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CONSTRAINED QUANTIZATION FOR THE CANTOR DISTRIBUTION WITH A
FAMILY OF CONSTRAINTS

IMEGHA PANDEY AND 2MRINAL K. ROYCHOWDHURY

ABSTRACT. In this paper, for a given family of constraints and the classical Cantor distribution we
determine the constrained optimal sets of n-points, nth constrained quantization errors for all positive
integers n. We also calculate the constrained quantization dimension and the constrained quantization
coefficient, and see that the constrained quantization dimension D(P) exists as a finite positive number,
but the D(P)-dimensional constrained quantization coefficient does not exist.

1. INTRODUCTION

Constrained quantization for a Borel probability measure refers to the idea of estimating a given prob-
ability by a discrete probability with a finite number of supporting points lying on a specific set. The spe-
cific set is known as the constraint of the constrained quantization. A quantization without a constraint
is known as an unconstrained quantization, which traditionally in the literature is known as quantization.
Constrained quantization has recently been introduced by Pandey and Roychowdhury (see [PR1, PR2]).
Recently, they have also introduced the conditional quantization in both constrained and unconstrained
quantization (see [PR4]). For some follow up papers in the direction of constrained quantization, one can
see [PR3, BCDRV]). With the introduction of constrained quantization, quantization now has two classi-
fications: constrained quantization and unconstrained quantization. For unconstrained quantization and
its applications one can see [DFG, DR, GG, GL, GL1, GL2, GL3, GN, KNZ, P, P1, R1, R2, R3, Z1, Z2].
constrained quantization has many significant real world applications. Constrained quantization is
greatly useful in radiation therapy of cancer treatment. In radiation therapy, to make sure that the
radiation does not directly hit the region of good cells one can use the constrained quantization tech-
nique. Constrained quantization is also useful in sending and getting signals from a certain region with
minimum distortion using a fixed number of towers installed in a different region.

Definition 1.1. Let P be a Borel probability measure on R? equipped with a metric d induced by
the Euclidean norm || - | on R?. Let {S; C R?: j € N} be a family of closed sets with S; nonempty.

Then, for n € N, the nth constrained quantization error for P with respect to the family of constraints
{S; CR?:j € N}, is defined as

acx

Vo=V, (P) = inf{ mind(z,a)’dP(z) : a C LnJ S, 1 <card(a) < n}, (1)

where card(A) represents the cardinality of the set A.

The number
V(P;a) = [ mind(x,a)’dP(x)

aco
is called the distortion error for P with respect to a set « C R% Write Voo(P) := lim V,,(P). Then,
n—oo
the number D(P) defined by

) 2logn
n=voe —log(Vo(P) = Vao(P))
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2 M. Pandey and M.K. Roychowdhury

if it exists, is called the constrained quantization dimension of P. For any x > 0, the number

lim nx (V,(P) — Vao(P)), (2)

n—oo

if it exists, is called the k-dimensional constrained quantization coefficient for P. Let us take the family
{S; : j € N} of constraints, that occurs in (1) as follows:

1 1
S;j={(z,y):—=<z<landy=z+ -} (3)

J J
for all j € N. Let 71,75 : R — R be two contractive similarity mappings such that Ti(x) = %ZB
and Ty(x) = %x + % Then, there exists a unique Borel probability measure P on R such that P =
%P oIt + %P o T, !, where Po Ti_1 denotes the image measure of P with respect to .S; for i = 1, 2
(see [H]). If k € N, and 0 := 0109 -+ -0} € {1,2}*, then we call o a word of length k over the alphabet

I :={1,2}, and denote it by |o| := k. By I*, we denote the set of all words including the empty word
(). Notice that the empty word has length zero. For any word o := o109 -+ -0}, € I*, we write

To' = j"a1 O--+0 Tak and Jo- = Ta([07 1])

Then, the set C':= [, oy Uae{1,2}k J, is known as the Cantor set generated by the two mappings 77 and
T,, and equals the support of the probability measure P, where P can be written as

1 -1
P= > TR
oe{1,2}k

For this probability measure P, Graf and Luschgy determined the optimal sets of n-means and the nth
quantization errors for all n € N (see [GL2]) in unconstrained scenario. They also showed that the
unconstrained quantization dimension of the measure P exists and equals }gg g, which is the Hausdorff
dimension of the Cantor set C, and the unconstrained quantization coefficient does not exist. In fact,
in [GL2], they showed that the lower and the upper quantization coefficients exist as finite positive
numbers.

In this paper, with respect to the family of constraints {S; : j € N} for the Cantor distribution P
we determine the constrained optimal sets of n-points and the nth constrained quantization errors for
all positive integers n. We further show that the constrained quantization dimension of the Cantor
distribution P exists and equals two. Moreover, the value of the constrained quantization coefficient
comes as infinity. From the work in this paper, we see that the constrained quantization dimension and
the constrained quantization coefficient for the classical Cantor distribution depend on the family of
constraints.

2. PRELIMINARIES

In this section, we give some basic notations and definitions which we have used throughout this paper.
As defined in the previous section, let I := {1,2} be an alphabet. For any two words ¢ := 0103+ 0y
and 7 ;=77 71 in I[*, by o7 := 0y -+ o)y - - - 7o, we mean the word obtained from the concatenation
of the two words ¢ and 7. For o,7 € I*, o is called an extension of 7 if 0 = 7 for some word
x € I*. The mappings T; : R — R, 1 < i < 2, such that Ti(z) = iz and Th(z) = 32 + % are the
generating maps of the Cantor set C', which is the support of the probability measure P on R given by
P = %Pon1 + %PoTz’l. For o := 0109+ 0} € I*, write J, = T,[0,1], where T,, := T,, 0T,,0---0T,,
is a composition mapping. Notice that J := Jy = Ty[0,1] = [0,1]. Then, for any k£ € N, as mentioned

before, we have
= Joand P= Z%POT;.

keNgeIk oclk

The elements of the set {J, : 0 € I¥} are the 2* intervals in the kth level in the construction of the
Cantor set C', and are known as the basic intervals at the kth level. The intervals J,i, J,o, into which
J, is split up at the (k + 1)th level are called the children of J,.
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With respect to a finite set @ C R?, by the Voronoi region of an element a € «, it is meant the set of
all elements in R? which are nearest to a among all the elements in «, and is denoted by M (ala). Let

p: R x R?* = [0,00) such that p(x, (a,b)) = (v — a)* + b7, (4)

where # € R and (a,b) € R?, which defines a nonnegative real-valued function on R x R2. Notice that
the function p gives the squared Euclidean distance between an element in R and an element in R?. Let
7 : R? - R such that n(a,b) = a for any (a,b) € R? denote the projection mapping. For a random
variable X with distribution P, let E(X) represent the expected value, and V := V(X)) represent the
variance of X.

The following lemmas are well-known (see [GL2]).

Lemma 2.1. Let f : R — R" be Borel measurable and k € N. Then
/fdP: > pg/foSUdP.
oe{1,2}k

Lemma 2.2. Let X be a random variable with probability distribution P. Then, E(X) = % and V :
V(X) = E|X - 3|? = E(X — 3)? = §. Moreover, for any xo € R, we have
1

[ @ = a0dP@) = V) + @ - 5

Remark 2.3. For words 3,7, ,0 in I*, by a(f3,7,--- ,d) we mean the conditional expectation of the
random vector X given Jg U J, U---U Js, i.e.,

1
a(B,v, - ,0)=EX: X e JgUJ,U---UlJs) = / x dP.
(ﬁ Y ) ( B Y 5) P(Jﬂ U---u Jé) J3U--UJs

Recall Lemma 2.1. For each o € I*, since T, is a similarity mapping, we have

a(a):E(X:Xng):P&U) /deP:/axd(PoTo_l):/Tg(x)dP

In this paper, we investigate the constrained quantization for the family of constraints given by
1 1
S;={(zr,y): —= <z <landy=x+ -} forall j €N, (5)
J J

i.e., the constraints S; are the line segments joining the points (—%, 0) and (1,1+ %) which are parallel to
the line y = . The perpendicular on a constraint S; passing through a point (z,z + %) € S; intersects

the real line at the point 2x + % if —% <z < 1; and it intersects J if 0 < 2z + % <1, ie.,if
1 1 1
—— << - - — 6
2; =" =27 9 (6)
Thus, for all 7 € N| there exists a one-one correspondence between the elements (z,x + %) on S; and
the elements 2z + % on the real line if —% <z < 1. Thus, for all j € N, there exist bijective mappings
U; such that
1 1 1 1.1 1 1
U(z,2+~) =2z + ~ and U2 :(— B el s —), 7
J(m+j) 2+~ and U] (2) = (5 j) (@ j)+ (7)
where —% <z<l.
The following lemma plays an important role in the paper.
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Lemma 2.4. Let o, C '61 S; be a constrained optimal set of n-points for P such that
]:

a, = {(a;,b;) 1 1 < j <n},

where a; < ay < ag < -+ < a, and 7 be the projection mapping. Then, (a;,b;) = U7 Y (E(X : X €
7(M((aj,bj)|cm)))), where M((aj,b;)|cy,) are the Voronoi regions of the elements (a;, b;) with respect to
the set a,, for 1 < j <n.

Proof. Let o, := {(a;j,b;) : 1 < j < n}, as given in the statement of the lemma, be a constrained
optimal set of n-points. Take any (a,,b,) € . Since o, C '61 S;, we can assume that (aq,b,) € S;
]:

for some 1 <t < n. Since the Voronoi region of (a4, b,), i.e., M((aq,by)|0s) has positive probability,
M ((ag, by)|cvn) contains some basic intervals from J that generates the Cantor set C. Let .J (), where
1 < j < k for some positive integer k, be all the basic intervals that are contained in M ((ay, by)|as,).
Now, the distortion error contributed by (a,,b,) in its Voronoi region M ((ag, b,)|cy,) is given by

/ p(e, (ag,b,)) P
7T(1\/1((aqqu)|an))

- 225 o) / , (ag, b ))d(POTm)

()
k

1 1 1
- Z 2{ (o) 94 0'(]) L + Z 2@( (J))p(Tg(J’) (§)> (aqa % + ;))

k

11 1 1 , 1,
:ZWWVJFZW((TU“)(?—%) +lag+7°)

k
1 1.1 1., 1
- Z Qe(am 9¢( am ooV T Z 2l D) (2a 2aq(Ta<d>(§) - ;) + (T0<7)(§)) + t—Q)

k
—1 _1 11 1 1.\2 1 1\ 2
) 2 2o g Z s (2= T @) =) +(Tw3)+3))

Notice that the above expression is minimum if both the expressions

. k
1 1.\2 1 1 1 1\2
Z:: (2aq (Tom(§) - ;)) and ]Z:; 2l(c)) 9 (T‘T(j)(§> * ;)

are minimum. Since 1 < ¢ < n, both the expressions are minimum if ¢ = n. Once t = n, the first
expression can further be minimized if

> oy (0 + D)= ) =0

Jj=1

yielding
k
1 Zj:l 2@@,1(]‘)) T50) (%)

2a4 + n_ Zk 1
J=1 9e(s(1)

Thus, we have

1
aq:§

k 1 1 k 1 1

(ijl —Qe([,m)Tg(j)(g) 1> 4 1 (Zj:l —2e(o<j)>Tg(j>(§) 1) L 1

— — ) an ==

SoF 1 n ) ) — n/ n
J=1 9e(s(1) J=1 9¢(c(2))
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implying
Y 2 Tow (3)
(a0, b) = Uy (S50 ) = U (r(B (X X € M{(ag,b,) ).
Zj:l 20(c9))
Since (ag, by) € o, is chosen arbitrarily, the proof of the lemma is complete. 0]

Remark 2.5. By (6) and (7), and Lemma 2.4, we can conclude that all the elements in an optimal set
of n-points must lie on S,, between the two elements U, 1(0) and U, (1), i.e., between the two elements
(=3, 55) and (%=1, BE). If this fact is not true, then the constrained quantization error can be strictly

reduced by moving the elements in the optimal set between the elements (—5-, 5-) and (%, Z5) on
Sy, in other words, the z-coordinates of all the elements in an optimal set of n-points must lie between

the two numbers —QL and =L,
n 2n

Lemma 2.6. We have 1 +5+ 13+ 17+ 37+ 41 +49+ 53 4+ --- up to 2¢-terms = 6*, and 1?> + 5% +
132 4+ 172 4+ 372 + 412 + 492 + 532 + - -+ up to 2F-terms = 2F-1(9¥3 — 1).

Proof. For k € NU {0} let us define sets €, = 1 and €;, = €;,_; U (€;_; + (3*7'4)). Then, notice that
¢, = {1,5,13,17,...up to 2*-terms}. Let us next define the moment function for the required sum as
follows: M, (k) = 3 e, ™ Then, for m = 0, we get Mo(k) = 3 ¢, 2° = 2k, For m = 1, we have

el
M, (k)
= Z x = Z (z+ (z+3"14)) = Z T+ Z T+ Z 314 = oMy (K — 1) + 2813k 14
el zeCy_q zeCp_q z€Ch,_1 ey _1

— 22./\/11(]{3 _ 2) + 2k—13k—24 + 2k—13k—14

= 2" M (0) + 28714 28713 4 4 2F71324 4L 2R IgRT2y 4 ok mIgkmly
3F—1
=2" 142" 41 +3 4324 +3F1) =28 4 2! (T) = 6".

For m = 2, we have

My (k)
=Y 2= Y @+ @+347) = Y 22+ > (2" +22-3449416)
el re€h_q ze€;_1 ze€p_1
) Z 22 + 3618 Z T+ Z 9116
ze€;_1 ze€;_1 zeC;_1

= 2My(k — 1) + 3" 18My(k — 1) + 2F719"116 = 2M 5 (k — 1) + 381618 + 18116
= 2Mo(k —1) + 1857124 = 22 My(k — 2) +2- 1857224 + 18124
= 2 My(k — 3) + 2218324 + 185124

= 2P M5 (0) + 287124 4+ 287218 - 24 4 - - - + 2218F 7324 + 187124
9k —1
=" 142124149+ 9%+ 4 O = 2F p oM 1oy (T) = 2k1(9%3 — 1),

Therefore, 1 +5+ 13+ 17+ 37+41 449453+ --- up to 2¥-terms = 6%, and 12+ 52+ 132+ 172+ 372 +
412 4492 + 532 + - -+ up to 2F-terms = 2871(3 - 9¥ — 1). Thus, the proof of the lemma is complete. [
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Definition 2.7. For n € N with n > 2, let £(n) be the unique natural number w1th 2(n) < < 2+
Let U, be the mappings given by (7). For I C {1,2}*™ with card(I) = n — 2™ let o, (1 ) C S, be the
set such that

an(I) = {U; Y a(0)) : o € {1,2}* ™\ IYU{U; Ya(ol)) : 0 € I} U{U,  (a(c62)) : 0 € T}.

Proposition 2.8. Let a,(I) be the set given by Definition 2.7. Then, the number of such sets is

QZ(n)Cn_Qe(n), and the corresponding distortion error is given by
. : 1 4(n)+1 1 4(n)
V(Pio(D) = [ min p(r.a)dP = ;o v(z —n+5(n—2 )) + A,

where V' 1s the variance as given by Lemma 2.2, and

A=y ﬁpm() o)+ s (p(a(o). Uy (aloD)) + pla(02), Uy a(02) ).

oe{1,2}(m\ 1 oel

Proof. If 21" < n < 24™+1 then the subset I can be chosen in 2 e

oty different ways, and so, the

number of such sets is given by 2 o C,,_otmy, and the corresponding distortion error is obtained as

V(P;an(l)) = min_p(z,a)dP

acan(I)

= Y / (z, U (a(0))) dP

oe{1,2}m\T

D> (/ U (1) P+ / ol Uy alo2)) dP)

oe{1,2}(m\T

+Zﬁ</,O(Tﬂ(a:),U;l(a(ol)))dP—i-/p(Tag(.r),ijl(a(gm)dP)

ocel

= Y gV elale). U alo)))

oe{1,2}(m\T

+ 3 s (sV + plaloD). U a(o1)) + plao2), Uy (a(02)))

1 ’ 1

_ - (n)+1 _ - _ ol(n)

- 18“”)‘/(2 n+9(n 2 )>+A,
where

1 —
A= Y Sra(e).U; @) + Y e (plale1), Uy alo1)) + pla(o2), U (al02))).
oe{1,2}¢mN\1 oel

Thus, the proof of the proposition is complete. O

The following corollary is a consequence of Proposition 2.8.

Corollary 2.9. Let A be the expression given in Proposition 2.8. Then, if n is of the form n = 2
for some positive integer £(n) € N, we have

2/ 11 3.9t 1

9 . 4b(n) T 16 - 9¢(n)

A=
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FI1GURE 1. Points in the optimal sets of n-points for 1 < n < 4.

Proof. Let n € N be such that n is of the form n = 24" for some positive integer £(n) € N. Notice that
for o € {1,2}*™ by (4) we have

oal0), U (a(0))) = p(a(0), (5a0) ~ 1), S(alo) )+ 7)) = L(alo) +2)*
Thus, using Lemma 2.6, we have
11 1 11 1 1
A=Y sl o= Y s (@) +2000) - s+ 1)
oe{1,2}¢(n) oe{1,2}¢(n)
_ 2€(i)+1 & 31““))2 (12452 4+ 132+ 172 + 372 + 412 4+ 497 1537 + - up to 2'"-terms )
+L : L(1+5+13+17+37+41+49+53+--- up to 2€<">-terms) +1-L
4 . 3t 9 " 4tm)
1 Gém) 9t(n)—1 (3 .gtn) _ 1)
R + (2 - 3tn)) 4¢m) * 2U(n)+1 (2. 3e(n))2
2 1 3.9 1
= 9 a5 9t
Thus, the proof of the corollary is yielded. 0J

In the next sections, we give the main results of the paper.

3. MAIN RESULTS

In this section, Theorem 3.4, Theorem 3.6, and Theorem 3.7 contain all the main results of the paper.

Proposition 3.1. A constrained optimal set of one-point is {(—,3)} with constrained quantization

. 101
error Vi = 7.

Proof. Let a :== {(a,b)} be a constrained optimal set of one-point. Since a C Sy, we have b = a + 1.
Now, the distortion error for P with respect to the set « is give by

11
V(P;a) = /p(:c, (a,a+1))dP =2a* +a+ —,

8
the minimum value of which is % and it occurs when a = —%1. Thus, a constrained optimal set of
one-point is {(—}1, %)} with constrained quantization error V; = g, which is the proposition. O

The following proposition is known.
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Proposition 3.2. (see [GL2]) For n > 2, let «,(I) be the set given by Definition 2.7, and for each
Jj €N, let U; be the bijective mapping as defined by (7). Then, the set

Un(an(1) = {a(o) : 0 € {1,2Y ™\ I} U {a(c1) : 0 € I} U {a(02) : 0 € I}

forms an unconstrained optimal set of n-means for the Cantor distribution P with the nth unconstrained

quantization error
1

V(P; Up(an(1))) = 18¢(n)

V(Ze(")Jrl —n+ %(n - 26(”))>.

Proposition 3.3. The bijective mappings U,, preserves the Voronoi regions with respect to the probability
measure P, i.e., for any discrete B C R, and a € 3, we have

P(M(a|B)) = P(M(U, (a)|U;(8))).
Proof. Since § C R, for any a € 3, we can write M (a|8) = [c, d] for some ¢,d € R with ¢ < d. Notice
that the bijective mapping U, preserves the order, i.e., for any (e,e + %), (f, [+ %) e S, ife < f,
then Uy, (e, e 4+ +) < Un(f, f + £). Moreover, for any (e,e + L) € Sy, Uyn(e, e + 1) represents the point
on J where the perpendicular on S, at (e, e + %) intersects J. Hence, we can say that the boundary
of the Voronoi region M (U, (a)|U;*(3)) intersects S,, at the points given by U, '(c) and U, '(d), i.e.,
MU, (a)|U,1(B)) contains the closed interval [c,d] as a subset, i.e.,
M(alB) € M(U; " (a)|U;(8))-

Since P(M (U, ' (a)|U,(8)) \ M(a|B)) = 0, we have P(M(alB)) = P(M (U, (a)|U,"(8))). Thus, the
proof of the proposition is complete. O

The following theorem gives the optimal sets of n-points for all positive integers n > 2 for the Cantor
distribution P with respect to the family of constraints {.S; : j € N}.

Theorem 3.4. Forn > 2, let o, (I) be the set given by Definition 2.7. Then, o, (I) forms a constrained
optimal set of n-points for P with nth constrained quantization error

Vo =V(P;a,(I)) = V(P;Un(an(I))) + A.

Proof. To prove that «,(I) forms a constrained optimal set of n-points for P, it is enough to prove
the fact that o, (/) forms a constrained optimal set of n-points for P if and only if U, («,(/)) forms
an unconstrained optimal set of n-means for P. The fact is clearly true by Proposition 3.2 and Propo-
sition 3.3. Hence, «,(I) forms a constrained optimal set of n-points for P (see Figure 1). Then, by
Proposition 2.8 and Proposition 3.2, we have the nth constrained quantization error as

Vo, = V(P;a,(I)) = V(P; Un(an(D))) + A.
Thus, the proof of the theorem is complete. O

We need the following proposition, which is a special case of Theorem 3.4, to prove Theorem 3.6 and
Theorem 3.7.

Proposition 3.5. Let n € N be such that n = 2™ for some positive integer £(n). Then, the set
an(l) ={U, " (a(0)) : 0 € {1,2}""}
forms a constrained optimal set of 29" -points with constrained quantization error
1
‘/25(71) (P) — 1_6 (2372@(71) 4 237ﬁ(n) 4 97€(n) + 3) )

Proof. Let n = 2 for some positive integer £(n). By Theorem 3.4, it follows that the set {U;(a(0)) :
o € {1,2}*™} forms a constrained optimal set of n-points. By Proposition 3.2 and Theorem 3.4, and
Corollary 2.9, it follows that the nth constrained quantization error is

Vo 24 3.9

~9l(n) + 2. 44(n) + 16 - 9¢(n)

Vaem) (P)
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which yields

1
Voeeny (P) = o (23—24(n) 4 93=ln) 4 g=tn) 4 3) '

Thus, the proof of the proposition is complete. O

Theorem 3.6. The constrained quantization dimension D(P) of the probability measure P exists, and
D(P) = 2.

Proof. For n € N with n > 2, let £(n) be the unique natural number such that 2/ < n < 2(+1

Then, Voumyr1 < Vi < Voumy. By Proposition 3.5, we see that Voemy+1 — 1% and Voeny — % as n — 0o,

and so V,, — 1—36 as n — 00, i.e., Voo = 13—6. We can take n large enough so that (Viem) — Vi) < 1. Then,
0 < —log(Vauny — Vo) < —log(V,, — Vi) < —log(Vaemy+1 — Vo)

yielding

2((n)log?2 < 2logn - 2(¢(n) + 1) log 2
—log(Varms1 — Vi) = —log(Viy = Vi) = —log(Vaem) — Vo)
Notice that

lim 20(n)log 2 ~ lim 20(n)log2
n00 —log(Varmer — Vo) mr00 — log(k (2240 4 2320 +1) 4 9—(m)—1 4 3) — )
implying
im 26(n) log 2 = 2. Similarly, lim 2(t(n) +1)log 2 =2
n—o0 —log(Vaem+1 — Vi) n—o0 —log(Vaum — Vi)
Hence, lim,, % = 2, i.e., the constrained quantization dimension D(P) of the probability
measure P exists and D(P) = 2. Thus, the proof of the theorem is complete. U

Theorem 3.7. The D(P)-dimensional constrained quantization coefficient for P is infinity.

Proof. For n € N with n > 2, let £(n) be the unique natural number such that 2/ < n < 26W+1
Then, Vaoum)+1) < Vi < Vagny, and Voo = lim,, 00 V,, = 1—36. Since

lim 7*(V,, — Vio) > lim (2N (Vg1 — Vo)

n—oo
1 3

_ 1 2( = (92—L(n) 3—2(¢(n)+1) —4(n)—1 _ 2 =

nlggl()(%(ﬂ)) <16 (2 +2 +9 +3) 16> oo, and
nlg{)lo HQ(Vn — Vo) < JLIEO(ZZ(H)+1)2(%Z(") — Vo)

1 3

_ Lim (9 2(_ 93=20(n) | 93—L(n) —4(n) _ _) _

Jim (257 (1 ( i T ) — 55) =

by squeeze theorem, we have lim,, o, n?(V,, — Vi) = oo, which is the theorem. O
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