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ABSTRACT

Chunyu Chen, Distributed Formation Tracking Control of Multiple Car-like Robots. Master of

Science (MS), May, 2014, 136 pp., 49 figures, references, 55 titles.

In this thesis, distributed formation tracking control of multiple car-like robots is studied.
Each vehicle can communicate and send or receive states information to or from a portion of
other vehicles. The communication topology is characterized by a graph. Each vehicle is
considered as a vertex in the graph and each communication link is considered as an edge in the
graph. The unicycles are modeled firstly by both kinematic systems. Distributed controllers for
vehicle kinematics are designed with the aid of graph theory. Two control algorithms are
designed based on the chained-form system and its transformation respectively. Both algorithms
achieve exponential convergence to the desired reference states. Then vehicle dynamics is
considered and dynamic controllers are designed with the aid of two types of kinematic-based
controllers proposed in the first section. Finally, a special case of switching graph is addressed

considering the probability of vehicle disability and links breakage.
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CHAPTER I

INTRODUCTION

Multi-agent systems are composed of multiple interacting intelligent agents and can solve
complex problems which cannot be achieved by monolithic system. Multi-agent systems have
been widely applied into industrial utilization, different applications of multi-agent systems are
addressed in [1]-[14] including formation control [1]-[4], rendezvous [5]-[7] and flocking [8]-[10],
distributed sensor networks [11][12] and cooperative control of unmanned air vehicles [13][14].

Consensus problem for multi-agent systems has been intensively studied in recent years
with the aid of new techniques from distributed computing [15]-[18] and graph theory [19]-[21].
Consensus for net-worked agents means they reach an agreement in respect with a certain quantity
of interests. In real-life operations, agents in net-worked systems are always expected to be
operated synchronically and preserve common quantity of states thus fulfill the tasks cooperatively.

General forms for networks of dynamic agents are studied in [22]-[32]. Since different
dynamic systems can be modeled by combination of first-order or multi-order systems, it is

necessary to study control algorithms for those simplified subsystems.

Distributed control of multiple Single-integrator systems is considered in [22]-[28], multi-
agent systems with higher order are studied in [29]-[32]. In [26], delayed-state-derivative feedback
control method is proposed for sample-data consensus of first-order multi-agentsystems. In [27],

sampled-data based consensus problem of first-order multi-agent systems with quantized
1



communication is studied and control methods are proposed. In [28], novel distributed adaptive
consensus controllers are designed for multiple first-order nonlinear systems with unknown
parameters and external disturbances. In [29], cooperative tracking control of higher-order
nonlinear systems with a dynamic leader is studied for a weighted communication graph with fixed
topologies. In [30], distributed control methods for asymptotic consensus of first-order and second-
order linear networks are addressed with communication time-delays. In [31], double integrator
dynamics with switching topologies are addressed for consensus with a reference nonlinear model.
In [32], a second-order consensus protocol is introduced and then applied to achieve altitude
alignment among a team of micro air vehicles. In [33], distributed coordination problem for
multiple Lagrangian systems is studied with parametric uncertainties. In [34], synchronizing
networks of nonidentical, nonlinear dynamical Lagrangian systems is addressed for connected
graph with constant unknown time delays, adaptive controllers are designed to achieve global full-
sate synchronizations. In [35], distributed finite-time containment control for multiple Lagrangian
systems is addressed and a model-independent control law is proposed using both the one-hop and
two-hop neighbors’ information. In [36], leaderless consensus algorithms for Euler-Lagrangian
systems are analyzed, special scenarios of actuator saturation and unavailability of measurements
of generalized coordinate derivatives are considered and corresponding control algorithms are

proposed.

In [37]-[41], distributed Control methods for consensus problem are addressed under
different assumptions of the agent systems and communication topologies including time-delays
of communication links, communication switching and node/link failures. In [37], the authors

propose consensus algorithms for multi-agent networked systems, directed graph is considered for



communication and disturbances of time-delays and node/link failures are considered for verifying
robustness of proposed control laws. In [38], both linear and nonlinear consensus protocols are
proposed for distributed control of multi-agent consensus, filtering effects of communication
channels are considered and maximum tolerance of time-delays is calculated. In [39], both fixed
and switching communication topologies are studied for directed and undirected graph, algebraic
connectivity is utilized for studying the convergence velocity of multi-agent systems,
communication networks with directed information flow is studied for performance of the control
algorithms. In [40], the agents’ inputs are supposed to be subjected to a constantly albeit possibly
unknown time delay, it is proved the time delay has restrictions on communication topologies thus
influences the consensus conditions. In [41], the multi-agent systems are considered time-discrete
with directed fixed communication topologies. The proposed control laws display dependence of
the consensus condition on the agent’s unstable poles, non-minimum phase zeros and their relative

degree.

Robotic vehicle systems offer advantages of performing complex engineering tasks due to
their robustness and precision with the aid of external accessories such as infrared detector, hand
gripper and wireless sensor. Mobile robots can complete more complex tasks including rescue and
navigation and have been applied into military and industrial and security environments. Vehicles
can be operated in isolated fashion of which control information is solely vehicles’ own states.
However, control of multiple vehicles enables improving existing single-vehicle application by
developing new capabilities. Compared with tasks performed by solo automobile, advantages of
multivehicle systems include increasing reliability, efficiency and spatially distributed operation.

For multivehicle system control techniques, one of the most important problems is coordination



of motions of individual vehicles, which can either be realized by controlling each vehicle
respectively or utilizing distributed control methods with the aid of communication between
vehicles. One common problem of distributed coordination of multivehicle system is consensus
seeking. Each vehicle agent in the multivehicle system needs to reach an agreement for certain
quantities of interest, the common interest might be convergence of vehicles’ states to predefined
values. In this case, the vehicles either converge to a static point known as rendezvous problem or
track the common trajectory or reference system. In reality, vehicles are usually equipped with
sensors which can detect information from neighbors thus realize the communication between
different vehicles with certain spatial distance. The communication between multivehicle systems
can be described by communication graph, every vehicle system is treated as a vertex in the
communication graph and there exist communication links between two vehicles if one vehicle
can receive information from another vehicle. The links can be either directed or undirected based
on the characteristics of communication type. Distributed control of multivehicle systems for
consensus seeking only utilize information from neighbor vehicles instead of accessing the
consensus states directly for self-control since not all the systems can communicate with the
reference system. It has been proved when the communication topology satisfies specific
requirements, all the vehicle systems will converge to consensus states by applying distributed
control methods. High expense of communication equipments with wide-bandwidth
communication channels are withdrawn and system redundancy is reduced. Even if during the
operating process some links or vehicle nodes are disabled, it does not influence the overall

systems’ performance and robustness is improved.



Before further capabilities of multivehicle systems can be developed, the most important
problem is to solve the multivehicle coordination and design distributed coordination strategies.
One common problem of multivehicle systems coordination is formation control. Consensus
algorithms for multi-agent systems have been utilized for designing distributed formation control
in [42]-[47]. Leader-follower formation control for trajectory tracking is addressed in [42],
Lyapunov-based techniques are developed for distributed tracking control with one vehicle acting
as a leader while others acting as followers tracking the path in certain formation pattern. In [43],
distributed formation tracking controllers are designed for nonholonomic vehicles by combing
consensus-based controllers with cascaded systems. In [44], the authors translate multivehicle
formation control problem into a leader-following consensus problem and design distributed
control methods to achieve constant velocities for all vehicle agents and constant spacing between
vehicles with three types of communication topologies. In [45], backstepping techniques are
utilized for distributed controller design with multivehicle system formation tracking problem,
constant communication delays are also considered for the controller design. In [46], state
feedback control laws for multivehicle systems formation tracking are proposed with the aid of
graph theory and Lyapunov theory. In [47], asymptotical control of multiple wheeled robots is

designed with a leader-follower communication topologies.

In these papers, the control laws are designed for intermediate parameters of translational
and rotational velocities. However, in practical application, it is the external torques generated by
vehicle engines that control motions of a real vehicle. Then dynamic vehicle model is considered
for distributed formation tracking control of multivehicle systems. In [48], cooperative control of

higher-order multivehicle systems with dynamic uncertainties is addressed with a local cooperative



controller and a vehicle-level controller. In [49], neural network is applied to estimate the
uncertainties and external disturbances of the dynamic systems. In [50], adaptive cooperative
control laws are proposed with the aid of the passivity property of system dynamics with
uncertainties. In [51], robust adaptive neural network (NN) control of multiple unmanned ground
vehicles is addressed with a virtual leader-follower format. Neural network is introduced to solve

nonlinearities and uncertainties of dynamic systems.

In this thesis, distributed formation tracking control of multivehicle systems is studied. The
net-worked vehicle agents are supposed to be information transmittable and receivable for specific
neighbors. The reference trajectory signals are supposed to be a virtual leader with the same system
structure as the follower vehicle agents and the communication graph is a leader-follower topology,
and control algorithms for both vehicles’ kinematics and dynamics are proposed. For vehicles’
kinematic systems, the unicycle models have three generalized states with two Cartesian
coordinates in respect to x-axis, y-axis and the steering angle with respect to x-axis. The control
inputs for kinematics are translational and rotational velocities. The formation tracking problem is
redefined as consensus with the reference trajectory with the same known kinematics which is self-
regulated, thus the control goals can be ultimately concluded into designing control laws to
stabilize the multiple error systems obtained by subtracting the reference trajectory from each
follower’s kinematic system. In this thesis, a new distributed control method with the aid of
cascaded system theory and graph theory is proposed for kinematic systems. Firstly variable
transformations are implemented to transform kinematics into multiple chained-form systems,
then the multiple chained-form systems are written in a cascaded structure. The graph theory is

utilized to characterize the communication topologies for multiple vehicles and estimate the



reference trajectory since it is assumed only a portion of vehicles can receive control information
from the reference trajectory directly and all the other followers can only receive information from
their neighbors. It is proved the unavailable reference signal can still be estimated with the states
information of neighboring vehicles when the communication graph satisfies certain conditions.
Then with the aid of exponential stability theorem from the cascaded systems, the multiple
transformed chained-form systems are stabilized by states feedback control with the system’s own
states information and the estimated transformed reference trajectory (the reference trajectory is
also transformed into chained form). The stability of the chained-form error systems is proved to
guarantee the consensus of vehicles’ kinematics with the reference trajectory. Moreover, this thesis
considers the vehicles’ dynamics considering the impracticality of control design through
velocities in real-life operations. The control velocities designed in kinematics are considered
intermediate variables and states of vehicles’ dynamics while the control torques in vehicles’
dynamics are the real control inputs. With the aid of backstepping methods, distributed formation
tracking control laws are considered for vehicle dynamics with the aid of kinematics-based
controllers. Both cases of dynamics with and without parametrical uncertainties are considered
since at some circumstances the physical quantities of vehicles may not be known, sliding mode
control is utilized to estimate the uncertainties. This thesis also addresses the switching
communication topologies considering in real-life operations the graph is unfixed due to
disconnection and creation of communication links and vehicle disabilities. To confirm the
effectiveness of proposed control algorithms, simulations are done for four identical unicycles with

the aid of SIMULINK of MATLAB.



CHAPTER II

PRELIMINARY RESULTS

In this chapter, main analytical tools for distributed control of multivehicle system
consensus are discussed. Graph theory is utilized for characterizing communication topology of
multivehicle system, Laplacian matrix is introduced to analyze the communication graph
mathematically. In order to define consensus for multivehicle system, stability is introduced to

characterize consensus of the overall systems.

2.1 Introduction of Communication Graph

A graph is usually defined as a group of vertices and the edges connecting these vertices.
The set of vertices are defined as Vn= {v1, V2, ..., Va}, Where n is the number of vertices. En is the
set of edges and satisfies En<S Va % Vhas not all the vertices are connecting with each other. Graph
Gnis a pair of sets (Vn, En). A graph can be either undirected or directed based on characteristic of
communication links, namely elements in Ex. If the links are bidirectional then the communication
graph is called undirected graph otherwise directed graph. For directed graph, E, is called arrow
sets where communication links ejj = (vi, vj) are directional, vj is called the tail of arrow and vj is
called head of arrow, vj can receive information from vi. Take the directed communication

topology in Figure 2.1 as an example.



Figure 2.1 is the communication topology.

Figure 2.1 Communication topology

Gs={Vs,Es} where Vs={v1, v2,v3 v4,v5s }, Es={{e1> }.{e32 }.{e3s }.{ess }}.

2.2 Fundamental Properties of Graph

From Section 2.1, it is learned the communication between multivehicle systems can be
described by directed or undirected graph. Characteristics of graph determine whether consensus
states can be achieved. In this section, fundamental conception of graph is introduced including
connectivity and tree structure. In latter control design these properties will be utilized to achieve

consensus states.

Definition 2.1 A path is a sequence of edges connecting series of vertices.

Definition 2.2 Subpath G; of G: is defined as a graph which satisfies V(G,) € V(G,) and

E(Gy) € E(G2).



Definition 2.3 A graph is connected if for each pair of vertices (vi, v;), there exists a path from v;

to vj, for directed graph, connectivity means both paths from v; to vj and v; to vi exist.

Definition 2.4 A tree is an undirected connected graph, for directed graph, the oriented or

directed tree is a tree if directions of edges are ignored.

Definition 2.5 A spanning tree is a subgraph containing all the vertices of the connected graph.

Definition 2.6 For the vertex v; in the vertex set of a digraph Gq = (Vh, En), the number of its tail
end-points is called the outdegree of v; denoted by deg™ (v;). the number of its head -points is

called the indegree of videnoted by deg™ (v;).

Definition 2.7 For the vertex v; in the vertex set of Graph Gn = (Vn, En), the neighbor of vi is a
vertex which forms an edge in the edge set with vj, for a digraph. The out-neighbor of v; is the
vertex which send information to vi. On the contrary, the in-neighbor of vi is the vertex which

receive information from vi.

2.3 Laplacian Matrix

From Section 2.1, it is learned interacting multivehicle systems with specific
communication topology can be characterized by a graph with each vehicle the vertex of the graph
and intercommunication the link of edge sets. Mathematical formula is utilized for consequent
control algorithm design with the aid of Laplacian Matrix. For communication graph of n vehicles
Gn = (Vn, En), adjacency matrix A = [aij]nxn IS defined as aij= 1, if vj can receive information from
vi, otherwise ajj = 0. Since the vehicle can acquire its own information without communicating

with other vehicles, aii is supposed to be zero. In reality, due to the unevenness of communication

10



intensity between different links, additional weight factor is added to describe the communication
links Aw = [wijaij]nxn. It is proved the weights only influence the convergence time for overall

systems while having no effects on the consensus performance.

Consider D = diag(¥j=1 1, Xj=1azj - nj=10n;) , then Laplacian matrix L is

calculated by L = D—A. For the directed graph in Figure 2.1, its associated Laplacian matrix is

0 0 0 0 0] (000 0 0

02000 |1 010 o
L=lo o0 o o ol-lo o o o ol

00010J[00100J

o0 oo 0o 11 o oo 1o

0 0 0 0 0

1 2 -1 0 o0
=lo o 0o o0 ol

0 0 -1 1 ol

0 0 -1 0 1

Let X be an x n matrix with entries x;;, let R; = }.;; |x;;| be the sum of absolute values
of non-diagonal entries in the i row, Greshgrin disc D(x;;, R;) is defined as the closed disc

centered at x;; with the radius of R;.
Theorem 2.1 Every eigenvalue of X lies in at least one of the Greshogrin discs D (x;;, R;).

Theorem 2.2 Let Gn = (Va, En) be the graph associated with n vertices with Laplacian matrix L,

then all the eigenvalues of -L are located in the left half of the complex plane.

Proof By Theorem 2.1, it can be proved all the eigenvalues of L are located within the

union of the following discs

11



U =112~ Ll < ) 1Lyl

JE

Notice for the Laplacian matrix, it follows that [;; = ¥ ;; |1;;| = deg™ (v;), then the union of discs

can be expressed as
UD; ={|4 —deg*(v)| < deg™ (v))}
Moreover, all the eigenvalues of L are contained in the largest disc of the union
14; — degmax (Vi)| < degmax (Vi)

Clearly, all the eigenvalues of -L are contained in the mirror image of the largest disc

Mi + deg;lax(vi)l < degr-lr-lax(vi)

Im
r=deg+max
/ -~

/ \\ I
[ \
| |
\\ - _ // Re
Spec(-L) Spec(L)

Figure 2.2 Greshgrin disc of the Laplacian matrix

12



Since the row sum of —L is zero and it is known there exists at least one eigenvalue A, which is

equal to zero with the rest eigenvalues 4, < 4,,_; <+ <1, < 0.

Theorem 2.3 Let Gn = (Vn, En) be the graph associated with n vertices with Laplacian matrix L,

eigenvalues of -L satisfy 1,, < 4,1 < - < 4, <44 = 0if Gp is connected.

Proof Since Gy is connected then rank of -L Rank(—L) = n — 1 and —L has a simple zero

eigenvalue, by Theorem 2.2, 4, < 4,1 < <1, <A1, =0.

Theorem 2.4 Let Gn=(Vh, En) be the graph associated with n vertices with Laplacian matrix L,

eigenvalues of -L satisfy 1,, < 4,1 < - < 4, < 4; = 0if Gp has a spanning tree.
2.4 Fundamental Properties of Nonlinear Dynamic System

Consider the nonlinear dynamic system defined by the following n-dimensional first-order

vector differential equation

x = f(txu) (2.1)

where x = [xq, X5, ..., x,]T, u = [ug, Uy, ..., u,]" and

f(tr X, u) = [f(t, xll u1);f(t; xZIuZ)' f(t' xnrun)]

The equation above is called the state equation and x is the state while u is the input. Since the

function f depends explicitly on t, the nonlinear system is called non-autonomous or time-varying.

A point x = X in the state space is said to be an equilibrium point of (2.1) if it has the
property that any state starting from X will remain at X in certain time. For non-autonomous system

(2.1) the equilibrium points are roots of
13



ft,x)=0 (2.2)

If all the solutions of (2.2) starting out from X will ultimately stay near X in certain time, X
is said to be Lyapunov stable. If all solutions starting out from X will converge to X then X is said
to be asymptotically stable. If in addition to being asymptotically stable, the convergence velocity

IS at a exponential decay rate then X is said to be exponentially stable.

% is said to be globally asymptotically stable (GUS) or globally exponentially stable (GES)
if the solutions can start out from any point in the state space in addition to the requirement for

asymptotical stableness and exponential stableness.

Consider a function a: [0,a) — [0, ), if a is strictly increasing and a(0) = 0, then a is
said to be a class k function. More strongly, if a(a) = o as a — o then « is said to be a class k.,

function.

Consider a function B:[0,a) X [0, ) — [0, ), if for each fixed s, B(r, s) belongs to
class k with respect to r, for each fixed r, g (r, s) is decreasing with respect to s and g(r,s) = 0

as s — oo, then B(r, s) is said to be a class t function.
Assume there exists a class kt function 8 such that for any initial state x(t,)
|Ix(®1] < B(|Ix ()|, t — to)
for vt > t, then the origin of (2.1) is globally uniformly asymptotically stable.

The origin is said to be globally exponentially stable if there exist positive constants k and

A such that

14



|1x(O)I| < k|lx(to)|]e o)

for any initial state x(t,), Vt > ¢,

15



CHAPTER IlI
CONSENSUS ON MULTIPLE LINEAR SYSTEMS

From the kinematic vehicle system in Chapter 4, it is learned that vehicle kinematic system
is characterized by a first-order system. In this chapter, distributed control laws for first-order
system consensus is discussed. Consensus states are represented by reference signals. Consensus
signals are divided into time-invariant and time-varying reference signals. In this paper, the latter
scenario of time-varying trajectory convergence is studied. Firstly control laws in [37][38] for
time-invariant reference states and in [22] for time-varying reference states are introduced, then a
novel method that will be utilized in Chapter 4 for distributed multivehicle system formation
tracking control is proposed. Compared with control algorithms in [22], the proposed first-order
system consensus law removes utilization of derivatives of states information such as coordinates
and angles, which cannot be easily acquired by sensors. Then consensus algorithms for multiple

double-integrator systems are designed based on the novel first-order algorithm.
3.1 Consensus of Multiple First-order Systems
A first-order system is defined by
§ =, (3.0)
where §; is the state of the the first- order system i, u; is the control input.
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In [39], a first-order consensus protocol is proposed as
u; = —Z?=1 a;j(6; — 6;) (3.2)

where aii = 0 and aj;> 0 if information flows from vehicle v;j to vehicle vi and O otherwise, by

applying u;j in (3.2), system (3.1) can be written as
8 =—L§ (3.3)
where ¢ = [51, 52, ...5n]T , L= [Iu] where lii = Zj;ti al-j and ll] = —aUVI :j.

Theorem 3.1 (3.2) guarantees 6=[ 1, d> .. dn]" converge to the same value known as group

vees

decision value 5°(t) = YX1-; a;6;(0) where a=[ a1, az, ... an] is @ nonnegative left vector of L

ceey

associated with eigenvalue O with the property that a; >0, i=12,...,n. and the sum of

a; 2, a; = 1if graph G is connected.

From Theorem 3.1 it can be learned all the agents will converge to the consensus state, the
consensus value is actually decided by the weight of each agent. It is proved that if the
communication link is bidirectional and the undirected graph is connected, all the agents share the
same weight and the consensus value is the average of the agents’ initial states. If the graph is a
digraph, each agent’s weight in the final consensus value is different, the weight depends on the
information accessibility to other agents, which means if the agent can have its information sent

to more follower agents, the higher weight it will have in the consensus state.

In the vehicle tracking problem, a predefined signal is regarded as a reference trajectory,
this signal can also be modeled as a vehicle system known as the virtual leader, the virtual leader

don’t receive information from any other agent and it has the highest weight in the decision value,
17



assume the reference signal is denoted by Vn+1, then a,.q =1 and a; = 0 for 1 <i <n, the

control law in (3.2) is rewritten as
U = — Xi=1;5(6; — 8) — Ajn41(8; — Sps1) (3.4)
where a; 11 > 0. if vi can receive information from vi+1, otherwise a; 41 = 0.

Theorem 3.2 For a directed graph G, if 8,4, = 0 and G has a spanning tree with vn+1 as its root,
(3.4) guarantee d=[ d1, J2, .. Jn]" converge to the same value known as group decision value 5*(t)

= 5n+1.

Theorem 3.2 holds only if the reference state is constant signal. However, the tracking

problem usually involves time-varying reference signal. If the algorithms in (3.4) are applied to

time-varying signal case, 8™ will be introduced onto the right hand of (3.4)

U = Bpy1 — 21 41 (8; — 6) = Ains1 (8; — Bpe) (3.5)

It is known that only a portion of agents can receive information from vn+1, which means (3.5)
holds only if all the agents can receive information from vy+1. Then the modified control laws for

time-varying reference signal are proposed in [22].

Theorem 3.3 Let G ={V, E} be the communication topology associated with n+1 agents (the
n+1°th agent is the time-varying reference signal), algorithm (3.6) solve the consensus problem
with a time-varying reference signal if and only if there exists a spanning tree with the virtual agent

as its root [22].
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ai,n+1

[6nt1 = Vi(Si = Snsa)]

1

a;;[6; — vi(6; — 8] +

n
u; =

1
n
Zj=1 Ajj T Ajpny1 4

n
= j=1Qij T Gins1

J

(3.6)
3.2 First-order Systems Consensus with Time-varying Reference Signals

In this section, a different control law for first-order system consensus with time-varying
reference signals is studied. The proposed control laws will be used in designing the distributed

control algorithms for the vehicle kinematic and dynamic systems in Chapter 4 and Chapter 5. In
this proposed first-order control algorithm, derivative term SJ- and 8,1 are removed since in
practical applications sensors may only sense physical states of coordinates and angles but not

translational and rotational velocities.

The desired trajectory is assumed to be time-varying signal, the main problem for trajectory
tracking is to find a term to replace ,,.1 = u,, which cannot be acquired directly for each slave
system, consider system (3.4), define the tracking errors &; = &; — 6,1, then (3.4) is transformed

into
8 = X7-1ay(8; = 8) = Aineri = S1nua &7

Replace 8 4 in (3.7) with psign(X7-; a;;(8; — 6;) — a;n416y), it follows that

n

n
U = — Z a;j(6; — 6;) — Ajns1(8; — Spy1) — psign(z aij(6; — 6;) + @i ns1(8; — 6p41))

(3.8)
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Theorem 3.4 Let G ={V, E} be the communication topology associated with n+1 agents (agent
vn+1 IS the time-varying reference signal), algorithm (3.8) guarantee that &; — 6,4 globally
exponentially stable if there exists a spanning tree in the communication graph with vn+1 as the

root of the spanning tree.

Proof Substitute u; in (3.8) into (3.1), define the tracking error §; = §; — &8,,,1 it follows

that

n

n
& = Z a;j(6i = &) — ains18; — psign Z a;j(8; = 8;) = @in+16; | = nia
=1 =1

With the aid of Laplacian matrix in Chapter 2 the equation above can be written in

§ = —(L+B)8 — psign (L + B)S) = 8,411 (3.9)

where § = [8; ..., 8, ], L isthe Laplacian matrix associated with G, B = diag(ay n+1, ) Gnns1)-
It can be proved of L + B is positive symmetric matrix with eigenvalues in the right half of the

complex plane.

Choose the Lyapunov function V = %Sz, differentiate IV along (3.9), it follows that

V = —8T(L + B)§-8" psign ((L + B)E) —87 8,41
= —6T(L + B)6—6Tpsign ((L + B)S)

~(@+ B)S)T (L + B)"16,,,1

Let € be the minimum eigenvalue of (L + B)~1, then
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V<-8T(L+B)S—ep((L+ B)S)T sign ((L + B)S)

AT .
—(W+B)S) (L+B) 61
If p satisfies

- 1L+ B)7|16n41l
p= €

then V. < =67 (L + B)4, let o, be the smallest eigenvalue of L + B, it follows that

Omin 1.
X =62
05 2

V< —=8T(L+B)§ < —opind? =

V < 20minV
Then & exponentially globally converge to zero, which means tlim 6; —6per = 0.

Compared with the first-order system control methods in [22], the distributed control law
in (3.8) has low redundancy, more states transference means wider bandwidth of communication
channels and higher requirements on communication facilities, in addition, (3.8) removes the usage

of inaccessible quantity of states and has broader potential applications in real-life operations.

Example 3.1 Consider a directed spanning tree topology in Figure 3.1. Assume the virtual leader
is the time-varying reference signal which in this case is the sinusoid signal sin(t). Suppose only
agent vi could get access with the leader directly. Simulation results in Figure 3.2 and 3.3 show

that all the follower agents converge to the reference signal as t — oo,
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Figure 3.1 is the information exchange graph.

Figure 3.1 Information exchange graph

2.5 T T T T

1.58F

05 —"x\

a5t |

15k

2 1 1 1 1
0 200 400 600 800

Figure 3.2 §; — 8, for 1 < j < 5 (1)
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Figure 3.3 is the trajectory of §; for 1 < j < 5.
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0 200 400 600 800 1000 1200 1400

Figure 3.3 Trajectory of §; for 1 < j < 5 (l)

3.3 Second-order Systems Consensus with Time-varying Reference Signals
Consider multiple double-integrator systems
d; = §; (3.10)
5 =y (3.11)

for 1 < j < n, where §; and o; are the states of system j, u; is the control input.
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Assume the reference trajectory is also characterized by the second order system with the

same structure of (3.10) and (3.11)

8o = Uy (3.13)

In order to track the reference signal in (3.12)-(3.13), the multiple second-order error systems

between each individual agent and the reference trajectory are utilized.
Define 6; = g; — ay, S]- = §; — &, the multiple second-order error systems are defined by

6 = 6; — & (3.14)

Notice §, and u, are supposed not to be available to all the follower double-integrator
systems. Estimation of these two reference states are implemented based on the communication
topology of networked multi-agent systems. The novel first-order consensus algorithm proposed

in previous section is utilized to help design the double integrator systems.
Define x; = k,0; + §;, then (3.10) is transformed into
6; = —ky0; + x; (3.16)
Similarly, (3.12) is transformed into
6o = —k10y + Xo (3.17)

Differentiate y; = kq,0; + §;, it follows that
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xj = ki6j + 6
=k, 8 + (3.18)
Lemma 3.1 If x; — x, is bounded and converges to zero, then g; exponentially converges to ay.
Proof Subtract (3.16) by (3.17) it follows that
d; — 69 = —k1(0j — 0p) + (Xj — Xo) (3.19)

Since 6; — 6o = —kq(g; — 0y) is exponentially stable and x; — x, is asymptotically stable, then

g; — 0, is bounded and converges to zero exponentially.
Lemma 3.2 If x; — x, is bounded and converges to zero, then &§; converges to &j.
Proof
Xj— Xo = ki0; + 8; — ky09 — &
= ky(0; — 0p) + (6 — &)

By Lemma 3., g; — 0, is bounded and exponentially converges to zero, then it can be proved §; —

&, exponentially converges to zero.

Notice that the convergence of x; to x, ensures
Jim (o = 0o) = 0

lim (6; — 8,) = 0

t—o0
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Reference signal tracking of multiple double-integrator systems is transformed into designing

distributed control laws for x; such that
Jim (%) = x0) = 0

Theorem 3.5 Let G ={V, E} be the communication topology associated with n+1 agents (agent
Vn+1 is the time-varying reference signal), algorithm (3.20) guarantee that o; — g, and &§; — &, are
globally exponentially stable if there exists a spanning tree in the communication graph with vn+1

as the root of the spanning tree.

n n

uj = —z ;i Ot = X1 = @1 (X5 — Xo) = psign(z aij(xj = xi) + @1 (05 — x0) — k1§
i=1 =1

(3.20)

where y, = ky0o + 8. ajne1 = 1 if vj can receive information from the virtual leader directly,

otherwise a; ;41 = 0.

Proof Substitute u; in (3.20) into (3.18), define the tracking error J; = xj — X141 it

follows that

n n
¥ = z a;i(¥; — Xi) — ajnsr¥j — psign <z ai(%j— i) — aj,n+1)(j) — Xo
i=1 =

i=1

With the aid of Laplacian matrix in Chapter 2 the equation above can be written in

¥=—(+B)g—psign((L+ B)F) — X1 (3.21)
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where y = [x1, .., x»], L isthe Laplacian matrix associated with G, B = diag(a; ns1, > Gnni1)-
It can be proved of L + B is positive symmetric matrix with eigenvalues in the right half of the

complex plane.

1

Choose the Lyapunov function V, = 5)22, differentiate 1, along (3.21), it follows that

Ve = =% (L + B F—"psign((L + B)¥)—7" %01
= —7"(L + B) 77" psign((L + B)Y)

—((L+B)F) (L +B) o1
Let € be the minimum eigenvalue of (L + B)~1, then
Ve < —#7(L + B)7 — ep((L + B)7) sign((L + B)¥)
—((L+B)F) (L +B) o1

If p satisfies

- [ICL + B)7|1 %0l
p= €

then V < —%T (L + B)7, let o,;,, be the smallest eigenvalue of L + B, it follows that

Omin 1

Vx < _X~T(L +B))ZS _O-min)?z = 0.5 X 2

= 2Jrnian
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Then it can be proved y; — x, exponentially converge to zero. By Lemma 3.1 o; exponentially

converges to a,. By Lemma 3.2 §; exponentially converges to §.

Example 3.2 Consider the communication topology for five double-integrator systems in Figure
3.4. Assume the virtual leader is the time-varying reference signal which in this case is the sinusoid
signal (ay, 8y) = (cos(t), —sin(t)). Suppose only agent vi could get access to the leader directly.

Simulation results in figure 3.5 and 3.6 show that tlim (6; — 6op) = 0. Figure 3.7 and Figure 3.8

show that gim (oj —0p) = 0.

Figure 3.4 represents the communication graph.

Figure 3.4 Communication topology for multiple double-integrator systems
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Figure 3.5 is the convergence result of g; for 1 < j < 5
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Figure 3.50; —opfor1 <j <5
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Figure 3.6 is the trajectory of g; for 1 < j < 5
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Figure 3.6 Trajectory of g; for 1 < j <5
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Figure 3.7 is the convergence result of §; for 1 < j <5

1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000

Figure 3.7 §; — 6, for 1 < j < 5 (ll)
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Figure 3.8 is the trajectory of §; for 1 < j <5
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Figure 3.8 Trajectory of §; for 1 < j < 5 (ll)

3.4 Summary

In this chapter, distributed control for consensus problem on first-order multi-agent
systems is addressed with the aid of graph theory and Lyapunov theory. Control methods are
introduced for exponential stability of multi-error systems in [22][38][39]. A novel consensus

algorithm for time-varying reference signals tracking is proposed and has potential practical
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applications in real-life operations. This method will be utilized to design distributed formation

tracking laws of multiple car-like robotic systems in Chapter IV and V
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CHAPTER IV

COOPERATIVE FORMATION TRACKING CONTROL OF MULTIPLE

KINEMATIC VEHICLES

In this chapter, firstly the kinematic model of the vehicle is derived and fundamental
properties of the corresponding system are analyzed, then distributed formation tracking control
of multiple kinematic systems is studied with the aid of graph theory and theories from cascaded

systems and chained-form systems.

There are many types of mobile vehicles of which car-like vehicle is widely used. The
simplest mobile robot structure is a single chassis installed with two wheels, which can be
simplified as a unicycle under the consumption both wheels have identical configuration and
motion behaviors. Then the two wheels can be treated as collapsing into the middle point of the
chassis. Four-wheel car-like robot is more similar as the real vehicle. Some are four-wheel drive
with all four wheels receiving torque from the engine, the others are either front-wheel drive or
rear-wheel drive which means either the front wheels or the rear wheels are driven by the engine.
The wheels are considered to be employed with nonholonomic constraints under the assumption
that there is no slippage at the wheel. The nonholonomic constraint is not integrable and can be
characterized by the relation between the velocities (both translational and angular) and the

steering angle of the vehicle.
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xsin(@) —ycos(8) =0

where (X, y) is coordinate of the middle point of the axis and @ is the steering angle with respect to

x-axis, x and y are the velocities with respect to x-axis and y-axis.

4.1 Kinematic Modeling of Vehicle

Consider the vehicle as a unicycle rolling on a plane, as is shown in Figure 4.1. The
configuration of a unicycle could be described with a vector of three generalized coordinates,
namely the orthogonal coordinates (X, y) of the point contacting with the plane in a fixed frame
and @ measuring the orientation of the wheel from the contacting point with respect to x-axis,
which is shown in Figure 4.2. The vector of generalized coordinates is defined by g = [x, y, 6], the
generalized velocitiesq = [%, ¥, 6] is under nonholonomic constraints in the presence of rolling

without slipping conditions, which can be characterized by a form of Pfaffian constraint of a set

of linearly independent constraints linear in velocity.

Figure 4.1 A unicycle
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Figure 4.2 is the simplified model of unicycle.

Figure 4.2 Simplified model of unicycle

x
[sin(8) —cos(6) 0] [y] =0

0

The generalized velocities can be written as

cos(60) 0
q= [sin(@) v+ |0|w
0 1

where w and v are the unicycle’s rotational and translational velocities.

Consider a car-like vehicle model having the same kinematic of a real car. A general front-
wheel steer, rear-wheel drive vehicle is commonly utilized in practical application, which means
the external torque is implemented onto the real wheels. The front wheels are driven wheels and

can be steered while the rear wheel orientation is fixed. The generalized coordination of four-wheel

36
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car-like vehicle can be defined by vector ¢ = /x, y, 8,¢], where X, y are the cartesian coordinates
of the rear wheel, @ is the orientation of the car body with respect to x-axis, ¢ is the steering angle,

as is shown in Figure 4.3.

Figure 4.3 Simplified model of four-wheeled car

Similar as the unicycle, the four-wheel vehicle model is also subject to nonholonomic

constraints on both its real and front wheels with the form for each wheel,

Xrsin(@ + @) —yrcos(0+¢) =0

X, sin(@) — y,.cos(8) = 0

where xs and yr denote the cartesian coordinates of the middle point of the axis connecting the two

front wheels, xrand yr denote the cartesian coordinates of the middle point of the axis connecting
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the two rear wheels. Assume the distance between the middle point of front axis and rear axis is |

and the vehicle has a rigid body, it follows that
Xy = X + lcos(0)

Yr = ¥r + Isin(8)
Then the Pfaffian constraint matrix A can be denoted by

_[sin(@ +¢) —cos(0+¢@) —lcosp O
| sin(9) —cos(0) 0 0

The kinematic model can be written in

cos(0) 0

_ | sin(8) 0

- tan(go)/l‘ IO (4.2)
1

Notice in. (4.2), the steering angle cannot achieve J_r%n which implies the front wheel cannot be

perpendicular to the longitudinal axis of the car body.

Throughout this paper, the unicycle model in Figure 4.2 is used, when the two axises in the
four-wheel car model in Figure 4.3 is considered overlapped and regarded as a single axis. Then

four-wheel car-like models can be simplified into unicycles.

In Section 4.2, state controllability of kinematic system (4.1) at a point and a path is
addressed with the aid of controllability theory of nonlinear system. Controllability of the vehicle’s
kinematics determines whether feedback control could be utilized for stability of the nonlinear

kinematic system. Trajectory tracking systems (4.4) is proved to be controllable and can be
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stabilized by states feedback control thus the solo vehicle can track and converge to the reference

states.
4.2 Controllability Analysis
Kinematic model in (4.1) is denoted by
q = gi1v + g2w (4.3)
where

cos(6)
91 = [sin(@)];m =

0

0
0
1

(4.3) is a nonlinear and driftless system, notice the number of inputs is less than that of the

generalized coordinates, then (4.3) is an underactuated system.

Controllability at a point: Consider ge as an equilibrium point with zero input, in order to check

whether system (4.3) is linearized at Qe,

d = g1(qe)v + g2(q)w = G(q.)V

where § = q — q., the linearized system has rank of two, which implies it is locally controllable.
In order to test the controllability of nonlinear system (4.3), Lie Algebra rank condition is

introduced. Define the Lie bracket as

The controllability problem boils down to checking whether
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rank[gl,gz; (91, 921, [91» (91, 92]]' ] =3

[91,92] = [sin(8), — cos(), 0], it can be verified

rank |sin(8) 0 —cos(8) 0 1 0 =3

cos(8) 0 sin(@)] [sin(@)cos(e) 0 —cos?(6)
0 1 0 0 0 1

then (4.3) is globally controllable. However, the system cannot be stabilized by a smooth feedback
control law, which implies the stability of (4.3) requires either giving up the continuity condition

or using time-varying control laws.

Controllability about a trajectory: The desired reference trajectory is denoted by g, (t) =

[x4(), ya(®), 04(0)], define G(t) = q(t) — qa(t), V(&) =V (t) — Vu(2),
G(®) = f(q(©),V(©®), qa(t), Va(®))

=G(q®)V () — G(qa(O)Va(t)

af(Qd(t);Vd af(Qd(t).Vd(t))

©) (4(® — qa(®) + (V©=Va®)

g =

aq(t) av(t)
(4.4)
Then it follows that the linearization of (4.3) is
' 0 0 —sin(@d(t))vd(t) cos(@d(t)) 0 3
d=10 0 cos(84(0))va(t) |47 |sin(6,()) 0|V (4.5)
0 0 0 0 1

Notice when the trajectory is designed to be time-invariant signal with v;(t) = v4, and 6,(t) =

040, the controllability condition matrix is
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cos(Bz0) 0 0 —sin(@z0)vge 0 O
[B AB AB?]=|sin(6z) 0 0 cos(By0)vge O 0|=3
0 1 0 0 0 0

which implies the linearized system (4.4) is locally controllable with a linear reference trajectory.
By linear feedback, eigenvalues of (4.5) can be placed in the left half of complex plane, then the
equilibrium point g(t) = q(t) — q4(t) is locally asymptotically stable. When the reference
trajectory is nonlinear with inconstant velocities, Gramian’s singularity determines the
controllability and state-transition matrix should satisfy specific conditions to make the system
locally stable. Due to the nonlinearity of kinematic system, if the nonlinear system can be
transformed into linear form with state transformation, linear feedback control laws can be

designed to guarantee stability of transformed system thus stability of original nonlinear system.

Since solo kinematic system is proved controllable about a trajectory and state feedback
control laws can be designed for consensus, it is accessible to achieve multivehicle systems Since
solo kinematic system is proved controllable about a trajectory and state feedback control laws can
be designed for consensus with the desired trajectory. It is accessible to achieve multivehicle
systems consensus by states feedback control using not only the vehicle’s own states information

but also its neighbor vehicles’ states information.
4.3 Formation Tracking with Chained-form Systems

The canonical form of kinematic model makes it easier to analyze the vehicle system in
the chained form system. Chained system is a qausi-linear system, the first two equation of chained
system is the standard linear system and can be stabilized by linear feedback control laws if not

considering the states of following equations. And in [52][53], different control laws have been
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proposed for stabilization of all states of chained form system. Chained-form nonlinear system is
firstly introduced and then combined with multivehicle systems for designing distributed

formation tracking methods.

Consider the unicycle model in (4.1), with the following states transform

g1 =06
q, = xcos(6) + ysin(0)
q; = xsin(6) — ycos(8)

V= CI3u1 +u2

w = u1
(4.1) can be written as
1 = U
qz = Uy
g3 = q2Uy (4.6)

Actually, the transform equations could always be found to change the two-inputs n-states driftless

systems to the chained-from system

q1 = U
q; = Uy

qn = qn-1Uq

The virtual agent vehicle, namely the desired trajectory, is also transformed into the chain-like

systems
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qi0 = Uy
q20 = Ujo

430 = q2rU10 4.7)

Problem statement The generalized coordinates of vehicle vj is denoted by [Xyj, yij, 61j] The control
problem is to design control laws and make the follower vehicle track the virtual leader [Xo, Yo, 80]
in a fixed pattern [pjx, pjy]- The control problem is defined as designing control laws for v; and w;

such using its own state information and the knowledge from its neighbors such that

Pix — Pjx

f% ;C’i : ;C’j] - [piy - pjy] (4.8)
lim(8; — 6o) = 0 (4.9)
fim |25 = x| =0 (4.10)
fim [ 5= x| = 0 (.11

for 1<i< j <m, in order to introduce the desired pattern into the transformed states, the state

transformation is redefined by

q1j = 6

q2j = (xj — pjx)cosﬁj + (y]- — pjx)sinej
qsj = (xj - pjx)siné?j — (¥j — pjx)COSH;
Vj = q3jUqj + Uy

Wi =
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Then the chained-form system for vehicle vj is

G1j = Uy (4.12)

Q3j = (z;Uqj (4.14)
Lemma 4.1 if

gi”g(%j —q10) =0 (4.15)

Efg(%j —q20) =0 (4.16)

gim.o(%j —q30) =0 (4.17)

For 1<j <m, then (4.8)-(4.11) hold.

Proof It is straightforward to prove that (4.9) holds by (4.15), by the transformation

equations

p]x] [cosej sinb; [qzj]
— Djx sinf; —sind;] 19s;

Therefore, by (4.16) and (4.17)

lim

Xj —Djx] _ .. cost;  sinb; ] qzj
tooo y] p]x] - t1—>r?o[ [

sinB; —sinf;] 193;

_ [60590 sinf, ] CIzo] _ [xo - pOx]
" Isin, —sinfy| 1930l LYo — Poy
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[Pox» Poy] = [0, 0] is considered the center of the desired pattern, namely the position of the virtual

leader, which means ffo’},[xf —Djx — X0, Yj — Pjy — Yol = [0,0].

By Lemma 4.1, the control problem can be defined as designing u,; and u,;with aids of

its own state information and its neighbors’ information such that
lim(q.; = q.o) = 0 (4.18)

where q.; = [q1, 92,9351 and q.o = [q10, 920, 930]-

Before designing the control laws for u,; and u,, several theorems which will be utilized

in designing distributed control methods are proposed, consider the following system
%1 = f1(6,x1) + g(t, %1, x3)x;
Xy = f2(t,x2) (4.19)

where x;eR", x,eR", f;(t,x,) is continuously differentiable in (t,x1) and g(t, x4, x3), f2(t, x1)
are continuous and locally Lipschitz in x: and (x1,X2), it could be seen that the state equation of x1

depends on state x> thus (4.19) is a cascaded system.

Theorem 4.1 The cascaded system (4.19) is globally uniformly exponentially stable if the

following three assumptions hold [54].

Assumption 1 x; = f,(t,x;) is globally uniformly exponentially stable and there exists a

continuously differentiable function V (¢, x;):R, X R" — R that satisfies

kallxa||* S V(E x1) < kol 2 ]|®
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av  av

—_— —_ < — a
at+ax1f1(tlx1)— k3||x1||

where k;,k, and k5 and a are positive constants.

Assumption 2 The interconnection function g(t, x4, x,) satisfies for all t > ¢,
||g(t, xl»xz)” < 91(||x2||) + 92(||x2||)x1

where 6, and 6, are continuous functions.

Assumption 3 x, = f,(t, x;) is globally uniformly exponentially stable and for all

to = 0, it follows that

f |1x2(to, t, X2 (L)) | < Ke([lx2(€0)[])

0

where k is a class k function.
Theorem 4.1 has been proved in [54] and [55], the proof is limited here.

Lemma 4.2 The linear equation is uniformly exponentially stable if there exists a symmetric,

continuously differentiable matrix function Q(t) and such that
il <Q(t) <cyl
QAWM + F QM) + Q) < vI
where c;, ¢, and v are finite positive constants.

Theorem 4.2 for the system
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x = (f1(0) + f(D)x (4.20)

If x = f,(t)x is globally exponentially stable and £, (t) converges to zero exponentially, then the
system (4.20) is globally exponentially stable under the assumption that both f; (t)and £, (t)are

bounded.

Proof Consider the linear time-varying system x = f;(t)x , since it is globally

exponentially stable, let Q(t) be a continuous, bounded positive symmetric matrix,

o)

Q) = f o7 (1, DT, O)dr
t

And Q(t) satisfies the following conditions
c1I < Q(t) < ¢yl

QAWM + AFDQM®) + Q) = —I

where c¢; and c, are finite positive constants, ¢(z, t) is the state transmission matrix of x = f; (t)x,

it follows that
QWL + L)) + () + )W) +Q(t) = 1+ Q) (1) + £ (©)Q®)
Since Q(t) and f,(t) are bounded, £, (t) is exponentially stable, then

QLM + £ Q1) <1

for t > t, it follows that

QWM + @) + () + 7 (0))Q®) + Q) =vI
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By Lemma 4.2 (4.20) is globally exponentially stable.

Consider the linear time-varying system

0 P | 1
|[<p(t) 0o .. .. O]| I[o]l
X = 0 .5 X +| lu (4.21)

where ¢(t) is a bounded continuously differentiable Lipschiz signal which satisfies | (t)| < M.
Theorem 4.3 System (4.21) is globally exponentially stable if the control inputs
u = —kip(t)m* 2y,
where k; are coefficients of the following polynomial
A4 kA e kg
such that this polynomial is Hurwitz.
4.4 Distributed State Feedback Tracking Control of Kinematic Cascaded Systems

In order to track the desired trajectory, the tracking error q. . = q.; — q., is defined as

Qije = U1j — Uqr
zje = Uzj — Upy

C.I3je = (Qzjelir T q2j (ulj — Uzy) (4.22)
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Since the stability of system (4.22) implies the L{im dsje = 4+j — qs0 = 0, then the control problem

is to design u,; and u,; with the knowledge of q,;, q.o and u,, such that (4.22) is globally

exponentially stable.

Consider u,; in the following form
Upj = Uy (t, q+j Gx0) Usr)

Uzj = Upj (t, q+j, Gx0s Usr)

which means the control laws utilize the state information and are thus state-feedback methods.
Notice in (4.22) u,; can be easily designed to stabilize q,;., which means x, = f,(t,x;) is

globally exponentially stable, x; = f;(t, x,) is
C:Izje] _ [ 0 O] [CIzJ:e]
d3je uyr  0]L4sje
Then the chained from cascaded system is
%1 = f1(t,x1) + g(t, xq, %)%,

X, = fo(t,x2) (4.23)

0 0 q2je
where 1 = [qaje @sjel” + % = duje filt¥) = [, o|[qre] 9t 3300 = agCur; -
wyy) and fo(t, x2) = ugj — Uy
Theorem 4.4 the control laws

Urj = Ugyr — k1CI1je
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Upj = Uy — kZCIZje - ksulr%je (4.24)

guarantee (4.23) are globally exponentially stable, provided that k; > 0, k, and k5 are such that

the polynomial
A2+ kyA + ks
is Hurwitz.

Proof The closed-loop dynamics of (4.22) can be expressed by f;(t,x;) = (A(t) —
0 0 -
BK(©)x,, where A©) = |, o] B =[LO" and K(©) = ey kst ] fo(t%) = —huz
1r

g(t,x1,x2) = —k4[0,q;]". Since the reference signal u,,. is persistently excited signal which is

bounded and continuously differentiable, by Theorem 4.3 it is proved x; = f;(t, x;) is globally

exponentially stable. For the Assumption 2 in Theorem 4.1, it follows that

||g(t, x1:x2)|| = ||_k1[0' QZT]T - kl[oﬂ QZE]T”

< k1C + k4|10, q2¢]" ||

Then Assumption 2 holds. For the third assumption, since the closed-loop dynamics of £, (¢, x;) is

X, = —k,x, which is globally exponentially stable, then Assumption 3 holds.

Notice in the control laws in (4.24), both u,; and u,; utilize the information of reference states
u,, directly. From the communication topology it is learned that not all the vehicles could receive
information directly from the virtual leader, which means other methods should be found to replace
u,, while the new term should still converge to u,,. Then the distributed control algorithms on
first-order system with time-varying reference signals in Theorem 3.2 is utilized for achieving
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estimation of the u,,.. Moreover, in order to express the communication between vehicles, the
constant positive figure k, in (4.24) is replaced with Laplacian Matrix from graph theory. Consider
the communication topology for m vehicles as graph G, the adjacency matrix A and the
corresponding Laplacian matrix L are defined as in Chapter 2. Regard the reference signals as a
virtual vehicle agent and suppose there exists a spanning tree in the communication graph and the
virtual agent is the root of the spanning tree, it can be proved Le (containing the virtual leader) is

positive symmetric thus has the same effects as k;.

Theorem 4.5 For m systems in (4.12), if there exists a spanning tree with the virtual leader vm+1

as the root of the spanning tree, then the distributed control laws
Uyj = N1 (4.25)
where

Mmj=— Ziezvj aji (qu - Chi) - aj,m+1(q1j - CI1,m+1) + 81 (4.26)

61 =— z @i (81 — 611) — Ajms1(81j — By mer) — psign[z aji (617 — 61;)

iENj iENj
— @ m+1(61j — S1me1)]

(4.27)

guarantee that g, ; globally exponentially converge to gy 41, for1 < j <m

Proof Define the tracking error 51]- = 61 — 81,m+1 it follows that
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m n

51]' = z aij(glj - Su‘) - ai,n+151j — psign Z aij(gu - 511') - aj,m+1g1j - 81,m+1

j=1 j=1

By theorem 2.4 it can be proved &;; — &; 41 globally exponentially converge to zero. Substitute

uy; in (4.25) into (4.12) it follows that

Gi1j = — z aji (‘hj - Clli) - aj,m+1(Q1j - CI1,m+1) + &y

l'ENj
Define §,; = q1; — q1,m+1 then the equation above can be written in
511' = - ZiENj aji (C71j - C71i) = AGm+1G1j + 015 — Qima1 (4.28)
With the aid of the Laplacian Matrix in graph theory, (4.28) can be written in
C;h* =—(L+ B)ql* + 51* (4-29)

(4.29) is a linear system (since L + B is a positive symmetric time-invariant matrix ) subjected to
globally exponentially stable disturbanced;.. By Theorem 4.2, §,. is globally exponentially stable

thus g, ; globally exponentially converge to qq 1.

Theorem 4.6 For m systems in (4.13)-(4.14), if there exists a spanning tree with the virtual leader

vm+1 as the root of the spanning tree, then the distributed control laws
Uzj = M2 (4.30)

where
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N2j = _kzqzj - k3u1jq3j + 52j (4.31)

6y = — Z @i (82j — 62:) = @m+1(62) — Szme1) — Bsign[z aji (82j — 62;)

iENj iENj
- aj,m+1(62j - 52,m+1)]

(4.32)

guarantee that g,; globally exponentially converge to g, and qs; globally exponentially

converge to gz 41, for1 <j<m
where
O2m+1 = Uzm+1 T K2Gome1 + K3Uime193me1
k,, k5 are chosen such roots of polynomial A2 + k,A + ks are in the left-half of complex plane.
Proof. Substitute u,; in (4.30) into (4.13) it follows that
42j = —k2qzj — ksuqjqsj + 83 (4.33)

Define

S1j = Z @i (42j = @2i) + Gjme1(42) = Qzms1)

lENJ'

Sy = Z aj; (qgj — q3;) + aj,m+1(Q3j ~ q3m+1)

lENj

Differentiate s, ;, s,; along (4.31) and (4.14) it follows that
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$1j = Z Qji ((_kquj — k3uy;q3; + 52]) — (—k2Gai — kauq;q3; + 521‘))

iEN]'
+ajm+1 ((_szbj - k3u1jQ3j + 52j) — (—k2q2m+1 — ks me193mer + 52,m+1))

Then one has

$1j = —k; Z aji (CIZj - CIzt) + aj,m+1(Q2j - Clz,m+1)

lENj

—k3uy mi1 Z aji (CI3j - CI3i) + aj,m+1(Q3j - Q3,m+1)
iENj
+ Z aji (521' - 52i) + aj,m+1(52j - 52,m+1)
iENj
—k; Z aji ((ulj — Upms1)q3j — (U — ul,m+1)Q3i) + (U1j — U m+1) A m+143)

lENj

By mathematical manipulation it follows that

S1j = —k381; — k3uymy1S2; + Z aji (52j - 62i) + aj,m+1(62j - 52,m+1)
iENj

—k; Z Qji ((ulj - u1,m+1)Q3j — (uqy; — u1,m+1)Q3i) + (ulj - u1,m+1)aj,m+1CI3j
iENj

(4.34)
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Similarly

Spj = Z aj (ulj‘hj - uliCIZi) + aj,m+1(u1jQZj - ul,m+1q2,m+1)
iENj

S'2j = u1,m+1(z a;; (q2j - QZi) + aj,m+1(q2j - qz,m+1))

lEN]'

+ z Qji ((ulj - u1,m+1)Q2j — (uqy; — ul,m+1)q2i) + (ulj - ul,m+1)aj,m+1q2j
iEN]'

By mathematical manipulation it follows that

S2j = Uym1S1; T Z Qji ((ulj — Upms1)q2j — (Ug; — ul,m+1)Q2i) + (U1j — Um+1) A m+192)

iEN]'

(4.35)

Let 52]- = 0;j — Ozm41, hyj = Ugj — Ugpme1, (4.34) and (4.35) can be written as

S1j = —kaS1j — Kallym+1S2j + Z aji (82 — 620) + Ajm+162;

iENj
— ks Z i (1q3; — 1jq3;) + T me1G3;
iENj

(4.36)
$2j = Urm1S1) + Bien; i (B1jq2j — T1j920) + T1j@me12; (4.37)
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(4.27), (4.28) and (4.32) are written in

n
51]' = Z aij(glj - Sli) - ai,m+16~1j - 81,m+1 — psign Z aij(<§1j - 511') - aj,m+16~1j
iENj j=1
(4.38)
4 = — Qien; @i (G1j — G1i) — Ajme1Grj + 64, (4.39)
n
52]' = z aij(SZj - Szt) - ai,m+152j - 82,m+1 — Bsign Z aij(SZj - Szt) - aj,m+152j
iENj j=1
(4.40)

Define
x1 = [[S11,521], [S12, 221, - [S1m» S2m]]

Xy = [[SZD qlll Sll]l [SZZi qu! SlZ]l e [mer qlml glm]]

Then it follows that

—k, _k3u1,m+1] [511']
S2j

f1j:[

U1, m+1 0

fi(t,x1) = [fi1s ) fim]
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f2j =

gj =

By Theorem 2.4 it can be proved Szj = 8, — 82,m+1 globally exponentially converge to

zero, which implies

- 2 a;j(827 — 62i) — Qim+1082j — B2me1 — Bsign Z a;j(827 — 621) — @jim+162;

lEN]'

- z aij(SZj - Szt) - ai,m+1<§2j

iENj
n
—PBsign z aij(52j - 52i) - aj,m+152j — 82m+1
j=1
- Z @i (§1j — Gai) — Amerdaj + 61
iENj
- Z aij(51j - 51i) - ai,m+151j
iENj
n
—psign Z a;j(81; = 611) = Ajm+161j | =O1me1
j=1

f2(t, x2) = [f21, f220 o0 fom]

Z aj; (62 = 621) + Aj 4162

lENj

—ks z aji (193 — T1jq3i) + U1 me193)
iENj

Z @i (Ty92j — W qai) + U1 m+192;
iENj

g(t,x1,%3)%2 = [g1,92s - » Gm)

n

j=1

globally exponentially converge to zero.
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By theorem 4.5 §;; =q1; — q1m+1 and 51]- = 81j — 61,m+1 9lobally exponentially

converge to zero, which implies

n
- Z ;j(61 — 611) — im+161; — S1me1 — PSign 2 a;j(61; — 811) — ajm4161;

iEN]' j=1

globally exponentially converge to zero, and

N Z aji (‘711' - ‘71i) — Am+1Gaj T 51]'

iENj
globally exponentially converge to zero. From the definition of f;;, then system x, = f,(t, x,) is
exponentially stable,the third assumption in Theorem 4.1 holds. Since f; ; have the same form as
(4.24), by theorem 4.3 x; = f; (¢, x;) is exponentially stable, then the first assumption in Theorem
4.1 holds. From the definition of g;, it can be proved the second assumption in Theorem 4.1 holds,
which means x; = [[S11, S21], [S12, S22], -» [S1m» S2m]] 1S globally exponentially stable. From the

definition of s, ; and s,; one has

Slj = Z aji (CIZ] — qu) + aj’m+1(q2j - q2,m+1)

lENj

= Z Qi (‘721' - ‘721) + 4 m+1G2j

iENJ'
= (L + B)qy;
Since (L + B) is positive symmetric matrix then q,; — qzm+1 = G2; = (L + B)™'sy; globally

exponentially converge to zero,

Spj = Z a; (43 = @2i) + Gjms1 (3 = Game1)

lENj
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= Z aj; (Gsj — G3i) + Ajm+18s)

lEN]'

= (L + B){s;

Similarly, g3; — qzm+1 = 435 = (L + B)‘lszj globally exponentially converge to zero.
Theorem 4.7 For m systems in (4.12)-(4.14), if there exists a spanning tree with the virtual leader
Vm+1 as the root of the spanning tree, then the distributed control law (4.25) and (4.30) guarantee
that (4.8)-(4.11) hold.

Proof By Theorem 4.5, control laws in (4.25) ensure g, ; globally exponentially converge

t0 q1,m+1. By Theorem 4.6, control laws in (4.30) ensure q,; globally exponentially converge to

d2m+1 and qs; globally exponentially converge to g3 ,,,41. By Lemma 4.1, (4.8)-(4.11) hold.

4.5 Simulation |

To show the effectiveness of proposed control algorithms in Section 4.4 for vehicles
kinematics, simulation is done for five identical unicycles. Robot models are as shown in Figure

4.1. The desired pattern and communication graph are shown in Figure 4.4 and Figure 4.5.

In Figure 4.4, it is assumed there are four identical car-like mobile robots. The desired
formation of the five robots is assumed to be a regular pentagon with each side exactly identical.
The sum of the internal angles is 540 degree, all sides have equal length and each interior angle is

108 degree. The diagnosis in this case is 0.5.

Figure 4.5 represents the communication graph of the five robots, vo is assumed to be the

virtual leader, from the communication topology it is learned that only v; can receive information
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directly from the desired trajectory, other follower robots communicate with the leader indirectly.
It can be also proved a spanning tree exist in the communication graph in Figure 4.5 with the

virtual leader as the root of the spanning tree.

Figure 4.4 is the desired formation.

0.5

Figure 4.4 Desired formation of five vehicles |

60



Figure 4.5 is the communication graph.

Figure 4.5 Information exchange topology |

For the five vehicles’ kinematic systems, Figure 4.6 represents the centroid of x; (1< j <5)
and the desired trajectory x,. Figure 4.7 represents the centroid of y; (1< j <5) and the desired
trajectory y,. Figure 4.8 represents (8, — 6;) (1< j <5). Figure 4.9 represents the formation

tracking of five follower robots.
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Figure 4.6 is the convergence results of x;.

Time (sec)

Figure 4.6 The centroid of x; (1< j <5) and the desired trajectory x,
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Figure 4.7 is the convergence result of y;.

Time (sec)

Figure 4.7 The centroid of y; (1< j <5) and the desired trajectory y,
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Figure 4.8 is the convergence result of 6;.

25F

15

0.5

Time (sec)

Figure 4.8 6; — 6, (1< j <5)
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Figure 4.9 is the formation tracking of multi-vehicle system.

x (m)
Figure 4.9 Formation tracking of five follower robots I

4.6 Novel Distributed Controllers of Vehicle Kinematics

In Section 4.4, distributed formation tracking control algorithms are proposed based on
transformed chained-form structures. The chained-form systems are rewritten in a cascaded form
in (4.19). Exponential stability theorem is utilized to stabilize the chained-from systems thus the

original vehicle kinematics converges to the reference trajectory exponentially.
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In this section, modified kinematic controllers are designed. Firstly, the following lemma

is proposed.

Lemma 4.3 For the system

6 = —p1(t)*8 + @2(t) (4.41)
where ¢ (t) is a PE signal, if ¢, (t) is bounded and converges to zero, then § converges to zero.

Notice in the chained-form systems (4.12)-(4.14). Since (4.12) and (4.13) are first-order
linear systems, it is easy to stabilize them by linear feedback control laws. However, (4.14) has a
nonlinear structure, stability of (4.12) and (4.13) cannot ensure the stability of (4.14). Further

variable transformations require to be implemented in order to stabilize gs;.
Consider the following variable transformations,
Zyj = Qsj — Uy (4.42)
where q.; = [q1,92j, q3;] are defined in (4.12)-(4.13).
Wij = [M1), o), M3j], Where g = ps; = 0, pp; = —kyuy 235, ky, is a positive constant.

By (4.39), the chained-form system in (4.12)-(4.13) is transformed into

sz = qu + ku(u1j23]’ + Z3]u1]) (444)
Z3j = _kuu%jZ3j + uljZZj (445)

Similarly, the chained-form reference trajectory is also transformed into
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Z19 = Uygg (4.46)
Zpo = Ugg + Ky (Ty0230 + Z30U10) (4.47)

Z30 = —kyufoZz3p + Us0Z20 (4.48)

Compared with the chained-form systems in (4.12)-(4.13), (4.43) has the same structure as
(4.12). Since the nonlinear term in (4.44) can be removed by state feedback, (4.44) can be
stabilized by the control methods of (4.13). (4.45) has the same structure as (4.41) in Lemma 4.3.

If (4.43) and (4.44) are stabilized to (4.46) and (4.47), when w,; is PE signal, (4.42) can be

stabilized to (4.45).

Before the distributed control algorithms for (4.43) to (4.45) are designed, the equivalence

between consensus of systems in (4.43)-(4.45) and control goals in (4.8)-(4.11) is proved.

Lemma 4.4 For the transformed systems in (4.43) - (4.45), if

girg(zlj —Z10) =0 (4.49)
girg(zzj —Z50) =0 (4.50)
gi@(zw —2z39) =0 (4.51)
tlifg(uu —Ujp) =0 (4.52)

then (4.8)-(4.11) hold.

Proof

gi_)rg(qu = qq0) = tli_)rg(zlj + U1j — Z10 — H10)
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lim (g1 — q10) = lim (21 — 210)
gi—gl)(%j ~430) = th_,r?o(z3j + U3 — Z30 — Uzo)
tli_,r?o(%j — q30) = gi_)rg(zgj — Z30)
tli_)rg(qu = qz0) = tli_)rg(sz + Uaj — Z0 — Hz0)
tli_)rg(qzj ~d20) = th_)rg(ZZJ' — kyuyjz3j — Zz0 + kyU10Z30)
Notice when lim () — z39) = 0, lim (uy; — u30) = 0,

im(kyuq;23; — kyty0230) = 0

t—oo

which means
tli_)rg(QZj — q20) = tli_)rg(zzj — Z30)
Then it follows that

Z1j — Z10 q1j — q10
lim [ZZj - Zzo] = lim [‘hj - ‘ho]

t—>oo t—oo _
q3j — 430

Z3j — Z30
By Lemma 4.1, (4.8)-(4.11) hold.

From Lemma 4.4, it is learned that the control goal is to design u,; = [uy;,u,;] for the

transformed systems in (4.43)-(4.45) such that

gi’g(zu —Z10) =0
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tlZZlO(ZZj —Z3) =0
tlfglo(zsj —230) =0

From Lemma 4.3, it is learned if ¢,(t) is bounded and converges to zero, ¢,(t) is a
persistently excited signal, then & is asymptotically stable. Notice (4.42) has the same structure as
(4.38). If uyjz,; is bounded and converges to zero, u,; is a persistently excited signal, then z;;

can be stabilized.

Assumption 4 % (0 <i < 2)isbounded and

t+T
j u?y ()dt > «a
t

forsomea >0and T > 0.
Assumption 4 implies u,, is a persistently excited signal.

Lemma 4.5 For the m systems in (4.40)-(4.42), under Assumption 4, if
tlirg;(ZZj —Z3) =0
gi’glo(uu —Ugp) =0

then
gi’o'})(zaj — z30) = 0.

Proof Subtract (4.42) by (4.45), it follows that
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. . _ 2 2
Z3j — Z39 = —(kuu1j23j — kyuiozzg) + UyjZ2j — U10Z20
. . _ 2 2 2
Z3j — Z3p = _kuu1j(z3j — Z30) — ku(ulj — Ug)Z30 + UqjZ2j — U10Z20
Denote Z;; = z3; — z30, ONe has
Zy; = —kyu?. 2y — k(U2 —u?0)z30 + Uy ;Zy; — UjpZ
3j — u“1j43j u\*%1j 10/430 1j42j 10420
Since lim(zy; — z30) = 0, lim(uy; — uy0) = 0 and z3, is bounded, then
t—ooo t—ooo

2 2
—ky (Uij — Ui0)Z30 + Uy jZ2j — Ug0Z20

is bounded and converge to zero. u,; is a PE signal, then by Lemma 4.3, Z;; is asymptotically

stable.

Since the consensus with z,, for z,; can ensure that z3; converges to z3,, then by

designing control laws for z,; and z, ;, the control goals in (4.49)-(4.52) can be achieved.

Theorem 4.8 For the m systems in (4.43), if there exists a spanning tree with the virtual leader

vm+1 as the root of the spanning tree, then the distributed control laws
Urj =M1 (4.53)
where

MNij = —Q1Z15 + §1j (4.54)

70



{.1]' = - Z ;i (61,- - (1i) - aj,m+1(€1j - (10)

lENj

— p1Sign Z Qji ((1] - 511') - aj,m+1(§1j - 510)
iEN]'
(4.55)
guarantee that

gfl}o(zu —2z10) =0

llm(ulj - u10) = O

t—>oo

for 1 <j < m, where a;,,,, = 1 ifthe virtual leader is available to vehicle v;, otherwise a; ;.1 =

0. a4 is a positive constant, {1 = U9 + @1Z1p-
Proof (4.55) is rewritten by
1o = —L1. — B(1x — $101) — pasign(Ly. + B(Gy. — $io1))
where ¢y, = [{11, (12, -, $iml, B = diag(aymi1, G2me1s ) Amma1)-

Let ;; = {1 — {10, it follows that

G1o = (L + By — pasign ((L+ B).) = o
By Theorem 3.4, it is known when p, satisfies

N [ICL + B)7|1410]
€

1
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where € is the minimum eigenvalue of (L + B)~", then {; ; exponentially converges to {;, for 1 <

js=m.

Choose a nonnegative symmetric function V, = Z}”=1%Z~12,-- Differentiate V, along (4.54), it

follows that
V, = —a1 73, + 71,63

V, < —ay 2% + || 21| ||(~1*

= _2a1VZ + ||(~1*

lV2V,

Choose V, = \/V,, one has

VZ < —a1V2 +

1 .
7%
Then V; is exponentially stable, which implies z; ; exponentially converges to z;, for 1 < j < m.

By (4.50), it is known
ﬁfg(uu —Uqp) = gi@(—%zu + {1j — Uyo)

Since {;; exponentially converges to {;,, then

lim(_a1Z1j + ¢ — Ugg) = lim( —QqZ1j +Uyg + A1Z19 — Uq0)
t—ooo t—oo

:t:(lxl;m( a (le — Z19))

Since tlim(Zu — Z40) = 0.1t can be proved that gim(ulj —Uy0) = 0.
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Theorem 4.9 For the m systems in (4.44)-(4.45), if there exists a spanning tree with the virtual

leader vm+1 as the root of the spanning tree, then the distributed control laws
Uz = MN2j (4.56)

where

N2 = — Z Qji (sz - Zzt) - aj,m+1(ZZj - Zzo)

lENj

— p2Sign z i (225 = Z2:) = jme1(Z2j = 220) | — k(1235 + Z3jus;)
iENj
(4.57)
guarantee that
tlfglo(ZZj —Z30) =0
for 1 <j < m, where a;,,,, = 1 ifthe virtual leader is available to vehicle v;, otherwise a; ;1 =
0.
Proof Substitute u,; in (4.56) into (4.44) one has
Zy. = —LZ3. — B(Z3. — 7301) — p2sign(Lz;. + B(23. — 2301))
where z;, = [231, 222, -, Zom]s B = diag(a1m+1, Q2 me1r ) Amma1)-

Let Z,; = z,j — 7y, it follows that

Zpe = =(L + B)Zp. — ppsign((L + B)Z,.) — 239
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By Theorem 3.4, it is known when p, satisfies

- ||(L+B)_1|||220|

P2 B

where € is the minimum eigenvalue of (L + B)~1, then z,j exponentially converges to z,, for 1 <

js=m.

Theorem 4.10 For the m systems in (4.43)-(4.45), if there exists a spanning tree with the virtual
leader vm+1 as the root of the spanning tree, then the distributed control laws in (4.53) and (4.56)

guarantee that the control goals in (4.8)-(4.11) hold.

Proof By Theorem 4.8 L{im(zlj —2Z19) =0, tlim(uu —Uuy9) = 0. By Theorem 4.9,

lim(zj — z30) = 0. By Lemma 4.5, l{im(z3j — 739) = 0. By Lemma 4.4, the control goals in

t—oo

(4.8)-(4.11) hold.
4.7 Simulation 11

To show the effectiveness of proposed control algorithms in Section 4.6 for vehicles
kinematics, simulation is done for four identical unicycles. The desired pattern and communication

graph are shown in Figure 4.10 and Figure 4.11. The reference trajectory is
(%0, Y0,00) = (2sin(0.5t), —2co0s(0.5t), 0.5¢t)

In Figure 4.10, it is assumed there are five identical car-like mobile robots. The desired
formation of the five robots is assumed to be a regular pentagon with each side exactly identical.
The sum of the internal angles is 540 degree, all sides have equal length and each interior angle is

108 degree. The diagnosis in this case is 0.5.
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Figure 4.11 represents the communication graph of the five robots, vo is assumed to be the
virtual leader, from the communication topology it is learned that only vi1 can receive information
directly from the desired trajectory, other follower robots communicate with the leader indirectly.
Unlike the communication topology in Figure 4.5, in Figure 4.11, the communication pattern
between follower vehicles is changed but it can be also proved a spanning tree exist in the

communication graph in Figure 4.11 with the virtual leader as the root of the spanning tree.

Ay

0.5

Figure 4.10 Desired formation of five vehicles Il
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Figure 4.11 is the communication graph.

Figure 4.11 Information exchange topology Il

For the five vehicles’ kinematic systems, Figure 4.12 represents the centroid of x; (1<
j <5) and the desired trajectory x,. Figure 4.13 represents the centroid of y; (1< j <5) and the
desired trajectory y,. Figure 4.14 represents (6, — 6;) (1< j <5). Figure 4.15 represents the

formation tracking of five follower robots.
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Figure 4.12 is the convergence result of x;.

12 F

Centroid of x, (1= 12 9)

-14
1]

10

Time (sec)

Figure 4.12 The centroid of x; (1< i <5) and the desired trajectory x,
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Figure 4.13 is the convergence result of y;.

25 . .
Centroid of y, (1212 5)

20 Yo -
151 o
10F .
5t -
0 7\—/

-5 1 ]
1] 5 10 15

Time (sec)

Figure 4.13 The centroid of y; (1< i <5) and the desired trajectory y,
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Figure 4.14 is the convergence result of 6;.

3 1 1
1] 5 10

Time (sec)

Figure 4.14 6; — 6, (1< i <5)
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Figure 4.15 is the formation tracking of multi-vehicle system.

Figure 4.15 Formation tracking of five follower robots Il

4.8 Summary

In this chapter, distributed formation tracking control of multiple wheeled robots is
discussed. The reference trajectory is considered as sinusoidal signals which are persistently

excited. Cooperative formation tracking is achieved with the aid of cascaded system stability
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theorem and graph theory. Variable transformation is utilized to transfer the original nonlinear
kinematics into chained-form system. Stability of chained-form system is proved to guarantee the

stability of original kinematics.

Thus, consensus of the multiple chained-form systems guarantees the formation tracking
of multiple robots. In Section 4.4, the chained-form systems are rewritten in cascaded form such
that the exponential stability theory of cascade systems could be utilized to stabilize the
transformed systems. In Section 4.6, variable transformations are further implemented onto the
chained-form systems such that formation tracking is realized with the aid of the novel distributed
consensus algorithm on multiple first-order systems and Lemma 4.3. Both algorithms solve the
multivehicle formation tracking problem. Compared with distributed kinematic controllers in
(4.50)-(4.52), (4.25),(4.26) and (4.29),(4.30) are much more concise since the control laws are
designed only for the chained-form systems while the controllers in Section 4.6 are implemented
on the transformed chained-form systems. Moreover, Derivative terms are removed since in real-

life operations these data information cannot be acquired by the sensors.

81



CHAPTER V

COOPERATIVE FORMATION TRACKING CONTROL OF MULTIPLE

DYNAMIC VEHICLES

In Chapter IV, kinematic model of car-like robot is studied and control algorithms for
kinematic system are proposed. However, in practical application the torques generated by vehicle
engines actually control the motions of vehicles, then it is necessary to consider the dynamic
models of vehicles with respect to control torques. Vehicle dynamics is derived with the aid of
Euler-Lagrangian equations and distributed formation tracking control methods are designed for
multiple vehicles of dynamic systems. Two cases of dynamics of without parametric uncertainties
and with parametric uncertainties are both addressed considering in real-life operations the
physical quantities might not be available precisely. The dynamic controllers are based on
kinematic controllers in Section 4.4, Section 4.6 and backstepping methods. Considering that time-
switching communication topology occurs in real-life operation due to vehicle disability and
communication link breakage, a special case of time-varying communication graph is addressed
and distributed consensus control laws are proposed under certain assumptions of the switching

graph.

82



5.1 Dynamics of Vehicle
Consider unicycle vehicle model in Figure 4.1, for vehicle v;, the kinetic energy is

1, 1 .
K =sm(%° +3,°) + 516,

where x; and y; are translational velocities with respect to x-axis and y-axis respectively, éj IS
rotational velocity, m is mass of the vehicle and I; is moment of inertia. Potential energyP; is

considered zero as the plane on which the vehicles drive is regarded as zero potential energy

surface, then the Lagrangian equation for the vehicle dynamics is

1, 1 .
Lj = k; = B = 5m(%° +3;°) + 51,6,

By definition of Euler-Lagrange equation it follows that

d oL, oL

d oL, dL;

dtay;, ay;,

d oL oL

dt 96, a_ej_ffe

Ty
m;i; = —=cos 0 + ! cos 9 + /1 sm@
177 R1 RZ]

T1
m;y; = =—sin b, + SlnH — Ajcosb;

R R2 ;
j =Tl Ty
b6 = 2. "R (5.1)
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where 7,; = [14;,T2;] are drive torques implemented on two wheels respectively. R, and R,; are

radius of two wheels, 4; is nonholonomic constraint force.

Define q.; = [x;,y;, 6;] can be expressed as

M;(q+j)Gsj + Ci(Q+j» G+j)q+j + Gi(qs;) = Bj(q.j)T+j +]jT(Q*j)/1j (5.2)
where M;(q.;) =| 0 m; 0], C; represents Centripetal and Coriolis force, G; is gravitational
0 0 I

]

force, both o and G; are three-order null matrix,

COS Hj cos Qj‘
Ryj Ry;

B.(a.) sinBj sinej
R TI Ry Ry
1 1

[ Ry Ry |

I; = [sinb;, — cos 6;,0]"
The nonholonomic constraints are defined as
[sinH-, —cosb;, O]q*j =0

Notice on the right hand of (5.2) the nonholonomic constraints [sing;, — cos 6;, 0]" A; has nothing

to do with the control torques, the disturbance term should be removed for control design of z, ;.

Define the velocity vector v,; = [vq,v,] With v, its translational velocity and v, its

rotational velocity, it follows that
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cos@ 0 v,
q*j = g(Q*j)v*j = [sin@ 0] [vz] (53)
0 1
Notice that
cosej 0 0
]jT * g(CI*j) = [sinﬁj, — CoS 6] , 0] * |:Sln9] 0] = [O
0 1

Then the nonholonomic constraints J jT(q* j)A; can be removed by substituting g,; in (5.2) with

v,; in (5.3), it follows that
M;(q:j)9(q:j)V.j + M;(q:;)9(q:j)vsj + Ci(44j, 4:)9(a:)vsj + Gi(q.;) = Bj(q. )T (5.4)
By multiplying g” (q.;) on both sides of (5.4) one has

M;(q.)0.j + Ci(qsj> 4:)vsj + Gi(q.) = Bi(q. )t (5.5)
where

M;(q.j) = 97 (q-)M;(q.;)9(q-5)
C(q-j>4+j) = 9" (- M (0. )9(q.)) + 9" (0.)Ci(+j, 4.9 (),
Gi(q.)) = 9" (q.,)G(q.7), Bj(q.7) = 9" (4.;)B;(q.)).

In Chapter 4, distributed control laws are proposed for the control inputs of the chained-
form system. Notice that the control inputs in (4.12) are not velocities of the vehicle kinematics

v,;. In order to associate the transformed dynamic system (5.5) with kinematic system (4.12), the
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chained-form transform equations are considered, define  u,; = [ug, uy]"
V11 _ _[az [
[vz] =¥ru,; = [1 0] [uz] (5.6)

Substitute v, in (5.5) with u,; by the transformation in (5.6) and multiply T on both sides of

(5.5) it follows that
Mj(CI*j)u*j + éj(Q*j’Q*j)u*j + Gj(Q*j) = Ej(q*j)T (5.7)
where
Mj(‘l*j) = l‘”TMj(CI*j)q"
éj(q*j» 4+j) = lPTMj(CI*j)lIi’ + WTC_}'(CI*J" q.;)¥
Gj(Q*j) = IPTG_j(CI*j), Bj(‘l*j) = lPTEj(CI*j)-

The transformed dynamic system (5.7) has the following two properties
(1) 1\711- — 2(; is skew-symmetric
@) M;(q.;)it; + G, 4up)iees + Gi(a.) = Y @itk 4., 4.

where M;(q.;) is the a 3 x 3 positive-definite symmetric matrix, Cj(q.;,q.;) represents
centripetal and Coriolis force and Gj (q*j) is the gravitational force. a; is the inertia vector which
is composed of the mass and moment of inertia of the vehicle, Y; is a known function of
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In Chapter 4, distributed control of multiple vehicles with kinematic systems is studied
with the aid of control algorithms of chained-form systems and graph theory. Since the w, ; in (4.25)
and (4.30) are the intermediate states of vehicle dynamics rather than the real control inputs,
distributed control of dynamic systems is based on the kinematic control methods with the aid of

backstepping methods.
5.2 Distributed Control of Dynamic Systems without Parametric Uncertainties
Define 4, ; = u,; — n.;, where n,; = [n,7;] are defined in (4.26) and (4.31).

Theorem 5.1 For m systems in (5.7), if there exists a spanning tree with the virtual leader vm+1 as

the root of the spanning tree, then the distributed control laws
~ -1 _ ~ . ~ ~ ~

Guarantee that (4.8)-(4.11) holds, where k is a positive constant, n,; are defined in (4.26) and

(4.31).

(5.9)

Substitute T; in (5.8) into (5.7) it follows that

M; (it = 7.j) + Gy = 1.g) = —kik.;
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Miu,; = -G, — ki, (5.10)

Substitute M4, ; in (5.10) into (5.9) one has

Since ﬁj — ZCj is skew-symmetric, then it follows that V, = —ﬁfjkﬁ*j. Let A,,, be the maximal
eigenvalue of 1\7]- it can be learned that V, < — :—kVu, then i, ; is exponentially stable which means
m

u,; — 1., exponentially converge to zero.

The distributed controllers in (4.25) and (4.30) are rewritten as

uj = = Ziew; Gi (@1 = 911) = Gmaa (41 = Gumen) + 81j + 1y (5.11)

815 = — Z @i (61 — 61;) = @jms1(61j — Syms) — PSig"[Z aji (8, — 61;)

iEN]' lEN]
- aj,m+1(61j - 51,m+1)]

(5.12)

Upj = —K3qzj — k3uyjqsj + 635 + Uy (5.13)
821- = — Z ajl- (62] - 62i) _ aj,m+1(62j - 62,m+1) - ﬁSngn[Z aji (62] - 62i)
iENj iENj
- aj‘m+1(6zj - 52,m+1)]

(5.14)
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sq;and s,; are defined as

Sy = Z @i (a2 = @21) + Gm1(d2j — Gome1)

lENj

S2j = z 4ji (43 = 43:) + Gms1(d5) ~ G3me1)

lEN]'

The derivative sy is

S1j = —k381; — k3uymy1S2; + Z aji (52j - 52i) + aj,m+1(62j - 52,m+1)
iENj

+ Z aji (T2 — i) + Q1 ()
iENj
—ks Z Aji ((ulj — U m+1)q3; — (Uri — ul,m+1)CI3i) + (Uyj — Upm+1) % me193)

lENj

By mathematical manipulation it follows that

$1j = —k381; — k3Ugme1S25 + Z aji (625 — 821) + @jme182j + Z aji (U — 0z;)

lENj lENj

+aj,m+1(u2j) — k3 z aji (u1jQ3j - u1iQ3i) + U1 m+193;j
iENj

(5.15)

Similarly one has
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Spj = Uyme151j + ZieNj Qji (ﬁ1jCI2j - ﬁleZi) + U405 me192j) (5.16)

815, Gy, and 8, are written as

n

51]' = Z aij(glj - Sli) - ai,m+16~1j - 81,m+1 — psign Z aij(<§1j - 511') - aj,m+16~1j
iENj j=1
(5.17)
4y = — Xien; %i (G1j — G1i) — Qjmerdaj + 61j + Gy (5.18)
n
52]' = - z aij(SZj - Szt) - ai,m+152j - 82,m+1 — Bsign Z aij(SZj - Szt) - aj,m+152j
iENj j=1
(5.19)

Define
x1 = [[511,S21), [S125 S22], -+ [S1mm0 S2m]
X2 = [[821, G11, 611) [822) 12, 812), o) [82m) G1my S1m]]
Then it follows that

—k; _k3u1,m+1] [Slj]
S

f1j=[

ul,m+1 0

fi(t, x1) = [fi1, ) fim]
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f2j =

gj =

By Theorem 2.4 it can be proved Szj = &, — 82,m+1 globally exponentially converge to

zero, which implies

- 2 a;j(62; — 821) — Aim+1082j — S3me1 — Bsign Z aij(827 — 821) — @jms102;

lEN]'

- z aij(52j - 52i) — Ajm+102;
iENj
n
—PBsign z aij(52j - 52i) - aj,m+152j — 82m+1
j=1

- z a’ji (qu - QIi) - aj,m+1qu + Slj + ﬁlj

iENj
- z aij(51j - 51i) — @ m+1061;j
iENj
n
—psign Z a;j(81; = 611) = Ajm+161j | =O1me1
j=1

f2(t, x2) = [f21, f220 o0 fom]

Z aj; (62 = 621) + Aj 4162

iENj
z @i (1) = flz) + e (1))
iENj
—k; Z aji (Tyqsj — T jqsi) + 1 m+193)
iENj

Z @i (T192j — T jqai) + 18 m+192;
iENj

g(t, x1,%2)%2 = [g1, G2» +r Gm)

n

j=1

globally exponentially converge to zero.
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By Theorem 4.5 §i; =q1; — q1m+1 and SU = 61 — 61,m+1 globally exponentially

converge to zero, which implies

n
- Z ;j(61 — 611) — im+161; — S1me1 — PSign 2 a;j(61; — 811) — ajm4161;

iEN]' j=1

globally exponentially converge to zero, and

N Z aji (‘711' - ‘71i) — Am+1Gaj T 51]'

iEN;
globally exponentially converge to zero. From the definition of f;;, then system x, = f,(t, x,) is
exponentially stable,the third assumption in Theorem 4.1 holds. f;; have the same form as (4.24),
by Theorem 4.3 X, = f;(t, x;) is exponentially stable, then the first assumption in Theorem 4.1
holds. From the definition of g;, it can be proved the second assumption in Theorem 4.1 holds,

which means x; = [[S11,S21], [S12, S22], «-) [S1m S2m]] 1S globally exponentially stable, from the

definition of s;; and s,

Slj = Z aji (CIZ] — qu) + aj’m+1(q2j - q2,m+1)

lENj

= Z Qi (‘721' - ‘721) + 4 m+1G2j

iENJ'
= (L + B)qy;
Since (L + B) is positive symmetric matrix then q,; — qzm+1 = G2; = (L + B)™'sy; globally

exponentially converge to zero,

Spj = Z a; (43 = @2i) + Gjms1 (3 = Game1)

lENj
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= Z aj; (Gsj — G3i) + Ajm+18s)

iENj
= (L + B)qs;
Similarly, g3; — gz m+1 = G3; = (L + B)™'s,; globally exponentially converge to zero.

5.3 Distributed Control of Dynamic Systems with Parametric Uncertainties

In Section 5.2, distributed control laws are proposed for dynamic systems without
uncertainties. However, in practice inertia parameters of the mass and moment of inertia are

unknown and require to be estimated.

In this section, distributed controllers for vehicle dynamics with parametric uncertainties
are designed based on both the kinematic controllers in Section 4.4 and Section 4.6. The
parametrical uncertainties are estimated by robust control methods and adaptive control methods

respectively.
Define ii,; = u,; — 1., where n,; = [n,;,1,;] are defined in (4.26) and (4.31).

Theorem 5.2 For m systems in (5.7), if there exists a spanning tree with the virtual leader vm+1 as

the root of the spanning tree, then the distributed control laws
~ =1 ~ . A PN ~ . ~
Ty =B “(Mjn.; + G, + G — ki, — Y;Bsign(¥]iL,;)) (5.20)

guarantee that (4.8)-(4.11) holds, where k satisfies |a — @| < 8, @ and @ are the estimated and

actual inertia parameters vector. n,; are defined in (4.26) and (4.31).
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Proof Denote the inertia parameter errors by d = @ — @, choose the Lyapunov function

v, = %ﬁfjl\?jﬁ*]-, differentiate it along (5.7) one has
A (5.21)
Substitute 7; in (5.8) into (5.7) it follows that

= (M; + M) + (G + Gn.j + (G + G) — kit — Y Bsign(¥ @)
M; (i = 11.5) + G (wej —n.5) = —k; + Y;d — Y Bsign(¥] .)

; — kil + Y;d — Yy Bsign(Y 1.)) (5.22)

— ki, j + Y;d — Y;Bsign(¥]"1.;))
= ~al,(M;—2C)a.; — alka.; + alY;a — a7Y,Bsign(¥a.))

Since ﬁj—ZQ is skew-symmetric, then V, < —2l;kd,;, let A, be the maximal

*ja

eigenvalue of 1\7]- it can be learned that V, < —ﬁfjkﬁ*]- < —%Vu, then i, ; is exponentially stable
which means u,; — n,; exponentially converge to zero. The rest proof is similar as Theorem 5.1

and not repeated here.
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In Theorem 5.2, distributed controllers for vehicle dynamics with parametrical
uncertainties are designed based on the kinematic controllers in (4.25) and (4.30). Parametrical
uncertainties are estimated by sliding mode control. Next the distributed controller for vehicle

dynamics with parametrical uncertainties designed based on the controllers in (4.53) and (4.56).
Define 4, ; = u,; — n.;, where n,; = [n,7;,] are defined in (4.54) and (4.57).

Theorem 5.3 For m systems in (5.7), if there exists a spanning tree with the virtual leader vm+1 as

the root of the spanning tree, then the distributed control laws
=B~k — Y (i, 1), 4y 4 )) (5.23)
and the update laws for d;
a; = ~GY (U, ey 4ujy 4. ) B (5.24)

guarantee that (4.8)-(4.11) holds, where g; is the estimated inertial parameter vector and 4; is

bounded. 7, ; are defined in (4.54)-(4.57).
Proof Substitute z; in (5.23) into (5.7) it follows that
Mjivj + Ciuj + Gy = —kil.j = Y (thj e, 425, 42 8
it + Gy + Gy = M. + Gy + G — kil
Mjivj + G + G = (M; + M), + (G + Gy + (G + G) — ki,
M; (it = 11.) + G (ug = 1) = =kt + Vi
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where d; = d; — a; is the estimation error of inertial parameter vector.

Choose the Lyapunov function V;, = o, M;il,; + & I; " d;, differentiate it along (5.7) one

has

v _ AT iF 5o AT 7 A S~Tr—1x

o+ 200,Y;d; + 28] I (5.27)

Therefore V,, is bounded, which means i, ; and d; are bounded. From (5.25) it is known that i, jls

bounded. By Barbalat’s Lemma, it can be proved that gim i,; = 0.

oo *}_

Since the real inputs are u,; = 4,; + n,;, where n,; = [1,,1,,] are defined in (4.54) and

(4.57). Then the distributed controllers in (4.53) and (4.56) are rewritten as

ulj - —0(121]' + (1] + ﬁlj (528)
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Upj = — Z ;i (sz - Zzt) - aj,m+1(22j - Zzo)
iENj

— pasign Z Q; (sz - Zzt) - aj,m+1(sz - Zzo) - ku(uljz?)j + ZBjulj)
iEN]'

+u2j

(5.29)

It follows that
Z:‘lj = -z + 511' + Uy

Choose a nonnegative symmetric function 1, = j—’;lgifj. Differentiate 1/, along (4.50), it

follows that
V, = —a1 22, + 70,01 + Z14ty

V, < —ai 22 + || 25| ||51*

+ |1Z1.1] ||ﬁ1]||

= —2a,V, + K2V,

where K = ||51* + ||2,|| Choose V, = |/V;, one has

VZ < _(Xle + —K
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Then V; is exponentially stable, which implies z, ; exponentially converges to z;, for 1 < j < m.

Zge = —Lz3. — B(Z3. — 2301) — PzSign(Lzz* + B(zz. — 2201)) + Uy
ZLZ* = _(L + B)Z~2* - plegn((L + B)ZZ*) - Z.ZO + 'azj

By Theorem 3.4, it is known when p, satisfies

|ﬁ2j||)

[ICL + B) 7 |(1220] +
>

P2 E

where € is the minimum eigenvalue of (L + B)~*, then z,; exponentially converges to z,, for 1 <

j <m.BylLemma4.4, (4.8)-(4.11) hold.
5.4 Distributed Controller with Time-varying Communication Topology

In previous sections, the communication graph is considered time-invariant. In real-life
operations the communication topology is sometimes switching resulting from links creation,
disconnection and nodes disability. It has been proved through an infinite sequence of non-
overlapping, uniformly bounded time interval, if the union of the graphs cross each interval has a
directed spanning tree, then multi-agent systems can still reach consensus with the aid of SIA

matrix theories. Now consider the dynamic systems (5.7) with parametric uncertainties.

Theorem 5.4 For m systems in (5.7), if there exists a spanning tree with the virtual leader vm+1 as

the root of the spanning tree at any finite time interval, then the distributed control laws

~ -1 . A ~ ~ . ~
Ty =B “(Mjn.; + G, + G — ki, — Y Bsign(¥]iL,;))
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guarantee that (4.8)-(4.11) holds, where k satisfies |a@ — @| < 8, @ and @ are the estimated and

actual inertia parameters vector.

5.5 Simulation 111

To show the effectiveness of proposed control algorithms for vehicles dynamics,
simulation is done for four identical robot models as shown in Figure 4.1. For the dynamic
controllers in without parametrical uncertainties, the desired pattern and communication graph are
shown in Figure 5.1 and Figure 5.2. Figure 5.3 to Figure 5.6 represent the convergence results
from dynamic systems without parametric uncertainties. For the dynamic controllers with
parametrical uncertainties in Theorem 5.2, the desired pattern and communication graph are shown
in Figure 5.7 and Figure 5.8. Figure 5.9 to Figure 5.12 represent the convergence results from
dynamic systems with parametric uncertainties controlled by the distributed controllers in
Theorem 5.2. For the dynamic controllers in with parametrical uncertainties in Theorem 5.3, the
desired pattern and communication graph are shown in Figure 5.13 and Figure 5.14. Figure 5.15
to Figure 5.18 represent the convergence results from dynamic systems with parametric

uncertainties controlled by the distributed controllers in Theorem 5.3.
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Figure 5.1 is the desired formation.
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Figure 5.1 Desired formation of four vehicles |
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Figure 5.2 is the communication graph.

Va e
Z 5 V.

Figure 5.2 Information exchange topology |11

For multiple dynamic systems without parametrical uncertainties, Figure 5.3 represents the

centroid of x; (1< j <4) and the desired trajectory x,. Figure 5.4 represents the centroid of y; (1<
j <4) and the desired trajectory y,. Figure 5.5 represents (6, — 0;) (1< j <4), Figure 5.6 represents

the formation tracking of four follower robots.
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Figure 5.3 is the convergence result of x;.
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Figure 5.3 The centroid of x; (1< j <4) and the desired trajectory x,
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Figure 5.4 is the convergence result of y;
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Figure 5.4 The centroid of y; (1< j <4) and the desired trajectory y,
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Figure 5.5 is the converge result of 6;.
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Figure 5.5 6, — 6, (1< j <4)
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Figure 5.6 is the formation tracking of multi-vehicle system.
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Figure 5.6 Formation tracking of four follower robots |
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Figure 5.7 is the desired formation.
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Figure 5.7 Desired formation of four vehicles 11
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Figure 5.8 is the communication graph.
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Figure 5.8 Information exchange topology 1V

For multiple dynamic systems with parametrical uncertainties controlled by the distributed
controllers in Theorem 5.2, Figure 5.9 represents the centroid of x; (1< i <4) and the desired
trajectory x,. Figure 5.10 represents the centroid of y; (1< i <4) and the desired trajectory y,.
Figure 5.11 represents (68, — 6;) (1< i <4). Figure 5.12 represents the formation tracking of four

follower robots.
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Figure 5.9 is the convergence result of x;.
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Figure 5.9 The centroid of x; (1< i <4) and the desired trajectory x,
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Figure 5.10 is convergence result of y;.
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Figure 5.10 The centroid of y; (1< i <4) and the desired trajectory y,
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Figure 5.11 is the convergence result of 6;.
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Figure 5.11 6; — 6, (1< i <4)
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Figure 5.12 is the formation tracking of multi-vehicle system.
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Figure 5.12 Formation tracking of four follower robots Il
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Figure 5.13 is the desired formation.
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Figure 5.13 Desired formation of five vehicles Il
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Figure 5.14 is the communication graph.

Figure 5.14 Information exchange topology V

For multiple dynamic systems with parametrical uncertainties controlled by the distributed
controllers in Theorem 5.3, Figure 5.15 represents the centroid of x; (1< k <5) and the desired
trajectory x,. Figure 5.16 represents the centroid of y, (1< k <5) and the desired trajectory y;.
Figure 5.17 represents (6, — 6,) (1< k <5). Figure 5.18 represents the formation tracking of five

follower robots.
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Figure 5.15 is the convergence result of xy.
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Figure 5.15 The centroid of x;, (1< k <5) and the desired trajectory x,
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Figure 5.16 is the convergence result of y;.
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Figure 5.16 The centroid of y, (1< k <5) and the desired trajectory y,
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Figure 5.17 is the convergence result of 6.
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Figure 5.17 6, — 0, (1< k <5)
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Figure 5.18 is the formation tracking of multi-vehicle system.
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Figure 5.18 Formation tracking of five follower robots I11
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Figure 5.19 is the communication graph.
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Figure 5.19 Information exchange topology G,
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Figure 5.20 Information exchange topology G,
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For multiple dynamic systems with parametrical uncertainties under time-varying

communication graph, the switching topology is defined by

C= {Gl,t —round(t) <0
Gy, t —round(t) =0

Figure 5.21 represents the centroid of x;, (1< k <4) and the desired trajectory x,. Figure 5.22
represents the centroid of y, (1< k <4) and the desired trajectory y,. Figure 5.23 represents (8, —

0,) (1< k <4). Figure 5.24 represents the formation tracking of four follower robots.
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Figure 5.21 The centroid of x;, (1< k <4) and the desired trajectory x,
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Figure 5.22 is the convergence result of y;.
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Figure 5.22 The centroid of y, (1< k <4) and the desired trajectory y,
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Figure 5.23 is the convergence result of 6.
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Figure 5.23 8, — 0, (1< k <4)
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Figure 5.24 is the formation tracking of multi-vehicle system.
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Figure 5.24 Formation tracking of four follower robots 111

5.6 Summary

In this chapter, distributed formation tracking control of multiple vehicle dynamics is
studied. Instead of designing controllers for velocities of vehicle kinematics, control laws are
implemented on torques of vehicle dynamics which are usually the control inputs in real-life
operations. Controllers of vehicle dynamics are based on the kinematic-based controllers designed

in Section 4.4, Section 4.6 and backstepping methods. Dynamic models with parametrical and
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without parametrical uncertainties are both addressed with the aid of sliding mode control methods,
adaptive control methods and linear feedback control methods. Time-varying communication
topology resulting from vehicle disability or communication links change is considered, the
proposed control algorithms are proved to guarantee consensus if the directed spanning tree exists

in each graph union of every uniformly bounded time interval.
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CHAPTER VI

CONCLUSION

In this thesis, formation tracking of multiple car-like robotic systems is studied. Each robot
is modeled as a unicycle system and assumed to either receive or send states information from or
to specific portion of robots. The reference trajectory is denoted by a virtual robotic system and
regarded as a leader with its three generalized states and control velocities available to the follower
robots which can directly receive the leader’s information. The control goal is to design control
laws for each follower robot with the aid of its own states information and its neighbor’s
information through communication. Formation tracking problem is transformed into consensus
with the reference kinematics and stability of the induced nonlinear systems ensures the
convergence. Unlike centralized control or solo-system control in which the control information
is directly utilized, distributed control only utilize information of its own and its neighbor through
communication. The communication topology between vehicles is characterized by Laplacian
matrix from graph theory for mathematical analysis of the multiple kinematic systems. The
original kinematics are transformed into chained-form systems. Equivalence between the stability
of the original kinematics and that of the chained-form is proved thus by designing controllers for
the transformed chained-form system the formation consensus can be achieved for the multiple

robots. The chained-form systems are further rewritten in to a cascaded structure and exponential
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stability theory of cascaded systems is utilized to achieve the consensus of chained-form systems

then the consensus of the original kinematic systems with the aid of Laplacian matrix and

Lyaponov methods. A novel kinematic controllers are designed based on the transformed chained-
systems and are proved to realize the formation tracking goals. Compared with the controllers for
the chained-form systems, the novel controllers have derivative terms which are usually not

acquirable in real-life operations. Moreover, the controllers are more complex.

Consider that the controller of kinematics only aims at the control of velocities which are
usually not directly implementable in real-life operation, dynamic controller is designed for the
engine-generated torques with the aid of kinematic-based controller and backstepping methods.
Since physical quantities of vehicle dynamics may not be available, both controllers of models
without and with parametrical uncertainties are designed. The parametrical uncertainties of are
estimated through sliding mode control and adaptive control for distributed controllers in Section
4.4 and Section 4.6 respectively. Eventually, time-varying communication topology case is
addressed with the aid of SIA matrix and the consensus is proved with the condition of existence
of directed spanning tree in each graph union of any non-overlapping , uniformly bounded time

interval. Contributions of this thesis are

1. Much simpler and implementable distributed control algorithms are proposed based on the
chained-form system and stability of cascaded system. Derivatives terms are removed in
previous proposed control methods, which cannot be controlled in real-life operations through
sensing. Moreover, the variable transformation in this thesis is much simpler with only

chained-form transform thus the resulting control methods are much more concise.
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2. Vehicle dynamics are considered. In previous distributed control laws, the controllers mainly
aim at the vehicle kinematics, of which the velocities are the control inputs. However, in reality
it is the engine-generate torques rather than the velocities that actually control the motion of
the vehicle, velocities of kinematic models are actually intermediate states of the vehicle
dynamics. In this thesis, vehicle dynamics with and without parametrical uncertainties are both
addressed based on the kinematic-based controllers and backstepping methods. The
parametrical uncertainties for unknown dynamics circumstances are estimated through sliding

mode control.

In this thesis, distributed formation tracking control of multiple car-like robots is
studied. There are still some improvements for the proposed distributed controllers. The
proposed controllers have some limitations. Firstly, the vehicle model in this thesis is
considered to be quasi-unicycle which has two identical wheels, it has simple structure and
less controlling states and inputs, which is usually not the case of real vehicles. Secondly, the
collision between vehicles during the convergence motion process is not considered.

Improvements include

1. Design controllers for four-wheeled car-like robotic systems with more complex structure
and controlling states. In some circumstances such hybrid electric vehicles, the ultimate
control components are voltage or current sources. The engine system can be modeled by
hybrid electrical circuit with internal resistance and motors then controllers require to be

designed for the power sources.
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2. Collision avoidance should be considered for designing the controllers. From the proposed
control algorithms, it can be learned vehicles might collide during the motion since no
collision avoidance restrictions are imposed onto the controllers. Functions which
maintain minimum relative positions for neighbors of each vehicle should be devised to

prevent the collision scenarios.
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