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ABSTRACT

Péez, Julio C., On Approximating Solitary Wave Solutions for the classical Euler Equations. Master

of Science (MS), May, 2022, [19 pp., references, 2 titles.

In this paper, we use a method based on Hirota substitution or the Wronskian method to
find approximate solitary wave solutions to the classical Euler equations. This method uses a small
parameter A as the basis of approximation, a parameter derived from the form of prospective solu-
tions we consider, rather than the standard small parameters & and 8. The L* norm and asymptotic
notation are used to measure the accuracy of the approximation rather than finding the error explic-

itly.
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CHAPTER I

INTRODUCTION

The physical behavior of fluids has been of interest in the domain of mathematics for mil-
lennia. Among the many models developed to simulate fluid mechanics are the classical Euler
equations, which can be used to model the flow of inviscid, incompressible fluid. This paper will
study a system derived from Euler’s equations applied to water. More specifically, the system mod-
els the behavior of water in a shallow channel: the velocity of the water particles within the channel
and the wave the water makes on the surface.

This paper will focus on solutions to the system that produce solitary surface waves. How-
ever, no exact solution to the system will be given. Rather, we will provide approximate solu-
tions. We will measure the accuracy of these approximations using the L™ norm. Given a function

f = f(X) for X € R, this norm is typically defined as

| fllee = || f]| := inf{M >0: |f(¥)| <M for almost every X}.

As we will work only with continuous functions, the L™ norm of f in this context is the
smallest positive number that bounds the function f, or the smallest upper bound of | f|. We will

also use asymptotic notation for estimates, namely Big O notation.



CHAPTER I
PRELIMINARIES

To set the stage, we will follow the notation and derivation from [[1]], with a few additional
details.
Consider a shallow channel containing an inviscid, incompressible fluid, with a surface wave that is
evolving through time. Using x and y as the horizontal coordinates, z as the vertical coordinate, and
t as the temporal coordinate, we will now mathematically define the different parts of this system.
We will represent the wave propagating on the surface of the fluid by 1 = n(x,y,7), the bottom of
the channel by —A(x,y), and the domain of the fluid in the channel at time ¢ by ;. Note that the
bottom of the channel is fixed in time, as we do not consider the weathering effects of the fluid.
IfV =V(x,y,2,¢) = u(x,y,2,1) i+ v(x,y,2,1) ] +w(x,y,z,t) k represents the velocity field of the fluid
at time ¢, then the motion of the fluid is described by the classical Euler equations

av

Eﬁwvvw+vp:—ﬁ in Q;, 2.1)

V-¥=0 inQ,, (2.2)

where g is the acceleration due to gravity, p is the pressure field, 7, j, and k are the unit vectors
in the x, y, and z directions, respectively, and V = %f + a% J+ a%fc is the gradient of the spatial
coordinates.

We now suppose that the initial velocity field V(x,y, z,#) for some # is irrotational. Since pressure
and gravity are not rotational forces, Helmholtz’s third theorem implies V(x,y,z,¢) remains irrota-

tional for all 7. Hence, V(x,y,z,t) is a conservative vector field for all 7, so there exists a potential



function ¢ = @ (x,y,z,¢) such that

V=Vo. (2.3)

Together with (2.2)), (2.3)) implies ¢ is a solution to Laplace’s equation
V=0 inQ, (2.4)

for all 7.

Assuming €, is unbounded in the horizontal directions, the boundary of the domain €, is the free
surface at z = 1 (x,y,7) and the fixed surface at z = —h(x,y).

On the fixed surface z = —h(x,y), the impermeability condition V-7 = 0 is satisfied, where 7i =

hy(x,y)i+ hy(x,y) ] +k is a vector normal to —h(x,y). Recalling (2.3), we have that ¢ satisfies
Pehy+ Pyhy + 0. =0 onz=—h(x,y). (2.5)

. . . . .. D(n— . .
Moreover, as the free surface is a material surface the kinematic condition % = 0 is satisfied,

D

where 5, = % + u% + va% + wa% is the material derivative. Since ¢ is the potential function of v,

we can write

M+ oM+ 91Ny — ¢, =0 OHZZ’U(WJ)- (2.6)

Furthermore, assuming the pressure on the free surface is equal to the ambient air pressure, [2]

shows that (2.1) and (2.2)) imply the Bernoulli condition is satisfied:

d 1
A

3 E\V¢|2+gz:0 on z = 1n(x,y1). (2.7)

Next, assume the fluid in the open channel is uniform in the y direction, and the bottom of the chan-

nel is flat and horizontal. Then, 4 is the undisturbed depth of the fluid, and the system consisting



of (2.4), (2.9), (2.6), and (R.7) simplifies to

O+ ¢, =0 in —h<z<n(x1), (2.8)

¢.=0 onz=—h, (2.9)

M+ —9: =0 onz=n(x1), (2.10)

0t 5 (007 +(0) +2=0 onz=n(x.0), @.11)

where the undisturbed surface of the fluid is located at z = 0.

We now transform the system by setting 4 = 1 and by shifting and scaling the variables as follows:

=g 12F, z7=3-1, O(x,z,t) = \/§¢~)<x,2,f>, n(x,t) =1 (x,f).
Using these variables, the system (2.8)-(2.11)) becomes

(];xx—F(Z;zg:O n0<z<1+1,
¢:=0 onz=0,
ﬁf““ﬁxﬁx—‘ﬁZ:O onZ=1+1,

¢3;+%((¢3x)2+ (rﬁz>2> +(2-1)=0 onz=1+1.

If we omit the tildes for simplicity, we ultimately arrive at the system

O+ ¢, =0 in0<z<Il4n, (2.12)

¢.=0 onz=0, (2.13)

n+¢N—¢9.=0 onz=1+n, (2.14)
n+¢;+%<(¢x)2+(¢z)2> =0 onz=1+n. (2.15)



CHAPTER III
STUDYING THE SYSTEM

Consider the ansatz f(x,7) = C-log(#'), where # = # (x,t) is a linear combination of N

exponential functions:

N
W (x,t) =Y b, (3.1
j=1

where k; and p; are real numbers for j =1,2,...,N. Note that % is positive for all x and z.

We now define the parameter A to be the absolute maximum of the 2N coefficients, k; and p;:

A = kil Ipilb. 32
lrgngN{l il lpjl} (3.2)

Lemma 3.0.1. Let m and n be non-negative integers. Then, the parameter A satisfies

am—‘—n
Fogen | W (x.1)] mtn
P | S AT

Proof. Using the definition of % (x,) in (B.1)), we have that

N am+n

Y g 4]
=1

omtn omtn N

- kix—pit
oxmoth [W(X,t)} ) - XMt [Z:Ie ! ! ]

J:

(k)" (="

1= 1=

IN

= Y. " |pslnebre

J=1

‘ (kj)m(_pj)neij—pjt

—.
I
R

N
Am|pj|neijfpjt — Z lmlneijfpjt.
j=1

IN
M=

.
I
_



Hence,

ot b kjr—p; T . +
g 7 60 < XA A SO (),
Thus,
m+n aern
Farga [V (60)] | |3 [ (x,1)] ‘ MA@ e
W (x,1) V(x0T W (x) ’
gm-+n
that is, A" is an upper bound of % for all x and 1.
Therefore, N
am n
ax"mot" [W( ’t)} < pmtn
W (x.1) - '
[
We will now use f(x,t) to set
)
O(x,z,t) = —fi(x,1) + Efm(x,t), and (3.3)
N(x,1) = fre(x,1). (3.4)
Substituting these definitions into the system (2.12)) - (2.15), we get thatin 0 < z < 1 41,
7 z
XX 22 = — Jxxt A Jxxxxt xxt) = 7 Jxoxxxt
bt 0 = (= e+ S e ) + Uin) = 5.
1+n)? 1+ frr)?
< ( 277) oo = (%X)fxxxxta SO
1 1 2
(Pxx + (Pzz < Efxxxxt + fxxfxxxxt + E(fxx) fxxxxt- (35)
Moreover, on z =0,
O: =2 for =0 frr =0. (3.6)



Furthermore, onz =141 = 1 + fi,

2

le + ¢xnx - ¢Z = (fxxt) + <_ fxt + %fxxxt) (fxxx) - (foxt)

2
Z
= (1 - Z)fxxt - fxtfxxx + Efxxxfxxxt

( +fxx)

= (1 — (1 —Jrfxx))fxxt — fuSfoo + 5 fouSru

which implies

1
nt + (pxnx - (pz = _fxxfxxt - fxtfxxx + _fxxxfxxxt + fxxfxxxfxxxt
2 (3.7)

1 2
+ 5 (fxx) fxxxfxxxt~

Alsoonz=1+n =1+ f,,

2
n+@+%0%ﬁ+@@§=%Ao+(<m+%ﬁm)

1 7 2 2
+ > (— S+ Efxxxz) + (2fxxt)

= fxx ftt + fxxtt +fxxfxxtt + = (fxx) fxxtt
2 4

%(fx» et 5 ()
M = (fuw)?
thfh+(&)+1hm
+ fofoar + 3 (fxx) St

2

2
&mw(m)%m&

Though these expressions are complicated, we can use the parameter A and Big O notation to see



that the 17 and ¢ defined by (B.3) satisfy

¢xx+¢zz§0<ls> n0<z<1l+n, (3.8)
¢.=0 onz=0, (3.9)
nt+¢xnx_¢z§0<ls) onz:1+n, (3.10)

1 1 1
N+ 045 (002 +(007) < fumfut 5 () +5fe+0(A7)  omz=14n. (31D

Comparing the above results with the system (2.12)-(2.13), we see that if we make A small enough,
the contribution of most derivatives of f can be made negligible.
Thus, the 11 and ¢ defined by (B.3) and (B.4), respectively, almost solve the system, with the only

potentially non-trivial contribution coming from the expression

1 1
E(x,1) :fxx_ﬁl+§(fxt)2+§fxxtt- (3.12)

If we can bound this “error function” by a high-order polynomial of A, then the resulting ) and ¢
will come very close to solving the system (2.12) - (2.15).

However, the contribution of (B.12) appears to be O (12) , an order that is not as high as the O (15 )
present throughout the expressions.

Hence, in order to find a better bound for E(x,), we must use other methods.



CHAPTER IV
STUDYING THE ERROR: ONE-SOLITARY WAVE

It is evident that if we can make (B.12) equal to 0, we are done. The resulting equation

1 , 1 B
fxx_ﬁt+§(fxt) +§fxxtl —O (41)

is a non-linear, fourth-order partial differential equation. We begin the analysis of equation (&.1]) by
finding a solution that yields a one-soliton surface wave 1. The ansatz given by the Hirota method
is

f(x,t) = Clog(1+ €7
for real, non-trivial constants C, k, and p. Substituting this form of f into (#.1)) gives the equation

(kz 2) ekx—nt k2p2 ekx—pt 4 (C _ 4)€2(kx—pt) + e3(kx_pz) .
_ + ] _o,
P (1+ekx*Pf)2 2 (1_|_ekxfpt)4

which can we expressed as

(kz B pz) ekx—nt 42 e2(kx—pt) _|_4e3(kx—pt)
(1 ekx—rr)
kzpz ekx—nt 4+ (C _ 4)62(kx—pt) 4+ e3(kx—pt)
2 (1+ekx—pt)4

=0.

_|_

If we then set C = 6, we arrive at the equation

=0.

2 5 N k2p2 ekx—pt + 22 (kx—pt) + e3(kx—pt)
P 2 (1 + ekx—pt)4



Hence, if k and p are solutions to
k2 p2
12— pty == 0,

then f(x,t) solves (4.1)). We can solve the above equation for |k| < V2 if we set

k
p=t—m.
1
1 — 5k?
Scaling k to 2k ultimately yields the real function
2kxt—2—¢
f(x,1) =6log(l+e Vi-2? ), (4.2)

L . ; : V2
which is a solution to (4.1 for any k with |k| < e,

The surface wave defined by (4.2) is its second spatial derivative

2k

kzeka:i: Mr

fu(x,1) =6 5 (4.3)
( Dhxt—2k z)
l4+e Vi
Using the linearity of the derivative, we can express the surface wave defined by (#.2) as

kx£—K

fur(x,1) = 6k2 sech? <e ! Wzkzt). (4.4)

10



CHAPTER V
STUDYING THE ERROR: A GENERAL ESTIMATE

To find higher soliton surface waves, we must bound the error function more generally than
for the one-soliton case. Recall f(x,7) = C-log(#), where # = # (x,t) is defined as in (B.1). For

simplicity, we will set the constant C := 1. Substituting f = log(#') into (8.12) yields

1 1
E(xvt) = fue— Jfut 5 (fxt)z + Efxxtt

1 1
= — |\ Wu—Wu+ E%xtt]

Y

1T 1 1

+ w2 (Wt)z - (%)2 - 5(7%@2 — Wt = WiWan — E%cx%t]
1 -

5 | It O Wt SH AN
1T 5. 5

b |~ S0R007]

1 1 1
= e {W%x — W Wi+ EW%M + (7%)2 — (%)2 — E%X%[]

1T

+ w2 _ - 5(%02 — WiWar — %Wxxt:|
.

s | O O Wt 1A
1T 5 5

b |~ 02007

11



We now define the functions Ey = E(x,t), E; = E»(x,t), E3 = E3(x,t), and E4 = E4(x,1) to be

I 1 1
E, = ) WHWx =W W+ Ey/%xtt + (W)= (HR) - E%x%t )
11
Br=-m|- 5(%)2 —WWsar — %Wm] :

O
Ey= 5 | (W) W+ (%)Z%HW%%} :

P

Then,

E(x,t) = E1(x,t) + Ex(x,t) + E3(x,t) + E4(x,1).

(5.1)
(5.2)
(5.3)

(5.4)

(5.5)

To bound the error E(x,t), we will bound the sub-errors Ej, E,, Ez and E4. The latter three can

easily be bounded using the triangle inequality as well as the lemma B.0.1]:

L\ W W Vi Wi
< ||l—Z( 22 X It
ol <|-5 (%) |+|-5 5]+ -7 5%
V[ |® |74 || 74 o
S— 1 + [ 22 1t + % . Wl‘
2|\ W /2 W V4
< S HAA 1A AP =22
A PN Y| I W
< Zx) Zu 7t ZxZt
iewol< | (%) 51+ 1(F) F1 77
N AR AN A A N AR AN
|\ /4 /4 4 /4 /4 /4
< (APA2+(APA2+30-2-22 =524, and
SN (PN SN~ 50020002 - 5 qs
< _—— —_— _ = — _— —_— <— = —
o< |-3(5%) () =517 7] <5amar=3

12



Hence, E(x,t) can be estimated by

5 5 :
1E(x 0 < [[Ev] + 1Bl + | Esll + [ Eall < [|E4 | +§l4+514+§l4, Le.,

JECe )] < [IEd] + 10A%. (5.6)

Thus, if the sub-error E|(x,1) is estimated by a polynomial of A with a degree of 4 or higher, then

the total error E(x,t) is O(A%).

13



CHAPTER VI
STUDYING THE ERROR: TWO-SOLITARY WAVE

We will now attempt to find an f(x,7) that produces a two-soliton surface wave. We will

define f(x,t) = C-log(#'), where # = # (x,t) is defined as in (B.1}) for N = 4:
4
W(x,t) — Z eij*])jl — ek]X*]J]l+ek2X7p2t+ek3X7p3t_I_ek4X7p4l‘ (61)
j=1

Again setting C := 1, we will substitute f = log(#/) into (5.1)) and express E; in terms of the

exponential functions:

1 1 !
El (X,t) - W |:WWXX - WWZZ + EWWxxtt + (%)2 - (%)2 - EWXXWU‘}
— % [RLZ e(k1+k2)x—(1?1+172)t +Ri3 e(k1+k3)x—(1?1+p3)t + R4 e(k1+k4)x—([71+p4)t

+Ry3 ok tk3)x—(p2+p3)t +Ryy olkatka)x—(p2+pa)t YRy kst x—(p3+pa)t

4

::_15 Y Ry ekt n),
L=
i<j

where the coefficients R; ; are given by
1
Rij=(ki—kj)* = (pi—p;)*+ B (klz - k?) <p,-2 - pf)

fori, j=1,2,3,4 withi < j.

We now introduce the parameter p and define to be the absolute maximum of the R; ; coefficients:

p =max{|R; }. (6.2)

,|R13],|R14],|R23],|R2.4],|R3 4

14



Then,

(ki+kj)x—(pi+pj)t

(ki+kj)x +
‘El(x’l‘)’ W2 Z R7J€ J) (pl p] 7]@
i,j=1 i,j=1
z<] 1<J
Z |R o\kithkj)x—(pi+p;)t Z pek+k —(pit+p))t
i,j=1 i,j=1
i<j i<j
2
<Lzek+k (o < P (V7N _ P
e 72\ 2 2
i<j

Hence, if we choose k; and p; such that p = O (A%), the total error (B.12) will be O (A4).
To this end, we will define all the k; parameters in terms of a single parameter, k. For three given

constants a», a3, and a4, and with a; = 1, let

ki =aik=k
kr = ark
k3 = azk
ks = ask

Moreover, we will order k1, k>, k3, and k4 such that
k1| > |ka| > |k3| > |kal.

Next, we use the relation derived in chapter [V to define the p ; coefficients:

ki

pj=t—rd
172

15



Moreover, we will define all the p; coefficients as either

orall p;=—

Note that for the p; to be well-defined, we must restrict the k;’s to the interval ( -2, \/5)

By the definition of p, we have that for some i and j with i # j,

p=|Rij| = |(ki—kj)*— (m—m)”%(kiz—k?) (P%_Pi)

1 1 1 1
_ 122 o2 2 . 22 2 2p 2p
= |ki =2 kikj+kj —p;i +2 pipj— +2k1 2k,pj 2kf —|—2kJ
1 2, 1 2, 1, 2 1 2p
= |k? Pz+2k1 —2kiki+2 pipj — 2k1 J_Ek] +kj +2kj
1
2 2p
= |—2kkj+2pipj— 2kpj—§kj

Since k; = a;k and kj = a jk, we see that k; = ak;, where a = Z—f Substituting ak; for k;, we get that

214 214
a’k; a‘k;
= |—2ak} +2 pipj — i
SO I A A YT R Yy

ak} 42k — (@ + IS
4 2 2 274 |°
\/1_%;(1,2\/1_%,(1,2 4—2(a2 + 1)k2 + a2k

= | —2ak? +2

ak? 4a’kt—a* (a>+1)k8

[[_1;2 lkz\/l o2 = 2(a2+1)k2 a’k}

We now expand —Zaki2 +2 into its Maclaurin series with respect

to k;:
—2ak? +2 ak; _ Ak —ai@ + DR :“(a_1)2k4+0<k~5)
! _ (2 2 2.4 i i)
\/1_%]([.2\/1_%,(1.2 4—2(a* + 1)k + a*k; 2
Thus,
—1)2
< —|a|(a2 ) 7L4+0<7LS>, 6.3)

16



CHAPTER VII
CONCLUSION

With this method, we found a form for a one-soliton solution that solves the system to an
order of O (/'L5 ), as well as a form that leads to two-soliton solutions to the system to an order of
o (14). As the approach for estimating E (x,¢) in chapter M generalizes for any N chosen to define
W, we can further increase the number of exponentials used in the sum to find greater soliton
solutions of order O (1*).

Moreover, we can consider more terms in the approximation to perhaps increase the order
of a two-soliton to O (15). Another path for future work is assessing the particle trajectories given

by the potential function, as this paper is focuses on the behavior of the surface wave.

17
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