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ABSTRACT

Thapaliya, Pawan, Bubble Nucleation And Cooperativity in Duplex Stretching of a Helicoidal

DNA Model. Master of Science (MS), July, 2019, 47 pp., 2 tables, 13 figures, references, 30 ti­

tles.

Denaturation of DNA means separation of dsDNA into ssDNA due to the breaking of hy­

drogen bond by the application of heat or another mechanical method to carry out the processes

like translation,transcription, and replication. Single­molecule DNA stretching experiments dis­

played a force­induced transition at a force of 65pN for long dsDNA molecules. In these exper­

iments, double­stranded DNA molecules are stretched by a force applied to opposite ends of the

DNA, e.g., in anatomic force microscope or an optical tweezers instrument. Here we study the

thermal and force­induced denaturations of the helicoidal DNA bubble­in­the­middle sequence

by Monte­Carlo simulations technique. We applied periodic boundary conditions to avoid a large

number of opening at the ends of the DNA molecules. Our goal is to quantitatively predict DNA

melting curves for short DNA (10­100 sequence of base pairs) and to show that statistical physics

can be used to understand the stretching behavior of short DNA oligomer. We compare the re­

sults of our simulations with the previously published experimental result for both thermal and

mechanical DNA stretching.
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CHAPTER I

INTRODUCTION

1.1 DNA

Deoxyribonucleic acid, in short, is the double­stranded helical molecule which is con­

sidered as the carrier of genetic information. Structurally DNA is made up of sugar, phosphate

and Nitrogen Bases. According to the Watson Crick model [27] Sugar and Phosphate made outer

backbone length whereas bases are locked inside by hydrogen bond. Bases are classified as Purine(

Adenine and Guanine) and Pyrimidine( Thyamine and Cytosine). Fig. 1.1 shows that the two

strands of DNA are complementary to each other start from 5’ to 3’ end. The bases are paired

as AT and GC. The bond structure of AT is little flexible due to stacking interaction and two

hydrogen bonds present between them than that of the GC which is stronger due to three hydro­

gen bonds present between its bases and the strong interaction along with the bases of the same

strand.The pieces of information are stored in the sequence of base pairs at the two strands of

DNA [3, 13]. These pieces of information are transformed during replication, transcription, and

translation.

The covalent bond (strength about 100kcal/mole) along the sugar­phosphate backbone,

the hydrogen bond (strength about 5kcal/mole) present between the nitrogen bases of a com­

plementary strand in large number is responsible for stabilizing the DNA helix. Other forces

responsible for DNA stability are the stacking interaction which is accounted by Hydrophobic

effects of bases in water solution, London dispersion forces, Van der Waals interaction (about

0.5kcal/mole) and dipole­dipole interaction. These forces result in a complex interaction pat­

tern between overlapping base pairs, with minimum energy distance close to 3.4 Å in the nor­

mal DNA double helix. The bases are hydrophobic in nature whereas sugar and phosphate are
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hydrophilic in nature. So to avoid contact with water, bases are locked inside by sugar and Phos­

phate groups giving a more stable double helix structure. The stacked bases attracted each other

through Van der Waals force of attraction. These attractions are between the π electron cloud of

the bases of the same strand. Charge­Charge Interactions is responsible for the electrostatic (ion­

ion) repulsion of the negatively charged phosphate which makes the DNA helix potentially unsta­

ble, but the presence of Mg+2 and cationic proteins with abundant Arginine and Lysine residues

reduce the repulsive effects and stabilize the molecules [14, 24].
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Figure 1.1: The Watson­Crick DNA [27]: structure: The figure represents the sugar­phosphate backbone
length along the strand and pairing of complimentary Purines and Pirimidines bases. The image was de­
signed by Zephyris taken from Wikimedia Commons .
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1.2 DNA denaturation by heating and stretching

1.2.1 DNA denaturations by heating

Under physiological conditions, the B­form double helix is considered as the most ther­

modynamically stable configuration of DNA. However, the local opening of DNA duplex is re­

quired to accomplish the phenomenon like replication, transcription, and translation [11]. Ther­

mal denaturation also called melting is one of the experimental methods to separate the double­

stranded DNA to single­stranded DNA by heating. During this experiment, dsDNA is kept at UV

light at 260 nm. The increase in absorbance of UV light indicates that ds DNA denatures to ss­

DNA [8, 18]. Fig.1.2 reflects that upon heating double­stranded DNA, regions of unbound base

pairs proliferate along the molecule due to thermal fluctuations at the thermal melting temper­

ature, i.e. temperature at which half of the DNA is believed to be denatured. For the heteropoly­

mer, the denaturations depend on the concentration of AT and GC. The rate of melting is inversely

proportional to the GC concentration. Depending of GC concentration Tm ∼ 60◦ − 90 ◦ Cel­

sius [9]. Over a narrow range of temperatures near Tm the fraction of bound base pairs decreases

from one to zero as the two strands separate in a process called DNA denaturation or melting [26].
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Figure 1.2: Experimental DNA melting curves for long DNA molecules with different levels of GC con­
tent.The y­axis indicates the fraction of DNA molecules that are single­stranded.This curve is taken from
online source of Khan Academy .

1.2.2 DNA denaturations by stretching

Apart from heating, DNA denaturation can be observed through the application of me­

chanical stress to the DNA molecules. The development of optical tweezers, magnetic tweezers,

and atomic force microscopes enabled the stretching and twisting activities on DNA molecules

in the Biophysics experiment [12]. In these experiments, the tip of one end of the DNA is chem­

ically anchored to a surface and the sensor attached to the other end measures the applied force.

In optical or magnetic tweezer instruments the sensor is a microbead whereas in an atomic force

microscope (AFM) the sensor is a microscopic cantilever, as shown in Fig.2.2. The force versus

extension curve obtained from the measurement helps to understand the mechanical properties of

DNA.

DNA stretching experiments are applicable to study long DNA molecules, such as phage­

λ DNA (∼ 50,000 bp). In this experiment the DNA is coupled between two polystyrene beads

and the force F on the DNA is calculated as a function of the DNA extension [5, 6, 12, 22]. When

long DNA molecules are extended beyond their B­form contour length a structural transition
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occurs during which the extension L of the DNA increases to almost twice its B­form contour

length over a very small force range. The transition is called B­S transition because in this range

the bound DNA is converted to stretched DNA.The observed force­extension relations F(L)

demonstrates the plateau at forces of Fm ∼ 65 pN where the DNA extension per base pair in­

creases from 0.34 to about 0.55 nm (Fig.1.3) [5, 6, 12, 22]. The length of the plateau determines

the cooperativity of the DNA. DNA molecules having large plateau length are considered more

cooperative than the one having short plateau length. It was indicated that at Fm the DNA under­

goes a force­induced melting transition where double­stranded DNA is progressively converted

to single­stranded DNA, in close analogy to thermal melting of free DNA at the thermal melting

temperature [5]. This model can be used to quantitatively explain the thermodynamics of DNA

overstretching as a function of solution conditions and in the presence of DNA binding ligands,

and is supported by a large number of experimental observations [5].

Figure 1.3: Experimental force­extension relation for phage­λ DNA. When the molecule is stretched
beyond its B­form contour length it shows a highly cooperative overstertching transition at 65 pN where
the DNA extension increases by a factor of 1.7 with very little force increase. The transition is interpreted
as force­induced melting where double­stranded DNA is gradually converted to single­stranded DNA as
the DNA extension is increased [22].
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A large variety of stretching experiments have also been done on short DNA oligomers

a few tensof base pairs in length; see, e.g., [17, 21, 23]. In these experiments, the two strands of

the duplex dissociate at considerably lower forces of about 30 pN than the force ∼ 65 pN at the

overstretching plateau observed for long DNA. Moreover, the observed rupture forces depend

on the pulling rate, i.e., the speed with which the DNA is stretched. We apply the Monte Carlo

simulation technique to understand the stretching behavior of the short DNA oligomer.
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CHAPTER II

METHOD

2.1 Peyrard­Bishop model for helicoidal DNA

At large scale, theoretical model­that uses self­avoiding walks to understand two strands

of DNA helicoid, are successful to explore the properties of the melting transition [4, 15, 16].

However, they cannot be convincing method to investigate sequence or probe dependent prop­

erties of DNA at microscopic scale like some recent single­molecule experiment because they

ignore the DNA at base pairs level. In such situations model like Peyrard­Bishop(PB) model [19]

which cover the scale of the base pair is useful. The reasonable explanation of hydrogen bond in­

teraction between the complementary strand and the staking interaction within the strand makes

the model handy tools for understanding the complex DNA strand. In this model, bases in the op­

posite strand are constrained to move only in the direction of hydrogen bond connected by Morse

potential representing hydrogen bonds, on the other hand, bases in the same strand are coupled

harmonically. Local melting of the hydrogen bond and formation of denaturations bubbles are

the special features of this model

As PB model discuss one dimensional DNA and missed the helicoidal structure of it.

There require an extended PB model that considers the helical structure of DNA. This weakness

is removed in the helicoidal model of DNA. So far there has been proposed two kinds of heli­

coidal model. The first one [2] considers the fixed base planes and elastic backbones whereas the

second [7] one considers the varying base planes and fixed backbones. Both models agree to give

similar result because they both address the coupling between opening and twist that results from

the helicoidal geometry.
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Figure 2.1: Helicoidal Model [18] rn and ϕn determines the base pair positions in the plane. Axial dis­
tance hn varies as a function of rn,θn, and ln. We reproduce the figure of [7] with necessary updates to fit
our model .

At ambient temperature T = 300◦K and without stretching force f , our model reproduces

the Watson­Crick double helix of B­form DNA as shown in Fig. 2.1. We consider a chain of N

base pairs numbered by n = 1, . . . ,N. Each base pair is constrained to move in a plane perpendic­

ular to the helical axis. We assume that the two bases in each base pair n move about the helical

axis symmetrically, i.e., they have the same radial distance rn from the helical axis (and thus dis­

tance 2rn from each other). The position of base pair n in base pair plane n is described by the

radial and angular position rn and ϕn in the plane. The local twist angle of base pair n relative to

base pair n− 1 is given by θn = ϕn − ϕn−1. Subsequent base pair planes n− 1 and n have a vari­

able rise hn along the helical axis. To impose the helical structure of B­form DNA, we assume

that bases n− 1 and n are connected by a flexible sugar phosphate backbone segment of length

ln > hn along each strand, so that the ratio ln/hn > 1 gives the helicity at base pair n (Fig. 2.1). A

particular conformation of the DNA molecule is thus completely specified (up to a rigid rotation
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of the whole molecule about the helical axis) by the set of variables

{rn,θn, ln} := {(rn,θn, ln), n = 1, . . . ,N} . (2.1)

We implement periodic boundary conditions by identifying base pair 0 with base pair N. For ex­

ample, the rise h1 is calculated using the radial distances r1 and r0 ≡ rN of base pairs 1 and N, see

Eq. (2.7) below. Periodic boundary conditions are used to avoid the problem that open boundary

conditions result in a large tendency for openings at the ends of the DNA molecule. Note that

the periodic boundary conditions are only used for calculating the total energy, but do not affect

the linear shape of the DNA molecule in a stretching experiment (Fig. 2.2). The total potential

energy of a configuration {rn,θn, ln} in presence of a stretching force f is given by

U{rn,θn, ln}=
N

∑
n=1

Um(rn)+
N

∑
n=1

[Us(rn,rn−1)+Ub(ln)+Uc(rn,rn−1,θn, ln)− f hn ] . (2.2)

The contributions in the second sum in Eq. (2.2) involve interactions between base pairs n and

n− 1 with periodic boundary conditions by identifying base pair 0 with base pair N (see above).

The contributions toU{rn,θn, ln} in Eq. (2.2) are specified below. The full set of parameters used

in the following are summarized in Table 2.1.
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Figure 2.2: Experimental setup for the measurement of force­extension relations of short DNA duplexes
using atomic force spectroscopy. Two complementray single strands are covalently immobilized on glass
slides and AFM cantilevers. The force f applied to the DNA duplex is measured by the deflection of the
AFM cantilever and recorded as a function of the distance between the cantilever tip and the surface. This
diagram is taken from the paper of [30].

2.1.1 Morse potential

Um (rn) = Dn

[
e−an(rn−R0)−1

]2
(2.3)

is a Morse potential representing the hydrogen bonds between the bases in a base pair. To model

the dependence of DNA melting curves on the sequence of base pairs, we assume that both the

depth Dn and range a−1
n of the Morse potential depends on the type of base pair n (AT or GC)

(Fig. 2.3). In the bound state the radial distance rn of a base from the helical axis is equal to the

equilibrium distance R0 = 10Å where the value of the Morse potential is zero (Fig. 2.1). At large
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separation of the bases the base pairs are open and the value of the Morse potential is equal to

the dissocation energy Dn. For r < R0 the Morse potential is repulsive whereas for r > R0 it is

attractive. The difference in depth DGC compared to DAT takes into account that the GC bond

is stronger (bound by three hydrogen bonds) than the AT bond (bound by two hydrogen bonds)

(Fig. 1.1).

10.0 10.1 10.2 10.3 10.4 10.5
r (Å)

0.00

0.02

0.04

0.06

0.08

M
PE

(e
v)

MorsePotential 

 GC
 AT

Figure 2.3: Morse potential for AT and GC base pairs. This figure compares range and depth of morse
potential for AT and GC base pairs for depth DAT = 0.058 and DGC = 1.5 × DAT and for range aAT =

8.5Å−1 and aGC = 13.8Å−1 .
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2.1.2 Stacking interaction between adjacent base pairs

Us(rn,rn−1) =
S
2

(
1+ρ e−bs (rn+rn−1−2R0)

)
(rn − rn−1)

2 . (2.4)

The harmonic interaction with coupling constant S between the radial distances rn and rn−1 op­

poses sliding motion of one base pair over another. The harmonic coupling is multiplied by a

term that strengthens the coupling when the molecule is closed and makes it weaker when it is

open, taking into account the different stiffness of double­stranded DNA compared to single­

stranded DNA. Moreover, the stacking interaction stabilizes the closed B­form DNA with respect

to opening of a single base pair and thus makes the DNA melting transition more cooperative.

2.1.3 Backbone stretching

Ub(ln) =
B
2
(ln −L0)

2 (2.5)

is the elastic potential energy of a backbone segment of length ln and equilibrium length L0 where

B is the elastic constant for backbone stretching.
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2.1.4 Coupling between helical twist, rise, and base pair opening

Uc(rn,rn−1,θn, ln) =
C
2

e−bc (rn+rn−1−2R0) (hn −H0)
2 (2.6)

where hn is the distance (rise) between base pair planes n−1 and n given by

hn =
√

l2
n − r2

n − r2
n−1 +2rnrn−1 cos(θn) . (2.7)

For later reference we note that for rn = rn−1

hn =
√

l2
n −2r2

n (1− cos(θn) , rn = rn−1 (2.8)

and for θn = ϕn −ϕn−1 = 0

hn =
√

l2
n − (rn − rn−1)2 , θn = 0 . (2.9)

Values of ln, rn, rn−1, θn for which the argument of the square root in Eq. (2.7) is negative are

excluded by imposingUc = ∞ for negative arguments. This implies that hn is bounded by hn ∈

[0, ln]. Moreover, we assume that the twist angle θn is bounded by θn ∈ [−0.1,0.7] rad, allowing

for slight overwinding of the helix beyond the equilibrium twist angle of B­form DNA, θeq =

2π/10.4 = 0.604 rad (corresponding to 10.4 base pairs per helical turn), and slight underwinding

of completely denatured DNA beyond θ = 0.

The value of H0 in Eq. (2.6) is chosen such that for closed B­form DNA the potential en­

ergyUc results in a helical structure with thermal averages ⟨hn⟩ = 3.4Å and ⟨θn⟩ = 2π/10.4.

This is incorporated by choosing L0 = 6.853Å for the equilibrium length of a backbone segment

in Eq. (2.5) and H0 = 2.9Å in Eq. (2.6).

The elastic coupling between helical twist, rise, and base pair opening decreases with base

pair opening, and is absent for completely denatured DNA. This effect is modeled by the expo­
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nential factor in Eq. (2.6) so that the elastic coupling is exponentially attenuated with a decay

length b−1
c . We choose b−1

c = 10Å corresponding to the equilibrium radial distance R0 of a base

pair in B­form DNA. The elastic energyUc(r,θ) as a function of rn = rn−1 ≡ r and θn ≡ θ for

fixed ln = L0 is shown in Fig. 2.4.

Figure 2.4: Contour plots of (A) the helical rise hn (r,θ) and (B) corresponding elastic energy
Uc (r,θ) as function of rn = rn−1 ≡ r and θn ≡ θ for fixed ln = L0 (see Eqs. (2.6) and (2.8)). The
upper right region (shown in white) correspond to negative values of the argument of the square
root in Eq. (2.8) and is excluded. (A) shows that for fixed radial distance r (vertical lines) an in­
creasing helical rise h corresponds to decreasing twist θ , i.e., unwinding of the double helix. The
shape of the minimum of the elastic energyUc (r,θ) in (B) shows that a decreasing twist θ , in
turn, favors increasing values r, i.e., opening of base pairs.
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2.1.5 External stretching force

U f (rn,rn−1,θn, ln) =− f hn , (2.10)

with the distance hn between base pair planes n and n− 1 from Eq. (2.7), is the potential energy

from applying a stretching force at one end of the molecule. Note that Eqs. (2.6) and (2.10) re­

sult in a coupling of helical rise, twist, and base pair opening to the stretching force f . Since in

our model the two bases of a base pair are confined to a plane perpendicular to the helical axis,

the stretching force f acts on the whole terminal base pair simultaneously, corresponding to a

force f/2 applied to each base of the terminal base pair. There is no torsional constraint, i.e., the

terminal base pair is free to rotate about the helical axis. Eqs. (2.6), (2.7) and (2.10) result in a

coupling of helical rise, twist, and base pair opening to the stretching force f . To understand the

reason for this coupling, Fig. 2.4 shows contour plots of the helical rise hn(r,θ) and the corre­

sponding elastic energyUc(r,θ) as functions of rn = rn−1 ≡ r and θn ≡ θ for fixed ln = L0 (see

Eqs. (2.6) and (2.8)). (A) shows that for fixed radial distance r (vertical lines) an increasing he­

lical rise h, induced by the stretching force f , corresponds to decreasing twist θ , i.e., unwinding

of the double helix. The shape of the minimum of the elastic energyUc(r,θ) in (B) shows that a

decreasing twist θ , in turn, favors increasing values of r, i.e., opening of base pairs. Combining

these two effects one obtains that an increasing stretching force f favors unwinding of the double

helix and opening of base pairs.
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Parameter Symbol Value Unit
Morse potential inverse range an aAT = 8.4 Å−1

aGC = 13.8
Morse potential depth Dn DAT = 0.058 eV

DGC = 1.5DAT
Equilibrium radial distance of a base R0 10 Å
Threshold radial distance to consider base pair open rd 10.25 Å
Backbone segment equilibrium length L0 6.853 Å
Backbone stretching elastic constant B 0.128 evÅ−2

Stacking interaction elastic constant S 0.1 evÅ−2

Stacking interaction coupling parameter ρ 2
Stacking interaction inverse range bs 0.7 Å−1

Elastic coupling twist, rise, base pair opening C 0.028 evÅ−2

Elastic coupling inverse range bel 0.1 Å−1

Rise per base pair at mechanical equilibrium H0 2.9 Å
Energy constant for twist ctw 5.64 eV/rad2

Table 2.1: Set of parameters for the potential energy.
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2.2 Monte­Carlo simulations

Monte Carlo simulation technique is useful to that uses a stochastic method to obtain a

new configuration of the system of interest. It is an importance sampling that describes the sys­

tem at equilibrium. The advantage of the Monte­Carlo method is that it escapes solving New­

tons’ equations of motion. But the disadvantage is that we miss the dynamical information from

it. Monte Carlo simulation calculates equilibrium thermodynamic and physical properties of a

system of interest [10]. Let to calculate the average value of some property be < A >. For N ran­

domly generated Montecarlo points, in configuration space rN the average value is

< A >≈ 1
Nmc

Nmc

∑
i=1

A(rN
i ) . (2.11)

2.2.1 Monte Carlo simulation procedure

The goal of the Monte Carlo simulation procedure is to obtain the melting curve as a func­

tion of temperature for thermal DNA denaturation and as a function of temperature and force for

force­induced DNA Dnaturations. We performed three different trial moves base­pair opening

move2.2.2, Twisting move2.2.3, and Stretching move2.2.4 starting from mechanical equilibrium

and obtained average fraction f of open base pairs from the condition ⟨rn⟩ > ropen, l average frac­

tion of open base pairs obtained from the overall simulation, nb average number of the bubbles

formed for overall simulation, lb average size of the bubble formed for overall simulation, h the

average rise of base plane distance for overall simulation, and θ the average twist angle for over­

all simulation.

We use the standard metropolis Monte Carlo algorithm [1, 10] to produce an equilibrium

state of the system. We initialize base pairs , pick single base­pair n0 at random and draw new

value of the variable rn0,Ln0 , and θn0 from random Gaussian distribution. The energy of the old

configuration and new configuration is calculated. If the potential energy of a new configuration

is lower than the old configuration, the new configuration is accepted unconditionally. Otherwise
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new configuration is accepted with Metropolis probability forUtrl > Ucurrent

p =min
(

1,exp
[
−
(

Utrl −Ucurrent

kBT

)])
(2.12)

By averaging over the properties of the accepted configurations, we obtain the profile ⟨rn⟩, ⟨θn⟩

for given sequence of bps n=1,...N by MC simulation; calculate l by applying the condition that

at least one base pairs is closed and f by using the criterion that bp n is considered ”open” if ⟨rn⟩

≥ 10.25Å.

2.2.2 Base­pair opening move

Without the exponential term, the stacking interaction between radial distances rn, rn−1 of

bases in neighboring base pair planes reads

Us(rn,rn−1) =
S
2
(rn − rn−1)

2 . (2.13)

The motion of the radial distances rn, rn−1 can be described in terms of the variables

x =
1√
2
(rn − rn−1) , y =

1√
2
(rn + rn−1) , (2.14)

which represent the out­of­phase and in­phase (center of mass) relative motions of rn and rn−1,

respectively. Writing Eq. (2.14) in matrix form
(x

y

)
= A

( rn
rn−1

)
one finds that det(A) = 1, i.e., the

determinant of the Jacobian matrix A of the transformation (rn,rn−1)→ (x,y) is equal to one. In

terms of the variable x Eq. (2.13) readsUs(x) = Sx2. The standard deviation σ of x in a canonical

ensemble with Boltzmann weight exp [−βUs(x)] is given by

σ =
√
⟨x2⟩=

√
kBT
2S

(2.15)
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where β = 1/(kBT ) and kB is the Boltzmann constant. Accordingly, for a given current value rcur

of the radial displacement rn a trial value is chosen according to

rtrl = rcur +

√
kBT
2S

ξ (2.16)

where ξ is a standard Gaussian random variable with ⟨ξ ⟩ = 0 and ⟨ξ 2⟩ = 1. With this choice the

variance of base­pair opening moves corresponds to the variance of thermal fluctuations of x, i.e.,

⟨(rtrl − rcur)
2⟩= kBT

2S
⟨ξ 2⟩= kBT

2S
= σ2 . (2.17)

2.2.3 Twisting move

Utw = 2π2 K
H0

(∆Tw)
2 (2.18)

is the potential energy for twisting.

∆Tw =
1

2π
(θn −θ0) (2.19)

is the angular displacement.

Utw =
1
2

ctw (θn −θ0)
2 (2.20)

is the form of twisting energy.

ctw =
K
H0

= 5.64
ev

rad2 (2.21)

is the twisting constant obtained from the twist modulus equivalent to 2.61× 10−19 erg cm per

rad. and θn = (ϕn −ϕn−1) is angle of twist. The standard deviation σ of θ in a canonical ensem­

ble with Boltzmann weight exp [−βUtw (θn −θ0)] is given by,

σ =

√
1

ctwβ
(2.22)
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where β = 1/(kBT ) and kB is the Boltzmann constant. Accordingly, for a given current value θcur

of the angular displacement θn a trial value is chosen according to

θtrl = θcur +

√
kBT
ctw

ξ (2.23)

where ξ is a standard Gaussian random variable with ⟨ξ ⟩ = 0 and ⟨ξ 2⟩ = 1. With this choice the

variance of Twisting moves corresponds to the variance of thermal fluctuations of (θn −θ0), i.e.,

⟨
(θtrl −θcur)

2
⟩
=

kBT
ctw

⟨ξ 2⟩= kBT
ctw

= σ2 . (2.24)

2.2.4 Stretching move

Ub =
1
2

B(ln − l0)
2 (2.25)

is the potential for backbone stretching.

B =
Kmodu

H0
= 0.128eV/Å2 (2.26)

is the stretching constant obtained from the stretching modulus equivalent to 594pN per helical

rise H0. The standard deviation σ of l in a canonical ensemble with Boltzmann weight exp [−βUb (ln − l0)]

is given by

σ =

√
kBT

B
(2.27)

where β = 1/(kBT ) and kB is the Boltzmann constant. Accordingly, for a given current value lcur

of the back bone displacement ln a trial value is chosen according to

ltrl = lcur +

√
kBT

B
ξ (2.28)
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where ξ is a standard Gaussian random variable with ⟨ξ ⟩ = 0 and ⟨ξ 2⟩ = 1. With this choice the

variance of stretching moves corresponds to the variance of thermal fluctuations of l, i.e.,

⟨
(ltrl − lcur)

2
⟩
=

kBT
B

⟨
ξ 2⟩= kBT

B
= σ2 . (2.29)
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2.3 Double­stranded ensemble

T.S. Van Erp [25] suggested that in the thermodynamic limit of an infinite DNA chain, the

use of full NVT or NVE ensemble is significant, but the finite DNA chain like PBD model have

not much meaning. So we required to define a special ensemble called DNA ensemble to address

these issues. PBD model comprises a single chain in infinite solution because of which dsDNA

is free to go to large separation due to a plateau of the Morse potential. But in an experiment con­

sisting undiluted solution, due to hybridization two­strand come closer to pair with the comple­

mentary strand. Thus, for a finite concentration, the experimental result cannot be reproduced

using equilibrium statistics in the full phase space. Therefore, there required an MD or Monte

Carlo simulations which begins from certain initial configuration to confine the phase space. A

configuration {rn} a dsDNA molecules such that rn < ropen for at least one n ∈ [1 : N] where ropen

the opening threshold definition. A configuration is completely denatured if rn > ropen for all n.

Thus, dsDNA is defined as all configuration assigned as dsDNA together with their correspond­

ing Boltzmann weight. If R
(
rN) be any function, then the statistical average in the full phase

space is defined as,

⟨R⟩ ≡
∫

drNR
(
rN)exp [−βU ]∫

drN exp [−βU ]
(2.30)

with drN ≡ drN ,drn−1...dr1. The exponential term represents the probability distribution den­

sity with Boltzmann factor β . Using weight function µ
(
rN) the ensemble average of R

(
rN) in

dsDNAE can be expressed as weighted average as shown below,

⟨
R
(
rN)⟩

µ ≡

⟨
R
(
rN)

µ

⟩
⟨µ⟩

(2.31)

µ ≡ 1−ΠN
k=1ηn (2.32)

where ηn is the Heaviside step function whose value is 1 for open base pair and 0 otherwise. The

value of µ is 1 for at least one base pair is not open and 0 for when all base pairs are opened. The

use of dsDNAE not only removes the problems of non­normalizability of the full phase space
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equilibrium distribution but also represents the actual experimental situations at a temperature

below the denaturation transition.
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CHAPTER III

RESULT AND DISCUSSION

Since DNA denaturations are Ising Type i.e, opening, and closing of base pairs [20]. We

applied Monte Carlo simulations technique to study such behavior of DNA helicoids. We chose

100 DNA molecules for thermal denaturations and 200 molecules for force­induced DNA de­

naturations. We studied the denaturations behavior of the Bound DNA sequence of length as

shown in Table 3.1.The first three sequences of the table were used to study the thermal denatu­

rations behavior whereas the remaining three gave the appropriate informaitons about the force­

induced DNA denaturations. We define the parameters as shown in table 2.1. The parameters

of the morse potential are base pair dependent so that their values are different for AT and GC

base pairs. In the simulations ’0’ represent the AT base pairs and ’1’ represent the GC base pairs.

Thermal denaturations occur as a function of temperature whereas Force­induced denaturations

occur as a function of force at room temperature. With the help of randomly generated num­

bers, we picked random base­pair n0 . Since our DNA model has three degrees of freedom, we

made three different trial moves for base­pair n0. Using uniform random number we allocated

the 40percent of the move for open base pairs, between 40 percent to 80 percent of the move for

twisting, and remaining 20 percent for the stretching move. Our simulations started from thermal­

mechanical equilibrium. The equilibrium values are shown in Table 2.1. For each temperature

and force, we run a simulation, for each simulation 106 steps were used for thermalization, after

thermalization 104 MC steps were used as a saved configuration, for each saved configuration

102 MC steps were performed. Periodic boundary conditions were chosen to avoid a large num­

ber of the denaturations at the end. We compared our Monte Carlo simulations results with the

experimental result given at the paper [28, 29] which calibrates our DNA models. After calibra­
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tion, we use the parameters to study the force­induced DNA denaturations phenomenon for the

DNA sequence L30B12, L20B8, and L12B6 and we compared the results of our simulations with

the experimental results of Strunz et al. , Gaub et al., and Pop et al. [17, 21, 23].

Length Bubble in­the middle sequence

L60B36 CCGCCAGCGGCGTTATTACATTTAATTCTTA
AGTATTATAAGTAATATGGCCGCTGCGCC

L42B18 CCGCCAGCGGCGTTAATACTTAAGTATTATG
GCCGCTGCGCC

L33B9 CCGCCAGCGGCCTTTACTAAAGGCCGCTGC
GCC

L30B12 GGCTCCCTTCTACCACTGACATCGCAACGG
L20B9 CGTTGGTGCGGATATCTCGG
L12B6 CGCAAAAAAGCG

Table 3.1: Length of DNA sequence .

3.1 Thermal DNA denaturations

As discussed in Subsec. 2.2.1, we have used the standard Metropolis algorithm to perform

the Monte Carlo simulations on our helicoidal DNA model. For the simulations, we set mini­

mum and maximum temperature as 30◦ and 100◦C respectively because at a temperature lower

than 30◦C dsDNA is bounded where as at around 100◦C we believed all the molecules are com­

pletely denatured. For each temperature, we performed a number of simulations. In each of these

simulations, we compute the mean profile ⟨rn⟩, ⟨θn⟩, and ⟨hn⟩ from which we obtain the fraction

of open base pairs and coupling between the helical rise and angle of twist. We consider the nth

base pair to be open if ⟨rn⟩ exceeds certain threshold ropen. We calculate the fraction of open base

pairs one obtained from the partially opened DNA molecules for overall simulations l and the

other f from the saved configurations which satisfies⟨rn⟩ > ropen for overall simulations. We also

calculate the mean number of a bubble formed nb and the mean number of the bubble size lb for

the overall simulations. We compare our results for Bubble­in­the­middle sequences L60B36,

L42B18, and L33B9 with the experimental results of the [28, 29] in the following subsection.
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3.1.1 L60B36

In Fig. 3.1 we present our simulation result for the bubble­in­the­middle sequence L60B36

and compared it with the thermal experimental result of Zeng et al [28, 29]3.1d.The Fig. 3.1d is

the experimental melting curves and the average fractional length of the bubble ⟨l⟩. The open

circle is the fraction of the open bases which represent the UV absorption data. p represents the

fraction of denatured molecules, but in our Monte Carlo simulation result, we ignore the calcula­

tion of p because for the long DNA sequences f = p. f is normalized to one so that at the end

of transition f = p = 1. The experimental result of Fig. 3.1d shows that there exist a plateau

for ⟨l⟩ ≈ 0.6, which is the relative length of the AT­rich region 36/60 = 0.6. But our simulation

result ignores the possibility of the existence of the plateau because for the finite DNA, the transi­

tion is continuous and the bubbles are the diverging size. The experimental data shows that there

exists a melting temperature Tm at around 62◦C, our simulations show that such temperature ex­

ists at around 68◦C. But similar Monte Carlo result like ours was conducted by [1] and showed

that there exists a plateau at the relative length of AT­rich region at around 65◦C which is equiv­

alent to the data of long λ ­DNA. From the Fig. 3.1a we see that fraction of open base pairs l ob­

tained from the partially opened DNA strand and f the fraction of open base pairs obtained from

⟨rn⟩ > rd are dependent upon the average number of open base pairs and average bubble size.

f is normalized to 1 such that bubble denatured to form single­stranded DNA. Fig. 3.1c shows

that bubbles are continuously formed and reach to the maximum at around 60◦C after that av­

erage bubble size lb increases decreasing average number of bubble which indicates base pairs

are opened. Fig. 3.1b shows that there exists strong coupling betweening helical rise and twist

in the low temperature region below 60◦C, after that the decrease in the value of twist favors the

increase in the helical rise i.e, base pair opening.
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Figure 3.1: Thermal melting profile of L60B18 for dAT = 0.058eV and dGC = 1.5 ∗ dAT . Fig(a)
represents the plot of the fraction of open base pairs vs temperature. Fig(b) Plot of coupling be­
tween the helical rise and twisting versus temperature. Fig(c) gives information about the gener­
ation and growth of the bubbles as a function of the temperature. Fig(d) represents the melting
profile for L60B36 obtained from the experiment[28] .
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3.1.2 L42B18

The experimental study of L42B18 shows that at around 68◦C half of the DNA molecules

get thermally denaturated Fig. 3.2d. But our simulation result Fig. 3.2a shows that Tm exists at

around 85◦C whereas Ares et al showed that such temperature exists at 72◦ Celsius. Experimen­

tal result Fig. 3.2d showed that the plateau exist at the relative length of AT region 0.42, but f ̸=

⟨l⟩. Even though bubble formation begins at low temperature, but it did not achieve full size till

85◦C then after the denaturation begins and bubble generation decreases i.e, basepairs opening.

Ares et al [1] also claim the existence of plateau for such a DNA sequence, but our result denies

a such possibility. Our result shows that f still normalize to one but l is deviating from f indi­

cating complete denaturations is still possible in such a temperature range for such sequence but

denatrautions phenomenon are less coperative. Fig. 3.2b shows that the decrease in the value of

the θ is relatively slower with slow helical rise. Indicating that base pair opening process is rela­

tively slow for such sequence than that of the L60B36 in the given temperature range.
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Figure 3.2: Thermal melting profile of L42B18 for dAT = 0.058eV and dGC = 1.5 ∗ dAT . Fig(a)
represents the plot of the fraction of open base pairs vs temperature. Fig(b) Plot of coupling be­
tween the helical rise and twisting versus temperature. Fig(c) gives information about the gener­
ation and growth of the bubbles as a function of the temperature. Fig(d) is the melting profile for
L42B18 obtained from experiment [28] .
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3.1.3 L33B9

The experimental results of the zing et al [28, 29]3.3d shows that the melting temperature

for short DNA sequence L33B9 exist at around 72◦C whereas simulation result of [1] indicates

that such temperature exist at around 75◦C. But our simulations show that the proper melting

temperature of the such DNA sequence exists at around 95◦C. The experimental result also sup­

ports the existence of plateau at the relative length 0.27 of the AT base pair region. Ares et al. [1]

also showed that such plateau is obvious for L33B9. But our result denies the existence of such

a plateau region because the DNA denaturation of such sequence is largely continuous and our

DNA strand is finite and very short. Our simulaiton results Fig. 3.3a,3.3b, and 3.3c show that

melting temperature is close to 100◦C, with no complete denaturations of the molecules. The de­

naturation phenomenon is higly non­cooperative.
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Figure 3.3: Thermal melting profile of L33B9 for dAT = 0.058eV and dGC = 1.5 ∗ dAT . Fig(a)
represents the plot of the fraction of open base pairs vs temperature. Fig(b) Plot of coupling be­
tween the helical rise and twisting versus temperature. Fig(c) gives information about the gener­
ation and growth of the bubbles as a function of the temperature. Fig(d) is the melting profile for
L33B9 obtained from the experiment [29] .
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3.2 Force­induced DNA denaturations

3.2.1 L30B12

Under Physiological conditions Strunz et al and his team [23] researched on DNA du­

plex with base pairs 30 to measure the mechanical forces required to separate a single DNA du­

plex. The opposite 5’ ­ends were pulled as a function of the loading rate. They found that un­

binding forces depend on the loading rates and ranges from 20 to 50pN. The data obtained from

this single molecular result can be compared with our data obtained from simulations. The DNA

oligomer d(GGCTCCCTTCTACCACTGACATCGCAACGG) which contains 30 bases were

chosen. Complementary oligonucleotides were covalently fixed on the tip of an AFM cantilever

and a substrate. Unspecific forces between the tip and substrates were removed using polyethy­

lene glycol. The data obtained from the experiment were plotted to obtain the histogram. The

pick of the histogram determines the values of the rupture forces. Fig.2 of the paper Strunz et

al [23] shows the probability distributions of the unbinding forces of the last rupture events for

500 approach/retractcycles for a retract velocity of 100nm/s. The histograms show that the

most probable unbinding force is close to 50pN. The result of the Gaussian fitting demonstrates

that the rupture force is at around 48±2 pN. The force­displacement curve of Fig. 3.4e of Strunz

et al. [23] suggests that the last unbinding event occurs at the around 50 pN. We performed the

Monte Carlo simulation on DNA30s for the force range 20pN to 60pN at room temperature and

obtained the plot as shown in Fig. 3.4. Fig.3.4a is the plot of the fraction of the open base pairs

vs force. l indicates the average fraction of the open base­pair obtained from the overall simula­

tion. f is the fraction of the open base pairs satisfying ⟨rn⟩ > ropen. The plot indicates that the

base pairs are bound up to the force 22pN and stretched elastically till the force reached to the

35pN at which half of the BDNA is denatured to ssDNA. After this force, there begins a non­

linear region until the force reaches to around 48pN. After this force, the double­stranded DNA

is completely unbounded and converted into ssDNA.Fig. 3.4d shows that the twist angle and he­

lical rise were coupled at force less than 35pN but after this they were decoupled leading dsDNA
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to ssDNA. The Fig. 3.4c shows that bubbles were formed at low force, but it require higher force

to get some shape. At around 28pN maximum number of the bubble was formed then after the

bubble increases its size whereas bubble generation decrease indicating that the formed bubble

started to denature. Fig. 3.4d shows that about the first 25% of the force­extension curve satis­

fies the hooks law, about 50% of the curve lies in the nonlinear region and last 25% of the curve

lies in the region of unbound. Our force versus extensions graph well behaves with the result of

Strunz et al. [23]. As Strunz [23], our result also can predict unbinding events exist at around

50pN. After this force DNA is completely unbound and dsDNA denatured to ssDNA. These plot

does not indicate the existence of the B­S transition region because the denaturations completed

below the force 65 pN, and DNA sequences are finite in length.
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Figure 3.4: Melting profile for Force­induced DNA denaturations for DNA sequence L30B12.Fig(a) is
the plot of fraction of open base pairs l over all simulations and f the fraction of open base pairs satisfying
⟨rn⟩ > ropen versus stretching force F. Fig(b) is the plot of helical rise h and twist angle θ against applied
force F . Fig(c) is the plot of the average number of a bubble formed nbub and the average size of bubble lb
against stretching force. Fig (d) is the plot of stretching force F versus extension. Fig(e) is the plot of the
Measurement of unbinding forces obtained from the experimental work of [23].The figure displays a force
displacement curve in which two molecules unbind one after the other, the last unbinding event also being
at ≈ 50pN loading
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3.2.2 L20B8

Due to experimental noise, Strunz et al. could not observe B­S transition during their mea­

surement of the unbinding forces of short complementary oligonucleotides with 30, 20, and 10

base pairs [23]. So later Gaub et al. carried out single molecular force spectroscopy experiments

with shorts DNA duplex made up of 20 base pairs(DNA20s) and 30 base pairs(DNA30s) with

high­resolution cantilevers [17]. During the experiment, both Complementary DNA strands were

covalently immobilized to a cantilever tip and a surface in order to get good data. The applica­

tion of similar chemistry on both sides (cantilever tip and surface) and the use of PEG as a spacer

lower the nonspecific binding events. The force­displacement curve of Fig. 3.5e taken from the

paper Gaub et al [17] recorded at a retract velocity of 1007nm/s does not show any existence

of a B­S transition and dissociates at a force of 53pN. Their experimental results show that the

majority of the rupture events took place well below the B­S transitions. It is because the used

loading rates were not sufficient to reach the melting force of the B­S transition. We performed

Monte Carlo simulation for the DNA sequence L20B8s in a force range from 20pN to 80 pN at

room temperature. Our simulation results are shown in Fig. 3.5. As Gaub et al. do not observe

the plateau during their experiment on DNA20s, our Monte Carlo result also denies the possi­

bility of the formation of the plateau. The value of l and f indicates that the melting force could

range from 48pN to 53 pN as shown in Fig. 3.5a. The Fig. 3.5b shows that the bases are coupled

till the force reaches 50pN, after that the hydrogen bond and staking interaction gets weakened

so that the bases are decoupled and the dsDNA denatured to the ss DNA. The number of bub­

ble formation increases linearly up to the force 48pN, at which the maximum number of bubbles

were formed after that the number of the bubble started to reduce, but the length of the bubbles

per base pairs grew. It showed that some of the matured bubble denatured to ssDNA as shown

in Fig. 3.5c. The force­extension curve Fig. 3.5d at first increases linearly till the forces reach

around 50 pN obeying the hooks laws, after that non­linear region beings up to the force equal

to 59pN then after dsDNA molecules converted to single­stranded molecules. The comparitive

study of force­extension curve of Fig. 3.5d and 3.5e suggest that our result is in close agreement
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with the strunz et al. The lack of existence of B­S force plateau both in the experimental result

of [17] and our Monte Carlo result indicates that stretching of short DNA is a non­cooperative

process.
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Figure 3.5: Melting profile for Force induced DNA denaturations for DNA sequence L20B8.Fig(a) is
the plot of fraction of open base pairs l over all simulations and f the fraction of open base pairs satis­
fying ⟨rn⟩ > ropen versus stretching force F . Fig(b) is the plot of helical rise h and twist angle θ against
applied force F . Fig(c) is the plot of nuber of bubble formed nbub and size of bubble lb against stretching
force. Fig(d) is the plot of stretching force F versus extension. Fig(e) is the force­extension curve of the
20­basepair DNA duplex(DNA20s);This force­extension curve taken from the paper of [17] shows a rup­
ture event of a hybridized 20­basepair DNA duplex, recorded at a retract velocity of 1007nm/s. The DNA
duplexdissociates at a force of 53pN, without showing any evidence of the B­S transition(see inset);The
froce­extension curve of the PEG­DNA complex follows the two­state FJC­fit(black) without possessing a
measurable deviation.
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3.2.3 L12B6

Pope and his group [21] studied force­induced melting of a short DNA double helix. For

the surface functionalization, they activate the AFM probes and substrate following the technique

of {Noy et al}. They tethered Single­stranded oligonucleotides of sequence d(CGCAAAAAAGCG)

to the gold substrate via hexadecane thiol. Gold­coated probes functionalized with the comple­

mentary oligonucleotide d(CGCTTTTTTGCG). To observe the stretching and melting phenom­

ena oligonucleotides were attached through 5’ ends. They choose sequence on the basis of an

”all­or­none” to get rid off the partial overlap of the constituent single strands. A similar method

was adopted to investigate the non­complementary interactions. Force displacement measure­

ments were accomplished using an AFM constructed in the laboratory. Since their system is

held under weak force, they consider only rupture force. They maintain their system in a ther­

mally active region so that force­induced melting can be considered as a non­equilibrium process.

Therefore, they consider the denaturation forces ranging from 17 to 40pN to separate dsDNA to

ssDNA. The rate of loading for each rupture event was determined from the gradient of the force

versus the piezo displacement curve at strand separation multiplied by the cantilever retract ve­

locity. The force versus piezo displacement curves of Fig:1a of [21] do not indicate the B­S tran­

sitions because their system was at non­equilibrium, DNA strand were too short and were held

at a stretching force lower than 65pN. We performed Monte Carlo simulation for the DNA se­

quence D12B6 in a force range 40pN to 100pN. We begin our simulation keeping our system at

mechanical equilibrium, and obtained the plot as shown in Fig. 3.6. Fig. 3.6a represents the plot

of the fraction of open base pairs against the externally applied force. l is the fraction of the open

base­pair obtained from the overall simulations average, whereas f is the fraction of open base

pair satisfying < rn >> ropen. The figure shows that base pairs open even for small forces but

it cannot ruptures the molecules until the force reach around 68pN. The melting temperature ex­

ist at around 75pN where as around 80pN the complete denaturations of the molecules occured.

In Fig. 3.6b, the decrease in twist angle with increase in helical rise indicates that the basepair

opening can occur in low force region, but majority of opening takes place in higher force re­
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gion. The Fig. 3.6c reveal that the average number of bubble nb continuously keeping constant

size of the bubble. When the force reached around 75pN, nb reached to the maximum and then

start declining whereas lb started to increasing suggesting that double­stranded DNA split into

single­stranded DNA. The Fig. 3.6d indicates the extension is longer than L30B12 and L20B8.

It reflects that the stress bearing capacity increases with the decrease of the DNA sequence. The

comparative study of our result Fig. 3.6d with the experimental result Fig. 3.6e of [21] indicates

that there does not exist BS transition in short DNA oligomer. As our system was in mechani­

cal equilibrium, we require higher driving forces so that we choose our simulations in the force

range 40 to 100pN whereas [21] system was thermally active so they only had to apply weak

force in the range 17 to 40 pN. Our simulations result indicates that short DNA oligonucleotide

like D12L6 has a tendency to bear stress than the long DNA molecules.
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Figure 3.6: Melting profile for Force­induced DNA denaturations for DNA sequence L12B6.Fig(a) is
the plot of fraction of open base pairs l overall simulations and f the fraction of open base pairs satisfying
⟨rn⟩ > ropen versus stretching force F. Fig(b) is the plot of helical rise h and twist angle θ against applied
force F. Fig(c) is the plot of the average number of bubbles formed nbub and the average size of bubble lb
against stretching force. Fig(d) is the plot of stretching force F versus extension. Fig(e) is the plot of exper­
imental force­extension relationship observed for single­molecules interactions between complementary
oligonucleotides for the DNA sequence L12B6s obtained from the paper [21] .
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3.3 Discussion

We applied the standard Metropolis algorithm to carry out our Monte Carlo simulation

method to study the thermal and force­induced DNA denaturations phenomenon for the short

DNA oligomer. It shows that the value of lobtained by averaging the fraction of open base pairs

over the MC steps where the separation of at least one base pair is smaller than the dissociation

threshold, well defined the meaning of double­stranded DNA ensemble. The value of f the frac­

tion of open base pairs obtained from the condition ⟨rn⟩ > ropen grows with the denaturations

of the bubbles so it’s more convergence for the DNA sequences with a higher number of base

pairs. For thermal DNA denaturations, our simulations result shows that f for the DNA sequence

L60B36 is more convergence than sequence L33B9 whereas for force­induced DNA denatura­

tions L30B12 is more converged than L12B6. The thermal denaturation phenomenon suggests

that in the given temperature range 40◦− 100◦C the length of a bubble per base pair is directly

proportional to the length of the DNA sequence. So, it suggests that short DNA sequences are

more extended than the long DNA sequence. Our simulations result suggest that the force re­

quired to stretch the short DNA oligomer is inversely proportional to the length of the DNA se­

quence. It shows that the extension behavior of short DNA is also inversely proportional to the

length of DNA. The lesser the DNA sequence, the more continuous and diverging is the DNA

stretching phenomenon. Our both thermal and force­induced simulation result avoid the exis­

tence of the plateau region. The melting curve of Fig.3.6,3.5, and 3.4 shows that the boundness

of the DNA sequence is inversely proportional to the number of the base pairs whereas the over­

stretched region is directly proportional to the length of base pairs. Therefore from the graph we

found that 5%, 33%, and 46% of the force are bounded, 32%, 24%, and 16% of the force are in

the stretched region, and 63%, 43%, and 38% of the force are unbounded for L30B12, L20B8,

and L12B6 respectively. Finally, the result of our simulation is in support that the cooperativity

of the DNA stretching decreases with the decrease in the sequence of base pairs and BS transi­

tions is the distinct characteristics of the infinitely long λ ­DNA. We conclude that short DNA

has a tendency to bear stresses and non­linearity in DNA stretching increases with the increase in
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the sequence of base pairs. Here, we studied the stretching behavior of the short DNA sequences.

Interested candidates can also study the twisting behavior just adding twisting potential to the en­

ergy function. We have presented our results based on our simulation result and our knowledge

and understanding of the helicoidal DNA. If any third party has a curiosity about our result and

model, they are always welcome to provide the appropriate feedback to improve the model.
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