity.
Another primary obstacle is the lack of compactness caused by the unbounded domain and the
critical non-linearity. Some concentration compactness results for the fractional Schrodinger
equations seem correct but have not been proved yet and thus cannot be applied directly. All
these difficulties mentioned above prevent us from using the classical variational methods in a
standard way, so innovative techniques are highly needed.

The remainder of this paper is structured as follows. In Section 2, we recall some basic
definitions, present the variational setting for the problem and study some properties of the
corresponding Nehari manifold. Moreover, we present the proof of Theorem 1.1. In Section 3, we
obtain useful estimates and use them to prove Theorem 1.2. Section 4 is dedicated to the proofs
of Theorems 1.3 and 1.4 by means of the Nehari manifold method and Ljusternik—Schnirelmann
category theory.

For convenience of our statements, throughout this paper we will use the following notation.

— (respectively, —) the strong (respectively, weak) convergence.

| - |, the usual norm of the space L"(RY), (1 <r < o).

| - |oo denotes the norm of the space L°°(RY).

CorC; (i=0,1,2,...) denotes positive constants that may change from line to line.
Rf“ ={(z1,22,...,2n41) € RV zngr > 0}

B, = {z € RY;|z| < r} denotes a ball of radius r in Euclidean spaces.

2. Preliminaries and proof of Theorem 1.1

In this section, we first introduce the definition of a-harmonic extension. Then we present
the variational setting for the problem and properties of the corresponding Nehari manifold.
Finally, we use these properties to prove Theorem 1.1.

Denote the fractional Sobolev space H*(R”) as the completion of C§°(R") with the norm:

fulle = ([ 1-8)%uPas) "+ o
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Then H*(RYN) — L™(RY), r € [2,2%], where a € (0,1) and 27, is the fractional Sobolev critical
exponent, and this embedding is locally compact while r € [1,2?) (see [18]).

To study the corresponding extension problem, we apply an extension method [9] and define
the extension function in H*(RY) as follows.

DEFINITION 2.1. Given a function u € H*(RY), we define the a-harmonic extension
E,(u) = w to the problem:
{div(yl_Qan) =0, inRY*HL

w=u, on RY x {0}.

The extension function w(x,y) has an explicit expression in term of the Poisson and Riesz
kernel, that is,

wle.y) = B sut@) = [ P(a =€ uu(e)as

where P;*(z) = C(N, )
(see [9]).

Mﬁ with a constant C(N,«) such that [,y Pf*(z)dz =1

Define the space

XORYH) = {“’(x,y) e CF®Y™: [

+

kay172°‘|Vw|2dxdy+/ |w(z,0)|?dr < oo},
+1 RN

equipped with the norm:

1/2
lwllx = </ y172a|Vw|2dxdy+/ |w(x,0)|2dx> .
RYT! RN

/ kay1*2“|Vw|2d:cdy:/ |AZu|?dz, (2.1)
]R-]%\—H—l RN

Note that

where w = E,(u) and k, is a normal positive constant [9]. So the function E,,(-) is an isometry
between H(RY) and X*(RY""). Then we re-formulate (1.1) as follows:

div(y'~>*Vw) = 0, in R, (2.2)
—kag—‘: = —w+ \a(z)wln|w| + b(z)|w[* 2w, on RN x {0}, '
where
Ow Ow
k= —k,, i 1-2a 7% = (—=A)* .
e Jim g S (@,y) = (=A)"u(x)

In what follows, we set k, =1, for simplicity. If w is a solution of (2.2), then the trace
u = tr(w) = w(x,0) is a solution of (1.1). Conversely, it is also true.
Let us introduce some properties on the spaces X*(RY ™) and L"(RY).

PROPOSITION 2.1 [25]. The embedding X*(RY*") < L"(R") is continuous for r € [2,2}]
and locally compact for r € [1,2%).

piye%

PROPOSITION 2.2 [25]. For every w € X*(RY ™), there holds

N—2«

2 N
S(/ lu(z)| e da:) < / y' 72| Vw|?dxdy,
RN RYH
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where u = tr(w). The best constant is given by
| 2rn(e (M) (X)) ¥
T(a)l (A7) (T (V) ¥
and it is attained when u = w(x,0) takes the form:

Ce

N2«
2

ue(x) =

=
(€ + [«[7)

for an arbitrary € > 0, w. = E,(u.) and
/ y' 72 V. Pdady = / |we (2, 0)] " dy = S7a .
RﬁJrl RN

The following property is concerning the logarithmic Sobolev inequality in the fractional
Sobolev space.

PROPOSITION 2.3 [14]. Let f € H*(R"™) and ¢ > 0 be any number. Then

o 2 gy j .

REMARK 2.1. From (2.1) and definition 2.1, we have

/ |w(x,0)|21nMdz§J—2 y' 72| Vw|?drdy
RN lw(z,0)[3 T SR+

N ol (&)
N+=—1 1 2 2.

L(35)

N NG

N+ —Ino+1n ol(3 )] |w(z,0)[3
!

for any w € X¢ (Rf *1). Furthermore, there holds

/a(a:)\w(x,O)\Qln|w(z,0)|d:17
RN

1
= f/ a(z)|w(z,0)* In |w(z,0)|*ds
2 RN
= 1/ a(x)|w(z,0))* In lw(z, 0)[* d:r—i—l/ a(x)|w(z,0)|*dz In |w(z, 0)|3
- 9 ) ] 2
2 Jrw w(@,0)[3 2 Jrw
1 o? 20 af(%) 2
< gl T [ vVl dady £ Slal| N T ino -+ T (e )
+ 2c
1
+*/ a(z)|w(z,0))*dz In jw(z, 0)[3. (2.3)
2 Jan
To analyze (2.2), we define the associated energy functional by
Lo A 2
D(w):=Slwlx =5 [ al@)w(z,0)]" In|w(z,0)|dz
2 2 RN

A 1 .
42 / a(2)|w(z, 0)2dz — / b(a) o, )P e,
4 RN 2:; RN
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where w € X*(RY ™). Then I, is Fréchet differentiable and

B = [ Vel Ve ndedy+ [ w@0)s(.0)ds
+

2a20(x T X
— /\/RN a(z)w(z,0)p(x,0)In |w(z,0)|dz — /RN b(x)|w(z,0)] (z,0)p(z,0)d

for any ¢ € X¢ (Rf“). It is notable that finding the weak solution of (2.2) is equivalent to
finding the critical point of the energy functional Iy.
Define

® := {non-trivial weak solutions of (2.2)}.
From (2.1) and Definition 2.1, we define the ground energy of equation (1.1) by
d:= Jrelgl)\(w).

If w is a non-trivial solution of system (2.2) such that I (w) = d, we call that v := w(z,0) is a
ground state solution of equation (1.1).
Since I, is not bounded from below on X O‘(Rf 1), we consider I strictly on the Nehari
manifold:
Ny = {w € X*(RY\{0}; I} (w)w = 0}

Then w € N, if and only if
Hng( — )\/ a(z)|w(z, 0)|2 In |w(z,0)|dx — / b(x)|w(z, 0)|2;dx =0. (2.4)
RN RN

We analyze N, in terms of the stationary points of fibering maps [7] that ¢, : R* — R is
defined by

bu(t) == I\ (tw).

Then we have

t2 2o

bu(t) = 5wk - b(x)|w(x,0)[* dx (2.5)

25 Jan
2

EpLs (/RN a(2)|w(@, 0)[2 In [w(z, 0)|d + lnt/ a(2)|w(z, 0)2dz — %/RN a(x)w@c,o)?dx),

RN
oL (t) =tw% — %1 / b() (e, 0)[*+ da
RN

Y (/RN a(2)|w(, 0) 2 In [w(z, 0)|dz + lnt/RN a(:v)|w(a:,0)|2dx>
and

SL(t) = llwlk — (25 — 1)t*—2 /RN b(z)|w(w, 0)|* dx

—A(/RN a(x)|w(x,0)\21n|w(x,0)|da:+1nt/ a(x)|w(x,0)|2da:+/ a(x)|w(x,0)|2dx>.

RN RN

It is easy to see that w € N, if and only if ¢/ (1) = 0.



POSITIVE SOLUTIONS FOR THE FRACTIONAL SCHRODINGER EQUATIONS 213

We split Ny, into three subsets N , Ny, and N that correspond to local minima, local
maxima, and points of inflection of ﬁberlng maps. respectively, that is,

Ny = {w € Nas /(1) > 0} = {tw € X RYTIN{0}; ¢, (1) = 0,¢/(t) > 0},
Ny i={w e Nx;¢[,(1) < 0} = {tw € X*(RYT\{0}; 6L, () = 0,¢,(t) < 0},
NY = {w € Nx;¢l/(1) = 0} = {tw € X*(RYT\{0}; ¢L,(t) = 0,6/(t) = 0}.

Note that if w € Ny, then ¢//(1) = =X [ox a(2)|w(z,0)|*dz — (2, — 2) [pn b(2)|w(z, 0)|*dz.
Thus, we get the equivalent expressions:

N i={we Ny; )\/RN a(x)|w(x,0) > dz + (25, — 2) /RN b(z)|w(z, 0)*dx < 0},

=z

S {we Ny )\/ a(2)|w(@, 0)2da + (27, — 2)/ b(a)|w(x, 0)[%dz > 0},
RN RN
NS—{weNA,/\/ )|, 0)Pda + (2 / b()|w(x, 0) 25 dar = O}

LEMMA 2.1. If [,y a(z)w(z,0)[*dz < 0, then we have either
fwllx <1 (2.6)

or
/ a(z)|w(z,0)* In |w(z, 0)|dz < Cllwl%
RN
for some C' > 0 independent of w € X*(RY ™).

Proof. To estimate [,y a(z)|w(z,0)|* In|w(z, 0)|dz, we re-write it as

/ a(2)|w(z, 0) In [w(z, 0)|dz
RN

= [ a0 SN a oy [ a0
. fwllx -

:I1+123

where I1 := [,y a(z)|w(z,0)|? In |°ﬁ(l"l’0)|das and I := In Hw||X Jan a(z)|w(z, 0)*dx.

|w
If |w||x <1, then (2.6) holds. If |lw||x > 1, due to [x a(z)|w(z,0)*dz < 0 we have I < 0.
This implies

/ a(2)|w(@, 0) In |w(z, 0)|dz < 1. (2.7)
RN
We divide I; into two parts: Iy = I11 + I12, where
I = / a(@)ew(a, 0)21n L&y g +/ a()w(z, 0)2 10 L&
fwllx fwlx
Riv+ ={z¢€ RY: a(z) > 0}, ]fo_ = {z eRY: a(z) < 0}.

When ¢,y > 0, by using Int < C,t7, it follows from Proposition 2.1 that

I < CIIWH??’/N a(z)|w(z, 0)|de < Cllw% (2.8)

Ry 4
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for 2 < ¢ < 2%, and
|w(z,0)]
[lwllx

(
z))|w(z,0)[*In Mdac
’ jw(z, 0)]

s < /Qa’ a(x)|w(z,0)|* In
=l

dzx

<amwyf|amwwm%%m
RN

< COllwllk (2.9)

for 0 <o <1, where Q, _ :={z € RY _;|w(z,0)| < ||lw||x}.
As a consequence of (2 7) (2.9), we obtain

/ a(z)|w (@, 0)* In|w(z, 0)|dz < Clwll,
RN
where C is a positive constant independent of w € X (RY*1). O

LEMMA 2.2. For each w € X"‘(Rf“)\{o}, there exists A1 > 0 small enough such that if
A€ (0 A1), then the following two statements are true.

) If [on a(z)|w(z,0)>da > 0, then there exists t~ := ¢~ (w) > 0 such that t"w € Ny and
N (t w) = maxt>0 I\ (tw).
(ii) If [on a(x)lw(x,0)|*dz < 0, then there exists a unique 0 < t* :=tT(w) <t~ =t (w) <
oo such that t*w €Ny, tweNy, IL(tw) is decreasing on (0,t"), increasing on
(tT,t7), and decreasing on (t~,400). Moreover, I)(tTw) = ming<;<;- I\(tw) and I\(t"w) =
max+ <; Iy (tw).

Proof. (i) Suppose that w € X*(RYT)\{0} with [, v a(z)|w(z,0)[*dz > 0. Since 2 < 2}, and

lim;_,g+ Int = —o0, there exists a small ¢ty > 0 such that
b (t) >0 (2.10)
for ¢ € (0,ty), where ¢, (t) is defined by (2.5). Moreover, we have
li w(t) = d 1 w(t) = —o0. 2.11
Tim 6,(1) =0.and | Tim_ g, (1) = —o0 (2.11)

From (2.10) with (2.11), there is ¢~ := ¢~ (w) > 0 such that
¢u(t7) = L(t7w) = max ¢, (t) = max I (iw).

This implies " w € N, .
(i) Suppose that w € X*(RY ™)\ {0} with Jan~ a(z)|w(z,0)[*dz < 0. Note that

( % — A/ 2)|w(@, 0) In [w(, 0)|dz

fAmp/ mwwuum%xfﬂ*ﬂ/ b(a)w(a,0) % da
RN RN

Let s(t):= Ant [ a(z)|w(z,0)dz + t?2 72 [, b(2)|w(x,0)|*~dz. Then tw € Ny if and
only if

s(t) = lwll% — A/ 2)w(z, 0) In [w(z, 0)|dz.
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Since
li t) = d i t) = .
tir(r]hs( ) = 400 an  dim s(t) = +o0 (2.12)
and
ts'(t) = )\/ a(z)|w(z,0)2dz + (28, — 2)t2i-2/ b(z)|w(z, 0)|% d, (2.13)
RN RN
there exists
23172
—)\/ x)|w(z,0)|*dx
tmin 1=

(23 — 2)/ b(@)|w(z, 0)|% do
RN
such that

S(tmin) = Itn>1(I]15(t)

—)\/RN a(2)|w(, 0)|2dz
2= [ bola, 0 ds

1 2
= 1
o 72)\/RN a(x)|w(z,0)|dx In

03

1 2
- 23_2>\/RN a(@)|w(z, 0)[2dz.

Moreover, s(t) is decreasing in (0, ¢y, ) and increasing in (tmin, +00).
To show that

$(tmin) < |lw|% — )\/RN a(z)|w(x,0)|* In |w(z,0)|dz, (2.14)

we start with estimating [,y a(z)|w(z, 0)|? In |w(x, 0)|dz. It follows from Lemma 2.1 that either

wllx <1 (2.15)
or

/RN a(x)|w(z,0)* In |w(z, 0)|dr < C|lw||% (2.16)

for some C' > 0 independent of w. Thus we need to consider two cases.
Case 1. Assume that (2.15) holds. On the one hand, it follows from (2.3) and Proposition 2.1
that

/RN a(z)|w(@, 0)* In|w (@, 0)|dz < C(|wll% + wllx) < Cllwlk

for some C > 0 independent of w. So we have

el = A/RN a(x)|w(@, 0)* In|w (@, 0)|dz > Clwllx (2.17)

for A > 0 small enough and some C > 0 independent of w.
On the other hand, in view of the inequality Int < ¢ for ¢ > 0, it follows from Proposition 2.1
and (2.15) that

S(tmin)

- L 2)\/RN a(2)|w(z, 0)2dz In <—>\/RN a(@)|w(z, 0)|2dx>

@
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- 2:;1_ 2>\/]RN a(x)|w(z,0)|*dz In <(2Z —-2) /]RN b(x)|w(x,0)|23dx>

1
2*—2

A (a:)|w(m,0)|2dx

<2;2 /RN a(2)|w(, 0)2dz [—)\/RN a(2)|w(z, 0)2dz + (27 — 2) /RN () ez, 0) % ds + 1

< AC|wllk|

+1]

< AClwl% (2.18)

for some C > 0 independent of w. As a consequence of (2.17) and (2.18), we see that (2.14)
holds for small A > 0.

From (2.12) to (2.14), there exists a unique 0 < t7(w) < tmin < t~ (w) < oo such that

s(tT(w) = s(t™ (W) = |wllk — A/ a(z)|w(z,0)]* In|w(z, 0)|dz
RN
and
tT(w)w € Ny and t~ (w)w € Ny.
Since

s'(t7(w) <0< 5t (W),

it follows from (2.13) that t*(w)w € Ny and ¢t~ (w)w € Ny .
Using the fact that

>0, 0<t <t (w),
s(t) — ||w||§( - )\/ a(a:)|w(z,0)|21n lw(z,0)|dz{ <0, tT(w) <t <t (w),
h >0, (W) <t
we obtain
<0, 0<t <t (w),
PL(H =0, tH(w) <t <t (W),
<0, t7(w) <t

This indicates that [Iy(tw) is decreasing on (0,t7(w)), increasing on (t*(w),t (w)) and
decreasing on (¢~ (w), 00). Moreover, we have

+ _ : ) =
L(t" (ww) = ogtrg{l(w) I (tw) and I\ (t"w) = t;?f()i)h(tw)'

Case 2. Assume that (2.16) holds. Then
ol — A/ o) |w(z, 0)]* In [w(x, 0)|dz > Cllw% (2.19)

for small A > 0 and some C' > 0 1ndependent of w.
If =X [ a(@)|w(z,0)?dz > (2% — 2) [~ b(z)|w(z, 0)[?dz, we have

—)\/RN a(x)|w(z,0)|dx
2= [ ola 0 ds

A / a(x)|w(z,0)|*dz In
2 Jon

< 0.
o

«
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That is,
—-A

tmin<
$ltmin) < 575

/R a()|w(z, 0)2dz < AC|wl% (2.20)

for some C' > 0 independent of w. From (2.19) and (2.20), we arrive at the desired result (2.14)
for small A > 0.

Due to (2.14), similar to the proof of Case 1, there exist 0 < t7(w) < tmin < £~ (w) < 0o such
that t*(w)w € Ny and ¢~ (w)w € N, . Furthermore, we can see that I, (tw) is decreasing on
(0,t%(w)), increasing on (t*(w), ¢ (w)) and decreasing on (¢~ (w), o). So we have

L(tT (w)w) = 0<tr2£1(w) I(tw) and I\(t"w) = tgltlf()fu) I\ (tw).

If =X [on a(@)|w(z,0)[?dr < (2, — 2) [on b(2)|w(z,0)[>>dz, in view of 2 < 27, there exists
to > 0 such that

f)\/ a(x)|tow(z, 0)[2dz > (28, — 2)/ b(z)|tow(z, 0)]% da.
RN RN
Set

wo = tow.

Similarly, we can see that there are 0 < t*(wo) <t~ (wo) < oo such that the desired result in
Case 1 holds for some wy. Let ¢ (w) = tot T (wp) and ¢t~ (w) = tot~ (wo). Consequently, there
exist 0 < t¥(w) < t~(w) < oo such that the result in Case 1 holds for an arbitrary w. O

LEMMA 2.3. Ifw is a critical point of Iy on Ny and w ¢ N/(\), then it is a critical point of Iy
in X(RYT).

Proof. Let w be a critical point of I, on Ny. Then
I (w)w =0 and I}(w) = 7YV (w) (2.21)

for some 7 € R, where
qawyzwmﬁ—x/ M@W@ﬁﬁhﬂdxmux—/ b@)w(z, 0)2edz.  (2.22)
RN RN
Because of w ¢ Nf, we get

U (Ww : = 2||w|) — 2)\/ a(z)|w(z,0)|* In |w(z,0)|dx
RN
- )\/ a(x)|w(z,0)|*dz — 22/ b(z)|w(z,0)|>dx
RN RN
— Jwll% - A/ 2)|w(@, 0)[ In |w(z, 0)[dz

2 * 2% :E
A [ a0 Pde = 2= 1) [ belle, 0P

which together with (2.21) indicates that 7 = 0, that is, I} (w) = 0. O

LEMMA 2.4. There exists a small Ay > 0 such that if A\ € (0, \2), then the set NY = ().
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Proof. Let w € NY. Then

w2— alx)|wlx 2nwx dr — T)|wlx 2de—— .
and

2 - a\T)|w(x 211(4]!7} Xr — a\T ) |wlx 2$
ol = [ a@)w(@0R nfu(e.0ld = [ o)tz 0P

— (25— 1) /RN b(z)|w(z, 0)|*dx = 0,

which lead to

/\/RN a(z)|w(z,0)*dx = (2 — 2%) /RN b(z)|w(z,0)|?dz < 0. (2.24)
In view of (2.24), it follows from Lemma 2.1 that either
wllx <1, (2.25)
or
/RN a(x)|w(z,0)* In |w(z,0)|dr < C|lw|%, (2.26)

where C' is a positive constant independent of w € NY. If (2.26) holds, for sufficiently small
A > 0 it follows from (2.23) to (2.24) and Proposition 2.1 that

o-wm-A/ (MMxmmmewmfjmmmmeﬁw

RN

— wl - A/ 2w, 0) In [w(z, 0)|dz + — 2/ o) w(z, 0)[2dz
RN

2

> WX (1 = AC)
> Cllwlik-

Thus, ||w||x = 0, which obviously yields a contradiction to the fact w # 0. This implies that
(2.25) holds.

On the other hand, in view of Int < ¢ for any ¢ > 0, it follows from (2.3) and Proposition 2.1
that

/RN a(z)|w(@,0)[* In|w(z,0)|dz < C(|wllX + w(z,0)[3) < C(lwlX + lwll%). (2.27)

With the help of (2.23), (2.24) and (2.27) and Proposition 2.1, we obtain

A :
_2/RN a(@)w(z, 0)[2dz

ol =2 [ | ala) ol 0)F In (e, 0)dz - -
<Al + lwll%),
which together with (2.25) gives
C <A1+ |wl%) <2
This is a contradiction with the fact that A is sufficiently small. O

LEMMA 2.5. There exists a small A3 > 0 such that if A € (0, \3), then I is bounded from
below on N,.
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Proof. Let w € Ny . According to the definition of Ny, we get

)\/RN a(z)|w(z,0)]*dz < 0

and

. -
/ b() oo (, 0) 2 dar < / a(2)|w(, 0)da.
RN 2; - 2 RN
As discussing for (2.25), for A > 0 small enough we can obtain
[wllx < 1. (2.28)

Hence, the low bound of Iy restricted on Nj\' can be attained by Proposition 2.1 and (2.28),
that is,

> —AC. (2.29)

For any w € N, , we have
1
I(w) = I\ (w) — ifg(w)w

A 1

=— a(z)|w(zx,0)*dx + 1 P b(z)|w(z, 0)[ % da. (2.30)
4 /RN (2 2a) /]RN

If I (w) > 0 for all w € N, obviously the lower bound of I, restricted on N, can be achieved.
Otherwise, if there exists w € N, such that I)(w) < 0, by (2.30) it follows that

A a(x)|w(z,0)*dz < 0
RN

and

_2(’;

/]RN b(z)|w(z,0)*dx < 2(23_2))\/]1@ a(x)|w(z,0)|*dz.

As we did for (2.25), there is a small A > 0 such that

[wllx <1. (2.31)
Using Proposition 2.1 and (2.31), we obtain
A 1 1 .
I(w) = —/ a(z)|w(z,0)de + [ = — — / b(z)|w(z, 0)|% da
4: RN 2 22 RN
A 2
> — a(x)|w(z,0)|*dx
4 RN
> —AClwl%
> —AC.

Hence, Iy is bounded from below on Ny according to Lemma 2.4. O
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In view of Lemmas 2.2 and 2.5, we set

af == inf I\(w)and a; = inf I (w).

WGN;r weN

LEMMA 2.6. (i) If a(x) is negative or sign-changing, then a; < 0 and a; <a,.
(ii) Ifa(x) >0, then Ny = (0 and o > 0.

Proof. (i) If a(x) is negative or sign-changing, it follows from Lemma 2.2 that N, # (). Let
w € Ny . Then we have

)\/ a(z)|w(z,0)[*dr < (2 — 23)/ b(z)|w(z,0)|*dx < 0.
RN RN
This, together with I} (w)w = 0, leads to

I\(w) = I\ (w) — %Iﬁ\(w)w

A 11 .
=3 [ a@lelz0Pde+ (5= 5 ) [ bkl 0)ds
4 RN 2 23 RN
2—2¢ . 25 — 2 .
<222 [ ) (e, )P de + 22 / b(@)|w(z, 0) 2 dz
4 Jan 225 Jan
_ (-1 (2 - 2*)/ b(z)|w(z, 0)| > dx (2.32)
o \4 22 * Jrw ’ ’
<0.
Thus, we obtain ai < 0.
For any w € N, if Iy(w) > 0, then
I(w) > af. (2.33)
If I (w) < 0, then
L(w) = (W) — S (w)w
A ) 11 .
== a(z)|lw(z,0)|*de+ | = — — b(x)|w(z,0)]|*dx
4 ]RN 2 2:; RN
<0

That is,

/ a(x)|w(z,0))?dz < 0.
RN
With the help of Lemma 2.2(ii), there exists a unique t*(w) < ¢~ (w) = 1 such that ¢t (w)w €
Ny and
L(w) > L(tT (w)w) > af . (2.34)
Consequently, as a result of (2.33) and (2.34), we obtain
aj\' <a,.
(ii) If a(x) > 0, then for any w € X"‘(Rf“)\{O} we have

/RN a(x)|w(z,0)|?dz > 0, (2.35)

which implies N5 = 0. Moreover, it follows from Lemma 2.2(i) that Ny # 0.
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For any w € N, , we get

A 1 1 «
= 7/ a(x)|w(z,0)*dx + ( - ) / b(x)|w(z,0)|*dx
4 Jpn 2 2
> 0,
which implies
a, 20

We now suppose by contradiction that a, =0. Let {w,} C N, be a sequence such that
I (wp) — 0, as n — co. Then we have

1
0+ In(wpn) = In(wn) — ifg(wn)wn

A 1 1 .
_ 7/ (@) wn (2, 0)Pda + ( = — — / b(@)wn (z, 0) 2 dr
>0, asn — oo,
which together with (2.35) yields
A a(x)|wn (z,0)|*dr = 0,(1) and b()|wn (2, 0)) % dz = 0,(1). (2.36)
RN RN
It follows from (2.36) and Proposition 2.1 that

/ a(x)|w, (z,0)]* In |w, (z,0)|dz
RN

|wn (2, 0)]

[lwn | x
/ a(@)|wn (@, 0) 210 2O 1 4 o2 (2.37)
RN lloon [l x

Similar to (2.8) and (2.9), we can obtain
|wn(,0)]

a(x)|wn(z,0 2 B 1
/RN (@), O In S

Using this estimate together with (2.37) leads to

:/ a(z)|wn (z,0)]* In dx+1n||wn|\X/ a(z)|wn (z,0)*dx
RN RN

N

dr < Cllwn%-

/ a(x)|w, (z,0)]? In |w, (z,0)|dr < Clw,[|%- (2.38)
RN

Taking into account (2.4), (2.36), (2.38) and Proposition 2.1, for sufficiently small A > 0 we
deduce that

0= lwnllk — A / a(2)|wn (z, 0)[2 In [wn (z, 0)de: — / b(2)|wn (2, 0) 2+ da
]RN RN
= [lwal% — A a(x)|wn(z,0))? 1In |w, (2, 0)|dz + 0, (1
Joulie =2 [ alelen(a.0) 7

> [|lwnll% (1 = AC) + on(1)

> Cllwn % + +0,(1).
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That is,
||Wn||X = On(l)~ (239)

On the other hand, in view of Int < ¢ for ¢ > 0, it follows from (2.3) and Proposition 2.1
that

/R 0@ en (e, 0) In o (2, 0)ldz < O3 + oo, 0)2) < €l + k). (2.0
Using (2.4), (2.40) and Proposition 2.2, we get
lwonllk = A / a(2)|wn (2, 0)[2 1n [ (z, ) |dz + / b(2)|wn (2, 0) 2+ da
RN RN

-
<AC(lwallX + llwnllX) + Cllwnlls -

That is, ||wn|\§g‘ + lwnlli = (1 = XO)||wn ||} = Cllwn||% for small A >0 and some C > 0.
Hence, we have |lw,||% = C for some C > 0 independent of n € Z,. Apparently, this yields
a contradiction to (2.39). O

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Step 1. We will show that there exists A; > 0 such that for each

A € (0,A1), I, has a minimizer wy in N} such that I, (w)) = o .

Let {w,} be a minimizing sequence {w,} C N;', that is, limy, 00 Ix(wp) = aj. We claim
that there is some C' > 0 such that

wnllx < C (2.41)
for all n € Z,. Note that {w, } C N;". Then

/ a(2)|wn (z,0) Pz < 0
RN

and

/ b(z)|wy, (,0) % de < / a(x)|w, (z,0)|*dz.
RN 2* 72 RN

Analogous to the derivation of (2.25), we can see that (2.41) holds for A > 0 small enough.
Thus there exists a subsequence (still denoted by {w,}) and wi € X*(RY™") such that

wy, — wi in X*RYT), as n — oo. (2.42)

To prove that
/ a(x)|wn (z,0)|?dr — / a(z)|wy (z,0)[*dx, as n — oo, (2.43)
RN RN

we know that for any e > 0, according to condition (Hp), there exists an R > 0 such that
la(z)| < € for x| > R. It follows from (2.41) and Proposition 2.1 that

/ a(2)|wn (z, 0)[2dz| < ellwnl% < Ce (2.44)
RN\Br

and

[ @) @0)Pds| < el < C= (2.45)
RN\Br
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where Bpr := {z € R";|z| < R}. Then, using Holder’s inequality and Proposition 2.1 leads
to

/ a(x)|wp (z,0)*dx —/ a(z)|wi (z,0)*dz| — 0, as n — occ. (2.46)
BR BR

From (2.44) to (2.46), we arrive at (2.43).
To prove that

/RN a(x)|wn, (2,0)]* In |w, (2, 0)|dr — /RN a(z)|w) (z,0)]* In|wi (x,0)|dz, as n — oo, (2.47)
we know from (2.42) that w,,(z,0) = wi (2, 0) for a.e. z € RY. So for sufficiently large n there
holds

a(z)|wn (2, 0)|? In |wy, (x,0)| = a(z)|w) (z,0)|* In|w (z,0)|
for a.e. x € RV, Note that for any 3, v > 0, there exists a constant Cz, > 0 such that
|Int| < Cs (P +t77), t>0.
This gives

[ a@ken @ 0F e (o 0)ldz| <€ [ fa(o)] [l 0)F " + e ,0)*** o

for small 6 > 0. By virtue of Proposition 2.1 and Lebesgue’s dominated convergence theorem,
we obtain (2.47) immediately.
Set ¥,, = w,, —wy . It follows from Brezis-Lieb’s lemma [40] that

1all% = llwnl% = llwx % +0n(1) (2.48)

and
/RN b(x) |V, (x,0)|*dx = /RN b(x)|w, (z,0)|? dz — /RN b(z)|wi [Pedz + 0, (1). (2.49)

From (2.43) and (2.47)—(2.49) we deduce that
1
2*
As we discussed for (2.47), there holds

II‘I’nllx @) ¥z, 0)adz = a)f — Iy(wy) + 0a(1). (2.50)

/ a(z)wn (z,0)wy (2,0) In |w, (z,0)|dz — / a(z)|w (z,0)* In |w) (z,0)|dz, (2.51)
RN RN
as n — oo. Combining (2.42) and (2.51), we have
If (w)wy =0, thatis, wy € N\ U{0}.
Note that

(25 —2) b(z)|wy (z,0)[? adz < lim inf(2 / b(x)|wp, (2, 0)|% da.

RN n— 00

It follows from (2.43) that
wy € Ny . (2.52)
According to Proposition 2.1, from (2.42)—(2.43) and (2.47)—(2.51) we obtain
on(1) = I\ (wn) ¥y = (I3 (wn) — IS\(W;\L))\PH = 19,5 _/ b(x)|\11n(x,0)|2zdx, (2.53)
RN

as n — oQ.
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We suppose that

||\Iln||§(—>land/ b(x)| ¥, (z,0)|
RN

for some [ € [0, 400).

adr — 1, asn — o0

2

If I =0, we obtain the desired result immediately. If [ > 0, we have [ > SI%& by Proposi-
tion 2.2, and then

1> S, (2.54)
It follows from (2.50) and (2.52)7(2.54) that
l l @ a N
This is a contradiction. Hence, the only ch01ce is =0, that is, w, — w) in X"‘(Rf“) as
n — oo.

Step 2. We show that w (z,0) is a positive ground state solution of equation (1.1).

Since wy € X*(RY™) is a local minimizer for Ny. Lemma 2.3 tells us that wy is a non-
trivial solution of (2.2), and so w/\ T(x,0) is a non-trivial solution of equation (1.1). Note that
Ly(Jwy]) = a3 . So we assume wy (x,0) > 0. By virtue of the maximum principle for fractional
elliptic equations [33], wy 1\ is positive. Consequently, wy T (x,0) is a positive ground state solution
of equation (1.1). O

COROLLARY 2.1. (i) I(w)) — 0, as A — 0. (ii) [jwy||x — 0, as A = 0.

Proof. (i) From Lemma 2.6(i) and (2.29), we have
0> Li(w)) =af >-AC.

This implies I, (wy) — 0, as A — 0.
(ii) From (2.52), we have

/ a(z)|wi (z,0)?dz < 0
RN

and

/RN bl (.02 < o fZ/ o) w (2, 0)Pdz. (2.55)

Similar to the derivation of (2.25), for sufficiently small A > 0 we have
[willx <1. (2.56)
It follows from (2.3) and Proposition 2.1 that

/RN a(z)|wy (2,0)]” n [y (z,0)|dz < C(l|lwy % + |wy (=,0)]3)
C(llwy 5 + llwy I1%)- (2.57)
From (2.55) to (2.57) and Proposition 2.1, we obtaln

e = [ @l 0P nfof (2.0lde + | ba)lof 0.0 do

el @ 0) P
¥ —2 RN

[0}

N

A / a(@) |} (2, 0)2 In Jw (z, 0)|da +
RN 2

SAC([lwi 15 + llwy [1%) + Allwd 1%
< \C. U
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3. Proof of Theorem 1.2

In this section, we present some results on compactness and estimates, and then prove
Theorem 1.2. Throughout this section, we always suppose that conditions (H;)—(Hj3) hold.

LEMMA 3.1. The following two statements are true.

(i) If a(z) is negative or sign-changing, then I, satisfies the (PS). condition for c¢ €
(—o0, aj + %S%)

(ii) Ifa(xz) > 0, then Iy satisfies the (PS). condition for ¢ € (—oo, &S

8=

).

Proof. Let {w,} C X*(RY™") be a (PS). sequence for Iy. We claim that there exists some
C > 0 such that

”wnHX <C, ne Z+. (3.1)

Suppose otherwise that ||w,|x — oo, as n — co. A straightforward calculation gives

(0%
2lwallx > 14 5% + Nwnl|x
1 /
2 IA(WH) - QI)\(wn)wn

A 1 1 .
> / a(@)wn (@, 0)Pdz + (£ = ) [ b@)wn (2, 0)[25 da
4 ]RN 2 2; RN
A 2
> — a(z)|wy (x,0)| de.
4 RN
For sufficiently large n, there holds
/ a(2)|wn (z, 0)[2dz < Cllwn||x (3.2)
RN
for some C > 0.
It follows from Proposition 2.1 that
I fw, (,0)[3 = 210w, (2, 0) |2 < 2Jwn (2, 0)]2 < Cllwnl|x (3-3)

for some C' > 0. Using (2.3), (3.2) and (3.3) yields

/ a(x)|wn(x,0)|2ln |wn (z,0)|dx < CHwnH?X
]RN
Thus, we have N

L+ 5552 + Alwnllx

1
2 I/\(Wn) - QTIS(Wn)wn
a

. 1 1 2 1 1 2
_ <2 _ %) loonllZ — )\(2 - 2) /RN (@) wn (2, 0)[? In |uon (x, 0)|daz

A
—|—7/ a(m)\wn(ﬂc,O)Fdx
4 Jon

1 1
> (3= 5 ) lonlle = 3Cllnly

> Cllwnllx
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for sufficiently small A > 0. This obviously contradicts our assumption that {|jw,|x} is

unbounded. Hence, (3.1) holds.

From (3.1), there exists a subsequence (still denoted by {w,}) and wy € X*(RY™") such

that

Wy, — wp in X“(Rf“) as n — 0o.

)

Similar to the derivations of (2.43) and (2.47), as n — oo we have

/ a(x)|wy, (z,0)] dw—>/ x)|wo(z,0)|*dx
RN
and
/ a(x)|w, (2,0)|? In |w, (2, 0)|dz —>/ ) |wo(z, 0)* In |wo (2, 0)|dz.
RN
Set ¥,, = w,, — wyp. It follows from Brezis—Lieb’s lemma [40] that

1% = llwnllx — lwoll% + o0n(1)

and
b(@) |, (, 0) 25 day — / b(a)|won (2, 0) 25 da — / b(x)|wo |2 d + on(1).
RN RN RN
From (3.5) to (3.8) we deduce
1 1 .
§\|‘I’n||§( 5 | b(2)| ¥, (z,0)]*dx = ¢ — In(wo) + 0n(1).

Similar to the derivation of (2.47), as n — oo we have
/ a(x)wp (2, 0)wo (2, 0) In |wy, (2, 0)|dz —>/ ) |wo(,0)]? In |wo (w, 0) |de,
RN

which together with (3.4) leads to I{(wo)wo = 0, that is, wy € Ny U {0}.
By (3.4)—(3.10) and Proposition 2.1, as n — oo we obtain

(1) = K(6) ¥, = (4 (60) = T ) ¥ = Wl = [ W@, (2, 0

We may suppose that

2ady — 1

||\Iln|\§(—>land/ b(z) |V, (z,0)
]RN

for some [ € [0, +00).

(3.4)

(3.5)

(3.6)

(3.10)

(3.11)

If [ = 0, we can obtain w, — wy as n — oo immediately. If [ > 0, we divide our discussions

into two cases.

(i) If a(x) is negative or sign-changing, it follows from Lemma 2.6(i) that o, >
2
Proposition 2.2, we have [ > SI%& . In view of (3.9), (3.11) and wy € Ny U {0}, we get

o N l l o o N
NSM—|—o¢j\L>c=[,\(wo)+§—27>ﬁl+aj\'>ﬁ,5'2u +ai.

[0

This is a contradiction. Hence, [ = 0, that is, w, — wp in X* (RNH) as n — 00.

oz:\*'. From

ii) If a(x) > 0, it follows from Lemma 2.6(ii) that N;* = () and oy > 0. From Proposition 2.2,
(i) A A

we get [ > > SI%: . In view of (3.9), (3.11) and wg € N, U {0} we have

« N l l « (] N
« = 2 > )
N52 > c 1)\(600)—1-2 o Nl NS2

@

which yields another contradiction. Hence, [ = 0, that is, w,, — wp in X¢ (Rf“) asn —oo. O
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Let n(z,y) € C>®(RY x R) such that 0 <7 < 1, |[Vn| < C and
.0) {1, (z,y) € By, = {(z,y) € Rfﬂ; Ve + el + -+ lan? + y? < 3,y > 0},
me,y) = :
0, (z,y) & By, = {(z,y) e RYT /e P+ o> + -+ + [an[® + [y <ro,y > 0},

where dp < rg and rg is defined in Remark 1.1.

Set
Ve, = 77(55 - % y)ws(x - Zay)’ z € M. (312)
Following [25], we deduce that
[ v e Pady = [V Pdady + O, (3.13)
Riua Ri\fﬂ
O(SQN_(]E_%)Q), if ¢ > 575,
/ |02 - (2, 0)|da = s = (3.14)
RY O =), if ¢ < 5h5
and
0(2%), if N > 4a,
/ [ve - (z,0)]*dz =  O(e** In(2)), if N =4a, (3.15)
N
* O(eN=20),  if N < 4a.
LEMMA 3.2, [on b(@)|ve 2 (2,0)[>2dz =[x |we(z,0)*~dz + O(eV).
Proof. By Remark 1.1 and the definition of v. ., we have
1 * N
0< — {/ |we (2, 0)|*= dx —/ b(x)|v57z(1:,0)|20d1:]
13 RN RN
b(z) —b —
_c (2) = blo + ) xod+0/ R,
RY\B 59 (e2 + |2 5 62Jrlﬂﬁ\ )
|z
<C 2Nd x+C ——dz
BV\B,4, |7l By, (€2 + |z]?)
‘ 2
+oo %
< C/ r*(NH)dr—i—C/ rP~N=lqy
%0 0
<
for z € M. O
Set
I =l b 0)[%+d
@)= ol — g [ b, 0)Phde
a JRN
and
oo 1 2 1 2%
I*(w) =g llwlx = 5 [ |w(z,0)[*dz.
2 2 Ju

Define the Nehari manifold associated with I, and I°° by
Neo(w) = {w € X*RYTH\{0}; (Ioc) (w)w = 0}
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and

N*(w) = {w € X*RYFTH\{0}; (1) (w)w = 0}.

|=

S

|

LEMMA 3.3. inf,ecne I (w) = infuen, Joo(w) =

o,

=E

Proof. Since

o*

92_32; o a? e
(%) -5 (F) 0219

for any a,b > 0. It follows from Proposition 2.2 that

inf I®(w)= inf sup I (tw
wEN®> @) weXeRYTH\{0} t}g (t)

1=

2
I ool

a

o (RN+1 N 5

weXT(E TN / |lw(z,0)]?da ) ©
RN 7

S (3.17)

>

=] 2

On the other hand, from (3.13), (3.15) and Lemma 3.2 it follows that

bry
[|ve,» ”%{a

2
X 2%
(/ b(x)|ve,»(x,0) 2&dx>
]RN

= %S% +o0-(1), ase — 0.

2|2

sup Ioo (tve ») =
>0

That is,

=

inf Io(w)< =98

wWEN
Note that b(z) < 1. From (3.17) and (3.18) we obtain

(3.18)

=] 2

o N
— G20 < i o0
NI S W)

= inf sup I (tw
wEX"(M*U\{O}@E (f)

< inf sup I (tw)
weX(RYTH\{0} t20

- et

(8 N
< —=S2a, g
N 2

LEMMA 3.4. The following two statements are true.

(i) If a(z) > 0, then there exists a small g > 0 such that for € € (0,e9) we have

o N
ntf1>agcf>\(tv€7z) < NS o —o(ep)

=
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uniformly with respect to z € M, where o(eg) is a small positive constant. Furthermore, there
exists some t_, > 0 such that

o2V € Ny .
(ii) If a(x) is sign-changing, then there exists a small €y > 0 such that for € € (0,gp) we

have
max I (w +tv. ) < af + Lgwm — 7 (%0)
>0 A ) A N

=

uniformly with respect to z € M, where () is a small positive constant.

Proof. (i) Since

t1_1>%1+ I\(tve,,) =0 and t_l:+moo I(tve ») = —c0

for sufficiently small € > 0 and z € M, there exist small t; > 0 and large t; > 0 such that
In(tv...) < %sl t € (0, 1] U [ta, +00). (3.19)

For t € [t1,tz], from (3.12), (3.13) and Lemma 3.2 we obtain

t2a .
b(x)|ve - (x, O)\Zu dac)

t2
IA(tUs’Z) < I?;gi (2”“6,2%( - E -

2
+ A a(x)|ve - (x, 0)|2dx — )\t—l / a(x)|ve . (z, 0)|*In |ve,»(x,0)|dx
RN 2 RN '
N

2

2
H'Us.,zHX +)\C/ |1)57Z(:E,0)|2d$
* RN
(/ b(x)|vsyz(x,0)|2adx)
RN

_aC / (o2 (2, 0)[2 In [o._. (x, 0)da
RN

N
=1

LY
R

< Sz 4 O(eN 2 + )\C/ |ve,= (, 0)|*dz
RN

o

N

_aC / (0o (2, 0)[2 In [v._. (x, 0)|da, (3.20)
RN

and

/N |1157Z(a:,0)|2 In|v. . (z,0)|dz
R

:/ |U€TZ(:E,O)|21n|vgyz(aﬁ,0)|dm+/ |v5_rz(x70)\21n|UE,Z(x,0)\d:r
Be(z) Bry(2)\B:(2)

N—2a
>C e~ (N=20) |y o~ S dz + OV 2 L n Ce = dx
= 2. N—2a |$|N72a
B. {e<|z|<r0} (|£E| )
1
> Ce* Ine ! + CeN T2 / —————5- InCedx
2 — o
{e<|z|<T0} (|g;| )

=Ce®™Ine ' + CeN 2 InCe. (3.21)
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Combining (3.15), (3.20) and (3.21) leads to
Ii(tve..) < %S% +OENT2) 4 O(2) — 0 Ine™! + 0V "2 InCe < %Sl (3.22)

for small ¢ > 0 and z € M, where we have used the assumption N > 4a.
It follows from (3.19) and (3.22) that there exists g > 0 small enough such that for € € (0, ¢g)
there holds

max I (tve ») < %S’% —o(eo)

t/

uniformly with respect to z € M, where o(g¢) is a small positive constant. Meanwhile, it follows
from Lemma 2.2 () that there exists ¢Z, > 0 such that

to Ve € Ny .
(ii) Since
. + _ o+ . + _
tgrél+ I\(wy +tv..) = o) and tlginoo I(wy +tv..) = —o0

for small € > 0 and z € M, there exist small ¢; > 0 and large ¢35 > 0 such that
Li(w! +tve.) < af + %sﬂ t € (0,t1] U [ta, +00). (3.23)
+

For t € [t1,t2], taking into account I{(wy )v. . = 0 and I, (wy) = o we derive that

I,\(wj + tv. )

1 t2 —2«
= Il + S lloe s M5+ /R o YV Vo sdady + ¢ / wy (,0)ve - (2, 0)dz
+

RN
A
-3 / a(z)|w) (z,0) + tve . (x,0)|* In |w) (z,0) + tv. .(z,0)|dx
RN
A Y N
+ 5 a@)|wy (z,0)] dz+ 22 2)|ve . (2,0)%dz + 5 | a(z)wive.(z,0)dz
4 RN 2 RN ’
1

~ o b(a:)|wj(x, 0) + tve,z(x,0)|23da:

= I)\(wjf) + I\(tve ) — % / a(m)|wj\r(x,0) + tvE,z(m7O)|2 In |wj(w,0) + tve . (x,0)|dz
RN

—i—é/ a(m)|wf{(m,0)\2ln|w;\r(x,0)|dx+é/ a(x)|tve . (2,0)]* In |tv. . (x,0)|dx
2 RN 2 RN ’ '

At
+ )\t/ a(z)|wy (x,0)|ve . (z,0) In |w) (z,0)|dz + = a(x)wy (z,0)v. . (x,0)dz
RN 2 Jp~

1 .
- — b(z)|wy (z,0) + tv. . (x,0)|*dx

2% Jrn ’

1 x x .
o5 ) b@) @) (@, 0% + [t 2 (@, 0)* + 23w (@, )P ~*w) (2, 0)tv- - (w, 0)]dz

[e3

=af + L(tv..) —i(t) — 4(t), (3.24)
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where
LA + 2 +
i(t): = 3 a(z)|wy (x,0) + tve - (x,0)|" In |wy (x,0) + tv. . (z,0)|dx
]RN
A + 2 + A 2
- = a(z)|wy (x,0)*In |w} (z,0)|dx — = a(z)|tve - (z,0)]" In |tve . (z,0)|dx
2 RN 2 ]RN ’ ’
- A a(m)|w:\"(x,0)\tv57z(x,0) In |w:\~'(a:,0)|da: - i/ a(x)w:\"(x,O)tvg_z(x,O)dx
RN 2 Jp~ ’
and
1 .
jit): = o b(z)|wy (z,0) + tve . (x,0)|*dx (3.25)
a JRN
1 X N .
2% b(x)[|wy (2,0)]*> + [tv - (2,0)]>> + 2} [w (z,0)[*>*w} (2, 0)tv. - (x,0)]dz.
a JRN

Let us estimate i(t) and j(¢), respectively. To estimate i(t), we define
F) =In(1+t)+2tIn(1+¢)—t, t>0.
Note that

t
F(0)=0and f(t) = ;= +2In(1+1) >0, ¢>0.

So we have
ft)=0, t>0,
which implies that

A a(z)|wy (x,0)* In w v

+A a<x>|w;<x,o>zwln(1+w)dx
RY wy (,0) wy (z,0)

A " o tve »(x,0)
. / @ @ O e

A 5 wy (z,0)
Z to. . 1 14 22327 Vg
R O e )

> %/RN a(@)|tve.- (z,0)* In (1 + “wo)))dx

tve - (2,0

>0. (3.26)
To estimate j(t), we follow [6, formulas (17) and (21)] and (3.14) to derive that

b(x) |w:\" (z,0) + tve »(z,0) |23da:
RN

— / b(z)|wy (z,0)%dx + 25t / b(z)(wy (z,0))% L. . (z,0)dz
RN

RN

20dr

+ 24 / b(z)|ve.. (2,0)
]RN

+ 25057 [ b(@) (v, (w,0))% e (@, 0)da + 0 5F),
RN
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Using this estimate together with (3.14) and (3.25) leads to

N

2;-1 / b(x)w (x,0)[v- - (z,0)[> Lde 4+ o(c” 7 )
RN

OB

N-—2

2z +o(e” 7 )

> c/ Wt (@, 0)]v... (2, 0)
RN

N— N—-2a

>Ce 7 Hoe )

N—2«a

>Ce 2 (3.27)

for small € > 0.
Similar to the derivations of (3.22), we can obtain

(0%
L(tv..) < NS% (3.28)

for z € M and small € > 0.
For small € > 0, substituting (3.26)—(3.28) into (3.24) yields

N—2«

L(wi +tv..) < af + %S% —Ce 2, (3.29)

where z € M and t € [t,t2].
Consequently, from (3.23) and (3.29) it follows that there exists small £y > 0 such that for
€ € (0,2g) there holds

o N
rggcﬁ(wf +tv..) < af + NS&! —5(20)
uniformly with respect to z € M, where (2y) is a small positive constant. (]
LEMMA 3.5. Assume that a(z) is sign-changing. Then for any z € M there exists t_, > 0
such that
wy +it. v € Ny .

Proof. Define

U, = {w e X (RY )\ {0}; Wt‘ (:]X) > 1} U {0}
and
Uy = {w € XORYFN0); ——t- <°J> < 1}.

lwlx \llwlx

Then N, decomposes X (Rﬁ +1) into two disjoint connected components U; and Us.
Since wy € Ny, we have 1 < ¢t~ (w)) and wi € Uj.

We claim that
+
w, +tv —
0<f<j‘6“)<c
Hw/\ + tve 2| x

for some C' > 0 and all ¢ > 0. Suppose otherwise that there exists a sequence {t,} such that
t, — oo and

_ ( W;\L + e 2
|

O S —— — 00, as n — OQ.
|W>\ +tnvs,z”X
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Set

w:\”' + tnve 2
oy + tnve:llx

n —
Recalling ¢t~ (vy,)v, € N, C Ny, by Lebesgue’s dominated convergence theorem we have

[ vtz 0F
RN

1 .
- m /RN b(x)|w;\r($7 0) + tnve - (z, 0)|2a dx
A T inUezll x

+ 25
M +’U5,z($,0) dx

1
:ﬁ/ b(@)
152 4 vezll 0 /RY

n

n

1 .
— 7/ b(x)|ve . (2,0)*dz, as n — oc.

2*
l[ve,= I

Then
It~ (vp)vn) = —00, as n — o0.

This contradicts the fact that Iy is bounded below on Ny .

Set
+ ok +112
Wy llx +14/C + ||lw
el O Il

N =
[[ve,= [l x

By a direct calculation we obtain

| 2
X

lwi + tave -

ot o2 ([ ot v iy |
R

N
¥ R

wy (z,0)v: . (z, O)d:c)

% = 2tallvezllx flwy 1 x

2
(i)
”wj + t)\ve,z”X

That is, w:\”' + 1)V 2 € Uz. Thus, there exists 0 <t_, < t, such that w:{ +it. v €Ny U

> [l % + £ llve.»

Proof of Theorem 1.2. Let w, C Ny be a sequence such that Iy(w,) = a) as n — oo.
It follows from the Ekeland’s variational principle [40] that there exists a sequence {w,} C
X (RY*) such that

@y —wp — 0 in X¥RYTY), IL(@,) = 0, I\(@n) — aj, asn — oo.
According to Lemma 3.4(i), we have
a; < %Sﬁ (3.30)

It follows from (3.30) and Lemma 3.1(ii) that there exists w, € X*(RY ™) such that &, — wy
as n — oo. That is, wy, € Ny and I\(w) ) =« .
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With the help of Lemmas 2.4 and 2.6(ii), we find N;* = N? = (). Using Lemma 2.3 indicates
that w) is a non-trivial ground state solution of system (2.2), so w, (z,0) is a non-trivial ground
state solution of equation (1.1).

Note that I)(|w) |) = a) . We suppose w, > 0. By virtue of the maximum principle for the
fractional elliptic equations [33], we obtain that w, (z,0) is a positive ground state solution of
equation (1.1). O

REMARK 3.1. If a(z) is sign-changing, by using Lemmas 2.2(ii), 3.1(i), 3.4(ii) and 3.5, and
taking closely analogous arguments to the proof of Theorem 1.2, we can also obtain that there
exists wy, € N such that &) (z,0) is a positive solution of equation (1.1) and I (@) ) = a .

4. Multiple positive solutions

In this section, we apply the category theory to study multiple positive solutions of equation
(1.1) and prove Theorems 1.3 and 1.4. Throughout this section, we always suppose that
conditions (H;)—(Hs) hold.

PROPOSITION 4.1. [12]. Let R be a C'! complete Riemannian manifold (modeled on a
Hilbert space) and assume F € C'(R,R) bounded from below. Let —oo < infp F < a <b <
+00. Suppose that F satisfies the (PS)-condition on the sublevel {u € R; F(u) < b} and a is
not a critical level for F'. Then we have

tH{u € F* VF(u) =0} > catp.(F?),
where F* = {u € R; F(u) < a}.
PROPOSITION 4.2. [12]. Suppose that Q, QF and Q™ are closed sets with Q= C QT. Let ¢ :
Q — QF and ¢ : O~ — @ be two continuous maps such that ¢ o ¢ is homotopically equivalent
to the embedding j : = — Q. Then caty(Q) > catg+(Q7).

Set

N+1
Ry

Lo 1—2« 2
ool = < [ v dmdy>

+

X RYT = {w(m,y) € CgO(Rf“);/ y' 2| Vw|?dedy < oo}

equipped with the norm:

1
2

LEMMA 4.1. For any w € X“(Rf“), given o > 0 and zo € RY, we define the following
scaled function

plw) =wy : (z,y) — a¥w(a(:r —xg),0Y).

Then this scaling operation p keeps norms ||we || o and |w,(z,0)|2: invariant with respect to
o, and determined by the ‘center’ or ‘concentration’ point xo and the ‘modulus’ .

Proof. We just need to show that ||ws | yo = [|w]| v« and |we(z,0)
o(x — o) and t = oy. We have dz = o™V dz and dt = ody. Then

/ y' 2 Vw, |Pdedy = / 72|\ Vw|*dzdt.
RN+1 RV+L
+ +

s = |w(x,0)[2:. Let z =

Similarly, we can obtain |ws (z,0)|2: = |w(z,0)]2: . O
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Applying Proposition 2.2 and Lemma 4.1, and following [3, Theorem 2.5], we can obtain the
following result on global compactness immediately.

LEMMA 4.2, Let {w,} € X*(RY) ¢ X*(RY™) be a (PS) sequence for I.. Then there
exist a number k € Z , and k sequences of points {z} C RY (1 <i < k) and k + 1 sequences
of functions {w!} C X“(Rf“) (0 < j < k) such that for a sequence, still denoted by {w,, }, we
have

wn(x’y) :w'(r)z(xvy) +E:’,€=1 ; 1N704 Wfl(z ixn7yi>
=\ e

n n n

and
w! — Wl in X (RY™), 0< 5 <k,
U is a solution of
{dz’v(yl%‘Vw) =0, in R

-2 = —w+ |w|*>* 2w, on RN x {0},

as n — oo, where w

w’l (1 < j < k) are solutions of
. —2« _ 3 N+1
div(y' ?*Vw) =0, inRY ™,
,g% = |w[** 2w,  on RN x {0},
and

o ifz!, — T, as n — oo, then either 0! — +o0 or ol — 0;
o if |x,| = 400, as n — oo, then each of following three cases

n — Foo,
i =0,
=7, 0<7 <+o00
can occur.
Moreover, we have
ol = Z5—olle’%a

and

Too(wn) = To (W) + S5_, I (w?)

asn — oo, where I®(w’) = 1w’ %, — & [on |0 (z,0)[%dz, 1 < j < k.

The following corollary can be obtained from Proposition 2.2 and Lemma 4.2 directly.

CoRrROLLARY 4.1. Let {w,} CX“(R{E“) be a non-negative function sequence with

|wn (2,0)|2x =1 and ||w,||% — S. Then there exists a sequence (z,,,&,) € RN x RT such that
1
wn (2, y) == g Eao(ue, (x — x,)) +o(1)
4o

in X"‘(Rf“), where u. is defined in Proposition 2.2 and E,/(-) is the a-harmonic extension
given by Definition 2.1. Moreover, if x,, — T, then €,, — 0 or it is unbounded.
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Define the continuous map ® : X*(RYT')\G — R by

/ zlw(z,0) — w) (z,0)
RN

[ @0 -ut@0)
RN

where G = {u € X*(RY™); Jan lw(z,0) — wi (z,0)[*+dz = 0}, and define another map P :
X (RYTH\{0} — RV by

2. dx

)

2o dx

O(w) =

/RN z|w(z, 0)|% da
(w) := .
[ 0P
RN

LEMMA 4.3. (i) For each 0 <4 < rg, there exist A\s,00 >0 such that if w € Ny, with
Io(w) < 287 4 8 and X € (0, \s), then ®(w) € Ms.

(ii) For each 0 < § < 7, there exists 8o > 0 such that if w € Ny, with I, (w) < %S% + 8o,
then EI\>(¢u) € Ms.

o

Proof. (i) Suppose on the contrary that there exists a sequence {w,} C N such that
Io(wn) < %S% +0,(1), A = 07, and
O(wy,) & Ms for alln € Z,. (4.1)

Since N 1
NS% +1>To(wn) — =— I (wn)wn,

% 100
2(1

1 1
~ (35 )l

we obtain that {w,} is bounded in X (R} ™).
From (3.16) and Lemma 3.3, there is a sequence {t,,} C R*:

1
£
25, -2

llwn 1%
/ fon(e,0) P da
R

such that {t,w,} € N> and %S% < I (tphwn) < Too(tpwn) < Too(wy) = %S% + 0,(1).
Thus, we have t, =1+ 0,(1) and

t, ==

. T o 2
Jim Too(wn) = lim —lwnllk

= lim %/RN b(z)|wn (2, 0)[2 dz

n—oo

= %Sﬂ +on(1). (4.2)

Set
w’ﬂ

([, konte0)Fa)

U, =

=
0
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Then [y [Un(z,0)[*da = 1. It follows from (4.2) that lim, e |Un||% = S. According to
Corollary 4.1, there exists a sequence {(x,,&,)} C RY x R such that

Un(z,y) := SN#E@(U% (x — ) + on(1). (4.3)

Moreover, if {z,} — T, then &, — 0 or it is unbounded.

Case 1. Suppose that {z,} — 0o as n — co. Without loss of generality, we assume that
b(xn) — boo as m — 00, where by, is defined in Remark 1.2. From (4.2) and (4.3) we deduce
that

/ b(@)|wn (z, 0)[25 dz
1= 285
/ L (2, 0)| %5 dar
RN

:/ b(@) U, (2, 0) |2 dz + 0, (1)
RN

+ 0n(1)

e / b + ) e, (2)[2dz + op (1)
RN

< boo-
This contradicts the fact of b, < 1.

Case 2. Suppose that {z,} — T as n — co. Using Corollary 4.1, we have &,, — 0 as n — oo.
It follows from (4.2) and (4.3) that

[ velent o) b

]RN

[ enlw0)Pide
]RN

— [ M@0+ 0,(1)
RN

1=

+on(1)

=873 | b(yEnw 4 zn)|ui (@) P de + 0,(1)
RN

= b(%), (4.4)

where u;(2) = u.(z) when € = 1. In view of (4.4) and T € M, we have
/ Tlw, (2, 0) — w (z,0)|*dz
RN

/ (i, 0) — w (2, 0) P da
RN

(I)(Wn) =

/ x\wn(x,())\%dx
= JRY +ox(1), as A =0

/ |wp (,0)| % dx
]RN

/(anF Ent)|uy ()] da
= <RY +ox(1)

/ uy ()]~ da:
RN

—xT €M, asn — .




238 HAINING FAN, ZHAOSHENG FENG AND XINGJIE YAN

This yields a contradiction with (4.1). That is, part (i) holds.
Processing in an analogous manner, we can arrive at part (ii), so we omit it. O

LEMMA 4.4. (i) There exists As > 0 small enough such that if A € (0, As) and w € N, with
I\(w) < %S% + % (89 is given in Lemma 4.3(i)), then ®(w) € M.

(ii) There exists As > 0 small enough such that if A € (0,As) and w € N, with I)(w) <
K82 + %0 (3o is given in Lemma 4.3(ii)), then ®(w) € M.

Proof. 'We only prove part (i). The proof of part (ii) is closely similar.
For any w € N, with I (w) < %S% + %0, there is a unique number:

N—-2a
da

lwll%
/ b(z)|w(z,0)[* dx
RN

such that to (w)w € Nus. We now claim that there are some C7,Cy > 0 independent of w such
that

too(w) =

C1 < too(w) < Co. (4.5)
In view of I (w) < %S% + % and I{ (w)w = 0, as we discussed for (3.1), there holds
lwllx <C, (4.6)

where C' is independent of w.
On the other hand, it follows from (2.3) and Proposition 2.1 that

/RN a(z)|w(@,0)* In |w(z, 0)|dz < C(lwllX + w(z,0)[3) < C(lwlk + lwllX)- (4.7)
From (2.4), (4.7) and Proposition 2.1, we deduce that

ol = A [ oot 0F (e 0)lde + [ bk (2.0 do

o
SAC(Jwllx + llwllk) + Cllwlly-
That is,
o
lwlly +llwlx > 1= AO)wlk = Cllwlk
for small A > 0 and some C > 0. Hence, we have
lwl% = Cs (4.8)

for some C35 > 0 independent of w.
Taking into account Proposition 2.2 with (2.4) and (4.6)—(4.8), we have

[ vt 0)Prde < ¥ < Co (4.9)
RN
and

/ b(a) ol )25 dx = w3 — A / a(2)|w(z, 0)[* 1n |w(z, 0)|dx

RN RN

> Jlwllk = AC(lwll + llwll%)
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> [lwl3% (1 = AC)
> Cs (4.10)

for small A > 0 and some positive constants Cy, C5 > 0. Clearly, by combining (4.6) and (4.8)—
(4.10), we see that (4.5) holds.
In view of (4.5)—(4.7) and Proposition 2.1, we obtain

Lot (@) = Iy (te(w)0) + / () e ()0 (2, 0) 1n oo (), 0) iz
RN

— %/RN a(:r)|too(w)w(x,0)|2dx

< max I (tw) + \C
=0

S +%+)\C

« N
— S32a )
< N + 09
for small A > 0. |

Set
o {X}Sz’]\i —o(eo), if a(xz) > 0,
al + %S% —0(20), if a(x) is sign-changing,
and
Ny (ex) :={w € Ny L\(w) < eat,

where o(gp) and 7(gp) are given in Lemma 3.4.
Denote by I Ny the restriction of Iy on N, . Then we have

LEMMA 4.5. I - satisfies the (PS)-condition on Ny (cy).

Proof. Let {w,} C Ny (c) be a (PS) sequence. Then there exists a sequence {6,,} C R such
that

I;\(wn) = 971\1/,)\(‘*%) +0,(1),

where Wy is defined in (2.22). Since w, € N, we have ¥ (w,)w, <0 and there exists a
subsequence (still denoted by {w,}) such that ¥ (w,)w, — 1 <0, as n — oo.
If I =0, then

leonll% — )\/ )l (2, 0)[2 0 o (. 0) |dm—/ b(@)|wn (2, 0)| 2 d = o0 (1)
and

lwn % — A/ 2)lwm (2, 0)[2 In [wn (z, O)|da:—)\/ )l (2, 0)|2dz

@21 [ ol (@ 05 = o,(0).
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The rest is similar to the proof of Lemma 2.4, we can obtain a contradiction. Hence, [ < 0. Due
to I} (wy,)w, = 0, we conclude that {#,} — 0 as n — oo. Consequently, we obtain I} (w,) — 0
as n — o0o. By virtue of Lemma 3.1, we arrive at the desired result. (Il

Proof of Theorem 1.3. Let §,As > 0 be the same as given in Lemmas 4.3(1) and 4.4(i),
respectively. First, we show that Iy has at least catys, (M) critical points in Ny (cy) for A €
(0,A5). For z € M, by Lemmas 3.4(ii) and 3.5, we define

F(z) = w;’ + 1t ez

which belongs to N, (cx). Note that ®(N, (cx)) C Ms for A < A; according to Lemma 4.4 (7).
Define £ : [0,1] x M — M; by

£0,z2) = @(w;\”‘ + t(_l—a)a,zv(1*9)€~,Z> € N, (c).

By a straightforward calculation we have £(0,z) = ® o F'(2) and limy_,,- £(6, 2) = z. Hence,
® o F' is homotopic to the inclusion j : M — Mjy. By virtue of Lemma 4.5 and Propositions 4.1
and 4.2, we obtain that Iy ) has at least caty;, (M) critical points in N, (cx). In addition,

from Lemma 2.3, I) has at least catys; (M) critical points in N, (cy). According to the fact
Ny NNy =0 and Theorem 1.1, I, has at least catys, (M) + 1 critical points.
To show that the problem (1.1) admits at least catps, (M) + 1 positive solutions, we set

1 A
1) = 5lelf = 5 [ ol (@ 0P " (2.0)ds

A 1 .
+- / a(x)|wt (z,0)|*dz — — b(z)|w™ (z,0)%d,
4 RN 2?; RN

where w™ (z,y) := max{w(x,y),0}. Processing in an analogous manner, we can prove that I/\+

has at least catp;, (M) + 1 critical points. Suppose that w is one of the critical pints of I;r.
Note that

(L) (w)w™ (z,y) = lw™ % =0

with w™(z,y) = min{w(z,y),0}. We have w > 0. By virtue of the maximum principle for the
fractional elliptic equations [33], we obtain that the problem (2.2) admits at least catys, (M) + 1
positive solutions. O

Proof of Theorem 1.4. Let §,As >0 be the same as given Lemmas 4.3(ii) and 4.4(ii),
respectively. We show that I, has at least catys, (M) critical points in N, (cx) for A € (0, As).
For z € M, by Lemma 3.4(i), we define

F(z)= to Ve s

which belongs to N, (c). It follows from Lemma 4.4 that $(N; (ex)) C Mg for A < As.
Define € : [0,1] x M — M;s by

§0.2) = B(t7_gy...00-0)e2) € N5 (e).

Then, £(0,2) = do F(z) and limy_,;- £(0, z) = z. Hence, doFis homotopic to the inclusion
j M — M;. Using Lemma 4.5 and Propositions 4.1 and 4.2, we obtain that IN;((:A) has at
least catyr, (M) critical points in N, (cy). According to Lemma 2.3, we know that I has at
least cat s (M) critical points in Ny (cy).

Similar to the proof of Theorem 1.3, we can show that the problem (2.2) admits at least
catpr (M) positive solutions. O
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