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Abstract

The role of dissipation with respect to a microscopic superposition of quantum states
is investigated by studying master equations. This has implications for the study of the
emergence of classicality from the quantum level. In particular, it illustrates why it is diÓcult
to observe a macroscopic quantum state. The role of the environment is assumed by the
measuring apparatus. A pure state is reduced to a mixture in the pointer basis of the
system by means of the interaction with the apparatus. It is the intention that this type of
analysis will have applications to experiments which are designed to better understand the
environmental assisted invariance formulation of quantum mechanics.
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1 Introduction

Symmetry plays a very important role in physics and this is true in particular in the study of the

quantum world [1-4]. A symmetry which applies to quantum systems in the large and is more

recent has come to be known as environmental assisted invariance or more simply envariance [5-7].

It applies to systems in which a quantum system can be thought of as composite in the sense that

it is composed of a part called the system S and a part referred to as the environment [8-9] which

may include the apparatus.

Suppose an operator given by a unitary transformation US is applied to the part of the com-

bination called the system. The state is said to be envariant under transformation US if another

transformation exists, UE such that, when UE is applied to the environment component, the initial

state is restored. Mathematically stated, when the state jÎSEi of a pair of systems S;E can be

transformed by operator US = uS Í 1E)

USjÎSEi = (uS Í 1E)jÎSEi = jÓSEi: (1.1)

The eÐect of US can be reversed by acting solely on E with an appropriatly chosen UE

UEjÓSEi = (1S Í uE)jÓSEi = jÎSEi: (1.2)

then jÎSEi is called envariant under US. Once the system is transformed by some unitary operator

US, it may be reset to its original form by another operation on a physically distinct system we

call the environment. Envariance can be referred to as an assisted symmetry for this reason.

This is certainly a quantum symmetry. In as much as a pure quantum state represents complete

knowledge of the quantum system, in an entangled quantum state, the complete knowledge of

the whole system does not imply complete knowledge of all the parts as happens classically. It is

possible that an operation on one part of a quantum state can alter the global state. Local eÐects

are covered over by incomplete knowledge of what was the case before. The eÐect on the global

state can be undone by an action on a diÐerent part.

Complete knowledge of a composite classical system implies complete knowledge of each of its

parts. This means transforming one part of a classical system cannot be covered up by incomplete

2



knowledge or reversed by some transformation applied to another part. On the other hand,

quantum mechanics presents a diÐerent view. For example, decoherence transforms amplitudes in

coherent superposition of states to probabilities in mixtures and is central to the emergence of the

classical world from the quantum domain. The mixture mathematically appears in the reduced

density operator of the system which is extracted from the global wavefunction by a partial trace

[10].

In quantum mechanics, the environment plays a vastly diÐerent role than in classical physics.

Referred to as monitoring of the environment, it is responsible for the destabilization of the vast

majority of the states in the relevant Hilbert spaces of the open systems [4]. These types of

processes leave what are called preferred pointer states. This is what is intended by the term

environment induced superselection, also called einselection. Picking up some second hand infor-

mation about the system by measuring fragments of the environment makes just a selection of

states of the system accessible. These states happen to be called the preferred pointer states of

S. These pointer states are not only the best at surviving the ambient environment, but also in

propagating by way of the environment information about themselves. This also permits many

observers to learn about the pointer states without perturbing them any more than decoherence

has already done. The new and remarkable feature of envariance is that it leads to the deÑnitions

of probabilities. It then raises the possibility of a completely quantum derivation of Born's rule.

A density matrix can be regarded as a projector or linear combination of them, and their evo-

lution can be described by the Lindblad equation. The Lindblad equation can be microscopically

derived under certain approximations, such as the Born-Markov and weak coupling approximation.

It is the intention here to study some quantum systems in which some of this physics is

made apparent and mathematical work can be carried out to illustrate some of these ideas. Any

experimental developments this might lead to would be very worth while to the study of this

interpretation. One can say that the observers aquire information concerning measured systems,

or the state of the apparatus pointer indirectly by monitoring the environment. It correlates with

the system as a result of decoherence, which in turn is caused by the environment monitoring

either the apparatus, the system or both [11-14].
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2 Oscillator Model with Damped Amplitude

A coupling to a reservoir or bath can be considered such that the amplitude of the harmonic

oscillator is damped over time. The measuring apparatus can play the role of the environment

right here. In what follows ay; a represent boson creation and annihilation operators which satisfy

[a; ay] = 1. Using these a description of this can be given by a Hamiltonian of the form

H = ~! ay a+ aÅyR + ay ÅR: (2.1)

The operator ÅR represents the coupling of oscillator to this reservoir. In the Born and Markov

approximation, the reduced density operator for the harmonic oscillator in the interaction picture

obeys the equation
@Ý
@t

=
Ø
2
«
2aÝay « ay a Ý« Ý aya

¬
; (2.2)

where Ø is the coupling constant. The temperature of the reservoir is assumed to be zero, so

T = 0. The solution for Ý(t) will have the form

Ý(t) =
1X

n=0

Rm(t) Ý(0): (2.3)

The coeÓcients Rm(t) in (??) are determined by

Rm(t) =
Z t

0
dtm

Z tm

0
dtm«1 ¬ ¬ ¬

Z t2

0
dt St«tmJStm«tm«1Stm«1«tm«2J ¬ ¬ ¬ JSt1 Ý(0); (2.4)

where J Ý and St Ý are deÑned by

J Ý = Ø a Ý ay; St Ý = e«Ø
2 ta

ya ¬ Ý ¬ e«Ø
2 ta

ya: (2.5)

Suppose jÎi; jÏi represent coherent states. The exponential of the operator ay a will have the

following action on a state jÎi,

e«
Ø
~ a

yajÎi = e«
jÎj2
2 (1«e«Øt)jÎe«

Ø
2 ti: (2.6)

Using (??) and (??), it follows that

St jÎihÏj = exp(«
Ø
2
taya)jÎihÏj exp(«

Ø
2
t ay a)
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= exp(«
jÎj2

2
(1« e«Øt)«

jÏj2

2
(1« e«Øt))jÎe«Øt=2ihÏe«Øt=2j: (2.7)

To work out the time evolution of an arbitrary initial system density matrix of the form jÎihÏj,

the general term in the integrand is evaluated of (??) as follows

St1 Ý = exp(«
Ø
2
t1 aya) Ý exp(«

Ø
2
t1 aya);

St2«t1J St1 Ý = exp(«
Ø
2
(t2 « t1)aya) ¬ exp(«

Ø
2
t1aya) ¬ Ý ¬ exp(«

Ø
2
t1aya)

¬ exp
«
«
Ø
2
(t2 « t1) ay a

¬
(ØÎÏy) ¬ e«Ø t1 : (2.8)

Iterating this process, in general, the integrand of (??) takes the form

St«tmJ Stm«tm«1 J ¬ ¬ ¬St4«t3J St3«t2J St2«t1JSt1 Ý = exp(«
Ø
2
taya) ¬ Ý ¬ exp(«

Ø
2
taya)

(ØÎÏÆ) ¬ e«Øtm ¬ e«Øtm«1 ¬ ¬ ¬ e«Øt1 : (2.9)

Thus the time development of an arbitrary initial state jÎihÏj is

(jÎihÏj)t = exp(«
jÎj2

2
(1« e«Øt) ¬

jÏj2

2
(1« e«Øt))jÎe«Øt=2ihÏe«Øt=2j

¬
1X

m=0

(ØÎÏ)m
Z t

0
dtm e«Øtm

Z tm

0
dtm«1e«Øtm«1 ¬ ¬ ¬

Z t2

0
dt1e«Øt1 : (2.10)

Upon time-ordering, this becomes,

(jÎihÏj)t = exp
«
«
jÎj2

2
(1« e«Øt)«

jÏj2

2
(1« e«Øt)

¬
¬ jÎe«Øt=2ihÏe«Øt=2j

1X

m=0

(ØÎÆÏ)m

m!
(
Z t

0
e«Øs ds)m:

(2.11)

Since Z t

0
e«Øs ds =

1
Ø
(1« e«Øt);

the sum in (??) can be evaluated and we arrive at,

(jÎihÏj)t = exp
«1
2
(e«Øt«1)(jÎj2«2ÎÏÆ+ jÏj2)

¬
¬ jÎe«Øt=2ihÏe«Øt=2j = hÎjÏi1«eØt jÎe«Øt=2ihÏe«Øt=2j:

(2.12)

Suppose the initial density operator Ý(0) is given by

Ý(0) = N
«
jÎihÎj+ jÏihÏj+ jÎihÏj+ jÏihÎj

¬
: (2.13)
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Using (??) and since Rm(t) is linear, the density operator at a later time t is

Ý(t) = N
ÏX

ß;ß 0=Î

hß jß 0i1«e«Øt jße«Øt=2ihß 0e«Øt=2j: (2.14)

The oÐ-diagonal elements in the density matrix in a coherent state basis are all dephased by the

factor hÎjÏi1«eØt . This predicts the oÐ-diagonal elements are the more rapidly dephased when the

separation is greater between the initial states. To obtain a physical explaination for this kind of

rapid dephasing, consider the state of the coupling of system plus environment before and after

one quantum passes from the system to the environment.

Considering a general, arbitrary density operator which has been expressed in terms of an

oÐ-diagonal coherent state representation as

Ý(0) =
Z

F (Î; Î0)
jÎihÎ0j
hÎ0jÎi

dÚ(Î; Î0); (2.15)

where Ú is the integration measure, the expression for this density operator at time t > 0 is given

by

Ý(t) =
Z

P (Î; Î0)
jÎe«Øt=2ihÎ0e«Øt=2j
hÎ0e«Øt=2jÎ e«Øt=2i

dÚ(Î; Î0): (2.16)

Squeezed states and number states are quantum states which are not possible to express in

terms of a temporal distribution using the diagonal P representation and requires an oÐ-diagonal

representation instead.

If an interference experiment were to be carried out in the presence of damping such that

Ý(t) =
2X

i;j=1

jÎi(t)ihÎj(t)j; jÎi(t)i = jÎie«Øt=2ei!ti; (2.17)

it would be found that when the initial excitations are of equal amplitude and opposite phase so

Î1 = «Î2 = Î with Î real and jxi a coordinate basis element,

hxjÝ(t)jxi = I+ + I« + 2e«jÎj2(1«e«Øt)I+I« cos Õ(t);

IÉ = (
!
Ü~

)1=4 exp
«
« (

r
!
~
xÉ

p
2Îe«Øt=2 cos(!t))2

¬
; Õ(t) = 2

r
2!
~

sin(!t) ¬ Îe«Øt=2 x: (2.18)

The oscillation is damped out due to the interaction with the environment at a rate of Ø=2. From

the coeÓcient of the interference term in (??), the interference term is damped out at a rate
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of e«jÎj2(1«e«Øt). So the greater the initial separation of the two wave packets, the more rapidly

the coherence between them is damped. The conclusion is that a quantum state prepared in a

macroscopic superposition is very rapidly reduced to a mixed state.

In the envariance formulation of quantum mechanics Zurek has shown that the environment

has an action on the quantum system that can often be thought of as a repeated measurement of

a pointer observable Ï of the system. The pointer observable has to commute with the system-

environment interaction Hamiltonian HSE,

[Ï; HSE] = 0: (2.19)

This interaction serves to create or single out a preferred pointer basis in the Hilbert space of the

quantum system.

As introduced already, a pointer basis is made up of the eigenspaces of the pointer observable

Ï. When operator Ï commutes as well with the Hamiltonian as in (??), it is referred to as a

nondemolition observable of the measurement performed by the environment.

In the case under consideration here, the measuring apparatus may be thought of as playing

the role of the environment which measures the complex amplitude of the oscillator through the

coupling deÑned by (??). The initial state of the oscillator has undergone a preparation to yield

a superposition of two eigenstates of operator a by the Ñrst stage of the measurement. The

interaction of the system with the environment reduces this coherent superposition to a mixture

rather quickly. On a short time scale, the reduction of the wavepacket is done through the system

interaction with the environment measuring apparatus.

3 Damping of Phases

In the following model, an interaction with the environment is considered and is implemented

by means of the number operator of the oscillator. If Å represents a coupling operator, the

Hamiltonian of the model is given by

H = ~! ay a+ ay aÅ: (3.1)
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This kind of coupling does not lead to energy damping, however there will occur phase damping.

In this model the environment may be thought of as making a measurement of the number quanta

in the system. The number operator ay a has to be an exact pointer variable of Hamiltonian (??)

since [ay a;H] = 0. It is also a quantum nondemolition observable. For this system, the number

state vectors jni form the pointer basis of the system, eigenvectors of the number operator.

The master equation for the reduced density operator of the system in the interaction picture

for a Ñnite temperature bath is

@ Ý
@t

=
Ø
2
(2ayaÝ aya« Ýayaaya« aya aya Ý); (3.2)

where Ø = Ø0 =kBT and Ø0 is the damping constant.

Expand Ý(t) in terms of the eigenbasis of the operator N as follows

Ý(t) =
X

m;n

Ýmn(t)jnihmj; (3.3)

in (??) and use the facts that ayajni = n jni and hmjaya = (ayajmi)y = mhmj. The right side of

(??) is

2ayaÝ aya« Ý ayaaya« ayaaya Ý =
X

m;n

(2mn«m2 « n2) Ýmn(t)jnihmj

= «
X

m;n

(n«m)2Ýmn(t) jnihmj: (3.4)

This has shown that the Ýmn satisfy the diÐerential equation,

@Ýmn(t)
@t

= «
Ø
2
(n«m)2 Ýmn(t): (3.5)

This equation can be solved in closed form, and it has the solution

Ýmn(t) = e«Ø(n«m)2t=2 Ýmn(0): (3.6)

This result has the implication that the coherence between a superposition of two diÐerent number

states is damped by the exponential factor on the right of (??).

Consider a system where such a decay of coherence between a superposition of number states

could be observed. Any coherent state may be expressed as a superposition of number states by
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means of the linear combination

jÎi = e«jÎj2=2
1X

n=0

Înp
n!
jni: (3.7)

The density operator for an initial coherent state of the form (??) evolves into the form,

Ý(t) = e«jÎj2
X

mn

În(ÎÆ)mp
m!

p
n!
e«Ø(m«n)2t=2 jnihmj: (3.8)

An experiment which studied the decay of coherence between diÐerent number states would

perform measurements of the k-th moment of the amplitude. To give brieÒy an idea as to how

these moments can be computed, we start with

hÎk(t)i = Tr [Ý(t) ak] =
X

s

hsjÝ(t) akjsi =
X

s

hsjÝ(t)js« ki(s« (s« k + 1))1=2

=
X

s

hsje«jÎj2
X

m;n

În(ÎÆ)mp
n!
p
m!

e«Ø(m«n)2t=2jnihmjs« ki(
s!

(s« k)!
)1=2

= e«jÎj2
X

n

În(ÎÆ)n«kp
n!
p
(n« k)!

e«Øk2t=2(
n!

(n« k)!
)1=2 = e«jÎj2

X

n

În(ÎÆ)n«k

(n« k)!
e«Øk2t=2: (3.9)

In a similar way, we Ñnd that

hay k(t)i = Tr[Ý(t) ay k] =
X

s

hsjÝ(t)ay kjsi =
X

s

hsjÝ(t)js+ ki (
(s+ k)!

s!
)1=2

= e«jÎj2
X

n

În(ÎÆ)n«kp
n!
p
(n+ k)!

e«Øk2t=2(
(n+ k)!

n!
)1=2 = e«jÎj2

X

n

În(ÎÆ)n+k

n!
e«Øk2t=2: (3.10)

It can be concluded from this analysis that if there exists a pointer observable which is also a

constant of the motion, the system has to quickly approach a state exactly diagonal in the pointer

basis.

The quadrature phase amplitude Ó, where a = Ó + iÔ, of a harmonic oscillator may be coupled

to the environment for example. This is a quantum nondemolition kind of coupling. It could lead

to developments in gravity wave detectors. The interaction Hamiltonian is then given by

H = Ó Å: (3.11)

The matrix elements of Ý in the pointer basis jÓi decay according to the relation

hÓ 0jÝ(t)jÓi = N e«(Ó«Ó0)2t=2hÓ 0jÝ(0)jÓi: (3.12)
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The system of N spin-1=2 particles or N two-level atoms such that the total angular momentum

is J =
PN

i=1 Þi should also be noted. If the system is coupled to the reservoir by means of the

operator Jz, with Hamiltonian is given by

H = ~!Jz + JzÅ: (3.13)

the oÐ-diagonal matrix elements in the pointer basis jmi, that is the eigenstates of Jz should decay

as,

hmjÝ(t)jni = N e«Ø(m«n)2t=2 hmjÝ(0)jni: (3.14)

4 Summary

The implications of this kind of investigation apply not only to measurement theory, but to basic

questions such as the interpretation of quantum mechanics. For example, as the temperature

of the bath decreases, the eÐective coupling of the system with environment increases. Hence a

zero-temperature limit is inapplicable in the weak coupling regime. The zero temperature limit

should be viewed as a mathematical model in that domain. Zurek, who worked a lot on the role

of envariance in quantum mechanics, has pointed out that the eÐect of the environment on a

quantum system can be thought of as a repeated measurement of the pointer states of the system.

Environmental interaction sifts out a preferred pointer basis in the Hilbert space of the quantum

system. This basis is made up of eigenspaces of a pointer observable Ï, and the stable case is

that in which the Ï commutes with the Hamiltonian of the system. Although the equations

referred to here are common, it is hoped this kind of treatment will give a push to obtaining

experimental information that can further contribute to the study of envariance. Some work has

been done on master equations that emerge out of more elaborate systems, and one such example

will be introduced now [14-16]. Gravitational decoherence refers to the eÐect of gravity on the

decoherence of quantum systems. A massive scalar Ñeld which interacts with a gravitational Ñeld

as the environment. Proceeding in a very similar way as in decoherence studies by means of open

quantum systems, gravitational degrees of freedom can be traced over and a master equation for

the quantum matter degrees of freedom can be found. So a master equation which describes a
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moving particle interacting with a weak gravitational Ñeld has been developed based on standard

theories for quantum matter and classical gravity.
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