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ABSTRACT

Garcia, Miguel A., Formation Control of Multiple Quadrotors. Master of Science in Engineering

(MSE), May, 2023, 72 pp., 42 figures, references, 60 titles.

This thesis studies formation control of multiple quadrotors under different conditions.
Two controller design approaches are proposed. In the first approach, it is assumed that the
dynamics of each quadrotor is unknown and there is disturbance. With the aid of distributed
estimation and the universal approximation property of neural networks, distributed tracking
controllers are proposed. Simulation shows the effectiveness of the proposed controllers. In the
second approach, it is assumed that the inertia parameters are unknown. With the aid of
distributed estimation, online data estimation, and optimal control theory, distributed sub-optimal
tracking controllers are proposed. Simulation results show the effectiveness of the proposed

controllers.

il






DEDICATION

I would like to dedicate this thesis/dissertation to all my friends, family, and educators that have

always pushed me to be the best that | can be. Thank you for showing me the sky is the limit.

v






ACKNOWLEDGMENTS

Dr. Wenjie Dong cooperation and dedication have been challenging yet inspirational and
rewarding. Through his knowledge and experience, | was able to propose some impactful work
that I see being use of in practical applications. | would also like to thank Dr. Weidong Kuang
and Dr. Alexander Domijan for always being available to listen to my questions throughout my
time at UTRGV. With this committee, and their vast knowledge of different areas of Electrical
Engineering, | was able to challenge myself during this pursuit of the Master’s degree.

Lastly, this work couldn’t not have been done without the support of the NSF

grant ECCS2037649...






TABLE OF CONTENTS

Page

AB ST RACT . ii

DEDICATION . . v

ACKNOWLEDGEMENTS . . .o e %

TABLE OF CONTENT S, ..o Vi

LIST OF FIGURES. . . .. e e viii

CHAPTER L INTRODUCTION. . . .o e e 1

1.1 Topics inthe Thesis. . . ..o vt e e e 6

1.2 Thesis CONtribUtiON . . . .. ..ottt e 6

CHAPTER II. DISTRIBUTED TRACKING CONTROL OF MULTIPLE QUADROTORS

WITH THE AID OF NEURAL NETWORKS . . . .. e 8

2.1 Problem Statement and Preliminaries. . . .......... ... . i 8

2.1.1 Problem Statement. . . .. ...ttt 8

2.1.2 Neural Networks. . .. ..o 13

2.2 Controller Design. . .. ...t e 16

2.2.1 Distributed Estimator Design. . .. ... 16

2.2.2 Tracking Controller Design. . .. ... i 17

2.3 Simulation Results. . .. .. ... 27

2.4 ConClUSION. . . .ot 33
CHAPTER Il1I. DISTRIBUTED TRACKING CONTROL OF MULTIPLE QUADROTORS

WITH THE AID OF OPTIMAL CONTROL THEORY ... ... .. . 34

3.1 INtroduction. . . . ..ot 34

Vi



3.2 Problem Statement and Preliminaries. . . . . ... .ottt 34

3.2.1 Problem Statement. . . .. ... 34

3.3 Controller Design . . .. oot 39
3.3.1 Distributed Estimator Design. . . ............ i 39

3.3.2 Parameter Estimation. . . .. ...t 40

3.3.3 Optimal Tracking Controller Design. . . .. .......... .. ... ... ... ... .... 42

3.4 Simulation Results. . . ... ... e 50
35 CoNCIUSION. . . .ot 57
CHAPTER IV. FUTURE WORK. . . .. e 63
REFERENCES. . . 64
BIOGRAPHICAL SKETCH. . ... e 72

vii



LIST OF FIGURES

Page
Figure 2.1 Biology 0f aNeUrON . . ... ..ot 13
Figure 2.2 Structure of neural networks. . ... .. 13
Figure 2.3 Connection of anode. . .. ... ...t 14
Figure 2.4 Neural networks [1] . ... ..o oo e 14
Figure 2.5 Function approximation of NNs. . ........ ... ... . i ., 15
Figure 2.6 Configuration of aquadrotor. . ............ . i e 26
Figure 2.7 Communication graph between quadrotors. . .......... ... .. .. .. .. .. ... ..., 28
Figure 2.8 Desired formation. . . ... ... 28
Figure 2.9 Estimate errors po— pjfor 1 <j<3. ... . i 29
Figure 2.10 Estimate errors Vo— Vjfor 1 <j<3.. ... .. .. 30
Figure 2.11 Estimate errors wo— wifor 1 <j<3 .. .. . . i 30
Figure 2.12 Tracking errors pj—hj— (po—ho) for 1 <j<3.... ... . i 31
Figure 2.13 Tracking errors Sjfor 1 < <3 ... . e 31
Figure 2.14 Tracking errors qifor 1 <J < 3. .. o e 32
Figure 2.15 Tracking errors i for 1 < <3 ... .. . 32
Figure 3.1 Configurationofaquadrotor............ ... ... .. 50
Figure 3.2 Communication graph between quadrotors . .. .......... .. ... ... .. .. ... 51
Figure 3.3 Desired formation . . . ...t 52
Figure 3.4  EStiMation €rrOr Po— P L « v oottt e e e 52
Figure 3.5 EStIMAtioN €ITON Vo — V1. . o vttt et e e e 52
Figure 3.6 Estimation error b2 o— 1 1. ..o 53

viii



Figure 3.7  EStimMation err0r Po— P 2. « « v oo ettt e 53

Figure 3.8 ESHIMAtion error Vo — V2. . o oot e e 54
Figure 3.9  Estimation error D2 o— 1 2. . ..ot 54
Figure 3.10 EStimation €rror Po— P 3. « v oottt et ettt 55
Figure 3.11 Estimation error vO — V3. . . ... 55
Figure 3.12 Estimation error b2,0 —173. . .. .. ... 55
Figure 3.13 Time response of the estimate of m. ... ....... .. ... .. i, 56
Figure 3.14 Time response of the estimate of J. . .. ... ... i 57
Figure 3.15 The tracking error pl —hl —(pO—hO0) ....... ... ... . i 58
Figure 3.16 The tracking error p2 —h2 —(p0—h0) . .. ... ... 58
Figure 3.17 The tracking error p3 —h3 —(p0—h0) .. ... ... 58
Figure 3.18 The tracking error vI —vO0. . .. ... ... 59
Figure 3.19 The tracking error v2 —vO0. . . .. ... . 59
Figure 3.20 The tracking error v3 —vO0. . . . ... . 59
Figure 3.21 The tracking error 1. . . . ... 60
Figure 3.22 The tracking error 2. . . . ... 60
Figure 3.23 The tracking error 3. . . . ... ot 60
Figure 3.24 The tracking error @™ 1. . . .. .. .. 61
Figure 3.25 The tracking error 072, . . .. ..ottt 61
Figure 3.26 The tracking error @3, . . ... ..ot 62

X



CHAPTER |

INTRODUCTION

There has been an active case of research about control of quadcopters due to its potential
applications in both civil and military uses such as surveillance, search and rescue missions and
observation/monitoring objectives. Quadcopters have three degrees of freedom (DOF) in the
translational motion allowing the vehicle to travel in the X, y, and z-axis in addition to the three
DOF in the rotational motion that allow them to fly in any desired orientation. Essentially
quadcopters can fly in any position with any desired orientation. In addition, quadcopters can
operate in cluttered environments and have the benefit to hover for long period of time. On the
other hand, a quadcopter generally has four inputs which makes the nature of the system an
underactuated system which in return makes the control of the quadcopter a challenging
dilemma.

The dynamics of a quadcopter can be considered as a cascaded system which includes a
position control subsystem and an orientation control subsystem. Taking into consideration aid
of the featured cascade structure, a controller can be designed in a couple of steps. The first step
would be to design a virtual controller such that the position of the quadcopter would converge
to its designed position. The problem in the first step would be called the position tracking
problem. The second step allows a controller to be designed with the aid of the virtual controller
from the first step such that the position and orientation of the quadcopter converge to its desired
position and orientation, respectively. The problem in this step is called the attitude tracking

problem. Different controllers were proposed with the aid of the backstepping technique in [2-6]



based on the cascade structure. In addition, different techniques applied allowed there to be the
designing of controllers. Feedback linearization being applied helped design tracking controllers
in [7,8]. In [9,10], controllers were proposed with the aid of model predictive control. [11,12]
designed tracking controllers that were proposed using the sliding mode technique. Robust
control techniques are effective tools dealing with non-parametric uncertainty. Different robust
controllers have been proposed with the aid of different robust techniques. Sliding mode control
techniques were applied to estimate disturbance which resulted in the sliding mode based
tracking controller in [12]. Sliding mode techniques were applied to compensate for un-modeled
dynamics and adaptive robust tracking controllers that were proposed in [13,14].

The parameters of attitude of quadcopters in attitude tracking control can be represented
by Euler angles, modified Rodrigues parameters (MRPs), or the unit quaternion. Controllers
designed on Euler angles and MRPs have singularities which reduces the ability to achieve large
angular maneuvers. In order to fix the issue stated, the unit quaternion is used to help define the
attitude of a quadcopter and controllers are designed with the aid of the unit quaternion. Since
quaternions have ambiguities in representing an attitude (two quaternions represent an attitude),
the controllers design based on quaternions are sensitive to small measurement noises and may
exhibit unwinding behavior where the UAV makes an unnecessary full rotation [15-17]. Hybrid
controllers were proposed in [2,18] to overcome the unwinding dilemma. In the two-step
controller design stated above a crucial assumption is made to obtain the well-defined
controller, which is that the total thrust is nonzero at any given time. To satisfy this assumption
many papers assume that the reference total thrust is bounded away from zero and the initial
errors between the state of the system and the desired value of the state of the system are

sufficiently small. Therefore, the controllers proposed in these papers are locally well-defined.



Well-defined controllers for large attraction region with aid of saturation control in [19,20] is
proposed to aid the issue. The tracking control of a quadcopter is not taken into account for
when the mass and the moment of a quadcopter are unknown.

Uncertainty is always in practice when discussing the control of quadcopters. Generally,
there are two types of uncertainty. The unknown information of the mass and the inertia
moment of quadcopter is labeled as parametric uncertainty. The other type of uncertainty is the
non-parametric uncertainty which involves un-modeled dynamics and disturbances. Different
adaptive methods have been applied to design adaptive controllers when dealing with
parametric uncertainty. Immersion and invariance techniques were applied to design adaptive
controllers in [21,22]. In [23], adaptive backstepping technique was applied and an adaptive
tracking controller was proposed. Adaptive backstepping technique and command-filter
compensation were applied in [24] and adaptive tracking controllers were proposed without
computation of derivatives of signals.

The need for sensors being equipped for measuring the linear and angular velocity is
crucial because they become available for feedback control. Because of this attitude tracking
control of quadcopters without velocity measurements was extensively studied. If angular
velocity is not available for feedback control, the output based attitude tracking controllers were
extensively studied. There are generally two types of output tracking controllers. Observer-based
controllers are designed based on the observer-based approach and observer-free controllers
which are designed by other approaches instead of the observer-based approach [18,27]. The
observer-based approach basically dictates that an observer is designed first and the tracking
controller is designed with the aid of the observer and other properties of the system [25,26]. For

position and attitude tracking control of quadcopters, if the linear velocity is not available then



an output controller is proposed using the aid of a singular perturbation listed in [28]. [29]
proposes an output controller with the aid of a nonlinear observer design. There are few research
results except for the paper [30] that discuss if both the linear and angular velocities are non-
available for feedback control of the quadcopters.

More complex tasks have a better application for multiple quadcopters to perform the
objective. Formation flying of multiple quadcopters has been on the latest research due to its
wide applications of military and civilian use such as surveillance, search/rescue tasks, area
exploration and many other needs. The limitless capacity of vertical taking-off and landing
(VTOL) cues makes the quadcopter superior to other UAVs. The formation of multiple
quadcopters can perform more complex tasks and provide better performance in comparison to
the performance of a single quadcopter, however, the underactuated nature of a single quadcopter
makes the cooperative control of multiple quadcopters even more challenging.

One of the goals of formation control of multiple quadcopters is to coordinate a group
of quadcopters to achieve a desired spatial geometric pattern. Several classical approaches have
been proposed for multi-agent systems such as the behavioral approach, the virtual structure
approach, leader-follower approach, and the graph theoretical approach. In the leader-follower
approach [31,32], some agents are designed to be leaders and others are followers. The leader
tracks the predefined trajectories while the followers track the state of their neighboring vehicles
according to a given scheme. The behavioral approach [33-35] discusses the control action for
each agent by being defined as a weight average of the control corresponding to each desired
behavior of the agent. In the virtual structure approach [36-38], the entire formation is treated
as a single rigid body. The structure in [36-38] moves along a desired trajectory and with a

desired attitude. In the graph theoretical approach [39-42] the idea of each agent is considered



as a node and the communication between the agents is presented in a communication graph
which allows the control law to be designed by the difference of neighboring information.

The formation control of multiple unmanned aerial vehicles (UAVSs) has been studied
extensively. In [43,44] the dynamics of each vehicle are represented by a simplified linear
system and the formation control is studied based on multiple linear systems. [45-47] studies
translational and rotational motions with linear and simplified models. Formation control of
multiple UAVs has been studied in [48-51] based on a six DOF model, noting that UAVs are a
multiple input/output system with high nonlinear and coupled dynamics. In [49,50] the
formation control of multiple UAVs as studied with disturbances and robust distributed control
laws were proposed using the same six DOF model. [51] studies non-smooth backstepping
design on the distributed formation control of multiple UAVs and consensus techniques for the
6 DOF model.

The formation controllers in the above literatures secure the states of a UAV
asymptotically converges to a desired formation as time continues to infinity. Finite-time
distributed controllers are preferred in practical applications because they guarantee the states
of a UAV converge to a desired formation within a finite time and reduce the disturbance
rejection performance due to the closed loop systems. [52] studies the non-parametric
uncertainties in formation control of multiple UAVs which resulted in the proposal of finite-
time controllers with the aid of finite-time distributed observers. The aid of homogenous
systems was used in [46] to propose finite-time distributed controllers based on the linearized
models without uncertainty. The Euler angles define the attitudes of the UAVs in [46,52]. To

make the attitude control laws nonsingular, the Euler angles are given a limited interval.



1.1 Topics in the Thesis

Motivating by the research work mentioned above and the work in [53-55], in this thesis

we will study the formation control of multiple quadrotors with a leader by different techniques.

In the first problem considered in this thesis, we study the formation control of multiple
quadrotors with unknown dynamics. In this problem, it is assumed that the information of the
leader system is not available to all follower systems and it is also assumed that the dynamics of
each system is not well-known. In order to solve the formation problem, a multiple-step
approach is proposed with the aid of distributed estimation, neural networks, and the

backstepping techniques. Distributed controllers are proposed based on this approach.

In the second problem considered in this thesis, we study the optimized formation control
of multiple quadrotors with unknown dynamics. In this problem, it is assumed that the
information of the leader system is not available to all follower systems and it is also assumed
that the inertia parameters of each system is not well-known. In the controller design, it is
required to propose distributed controllers such that some performance to be minimized. To this
end, a multiple-step approach is proposed with the aid of distributed estimation, on-line
parameter estimation, optimal control, and the backstepping techniques. Distributed controllers

are proposed with the aid of this approach.

1.2 Thesis Contribution

The contributions of our work are as follows.

« A new multi-step networked-based approach is proposed for formation control of multiple
quadrotors. In this approach, the unknown dynamics and uncertain environment are

approximated by neural networks. Due to the universal approximation property of neural



networks, the proposed distributed controllers can learn unknown dynamics and
environment very well and make the performance of the whole system better.

« A new multi-step optimized controller design approach is proposed for formation control of
multiple quadrotors. In this approach, the unknown parameters are estimated based on on-
line data and distributed controllers are proposed with the aid of optimal control theory. So,
the proposed controllers are sub-optimal in some sense of performance, which is better than

the controllers proposed without performance requirements.

The proposed controller design approach can be applied to design formation controller

for other types of unmanned aerial vehicle.



CHAPTER II

DISTRIBUTED TRACKING CONTROL OF MULTIPLE QUADROTORS WITH THE AID

OF NEURAL NETWORKS

Although there are many results on formation control of multiple quadcopters, how to
improve the control performance is still challenging in the presence of uncertainty and coupling
among neighboring quadrotors. Motivating by the research work in [53-55], in this chapter we
study the formation control of multiple quadrotors with parametric and non-parametric
uncertainties and propose new distributed control laws with the aid of neural networks such that
the formation errors converge to zero and the attitude of each quadrotor converges to a desired
attitude. In order to solve the formation control problem, a multi-step approach is proposed and

distributed control laws are proposed.
2.1 Problem Statement and Preliminaries
2.1.1 Problem Statement

Consider m quadrotors. Under some assumptions, the kinematics and dynamics of j-th quadrotor

are defined by

i = Vi (2.1)

. 1
Vj :—ge3+ ;}f}R] 33+d1j (22)



Ri =RS(w)) 2.3)
Jj &y = SUjwj)w; + tj+dy; (2.4)

where pjand vjare the position and the velocity of the mass center in the inertia frame,
respectively, g is the gravitational acceleration, e3=[0,0,1]T, fj € R is the total thrust, Rj =
[byj,b2j,bsi] is the rotation matrix of the body frame with respect to the inertia frame, wj is the
angular velocity of the quadrotor in its body frame, Jjis the inertia moment of the quadrotor, ds;
and dj denote non-parametric uncertainty and disturbance, S(&) for & = [&1,&,E3] Tis a skew-

symmetric matrix defined by

0 =& &
SE®) = [ & 0 —21]
5 & 0

and 7= 1,75, 73] T is the torque input of the system. Let ®;= [¢;,6;,w;] T be the Euler angles of frame of the
j-th vehicle, the attitude of the vehicle can be defined by ®;. The relation between the Euler angles and the

rotation matrix is

clcp  sOicpish; —s@jcdh; sOicpjcdhj+s@jsd;
Rj = |cOjsp; sOis@isdj+cicd; sOispicd; —c@isd; (2.5)
—SQJ CGJS(I)] CQJCCI)J

where cd; denotes cosd;and sé; denotes sind;. To make the mapping from the attitude to the Euler angles

one-to-one, we restrict the Euler angles to the following regions:

o € (Z2).0 € (F.5).9€ (-mm). (26)
By simple algebraic calculation, (2.3) can be written as

Oi=W(0j)wj (2.7)



where

cos@; sing;sinb;  cos¢;sinb;
0 cos¢p;cosf; —sind;cosb;
cosb; 0 .
sing; cosd;

k-1)m
2

and det(W (0))) = %ej' W is nonsingular if 6; = for any integer k.

For multiple quadrotors, there are information flows between them with the aid of sensors or
wireless communication. Consider each quadrotor as a node. The communication between
quadrotors is defined by a directed graph G = {A,E} where A is the node set and E is the edge
set. If there is an edge e;jj in E, it means that the information of node i is available to node j. Node
i is called a neighbor of node j if the information of node i is available to node j. All neighbors of
node j form a node set which is called the neighbor set of node j and is denoted by N;. A directed
path from node i to node j is a sequence of sets of edges that connect node i to node j by
following their directions. Node i is said to be reachable to node j if there exists a directed path
from node i to node j. Node i is said globally reachable if node i is reachable for every other node

in A.

In this chapter, we assume there are m follower quadrotors and one leader quadrotor. The
leader quadrotor is operated by a human operator and does not receive any information from the
follower quadrotors. Without loss of generality, the leader quadrotor is labeled as node 0. The
follower quadrotors are labeled by 1, 2, ..., m. The communication between m + 1 quadrotors is
defined by an augmented directed graph G¢ = {A4%, E%} where A%= Au{0} and E? is a union of

E and the edges from node 0 to the followers.

10



For m follower quadrotors and a leader quadrotor, a desired formation can be defined by
m+1) vectors hj € R*which may be constant vectors or time-varying vectors. We say (m+1
j

quadrotors are in the desired formation if

pi —p; = hi—hy

for any 0 <i,j <m. We say m + 1 quadrotors come into the desired formation if

lim[Gp; — hi) — (p; — )] =0

forany 0 <i,j<m.

In the dynamics (2.1)-(2.4), the parametric uncertainty (i.e., mjand J;) and non-parametric
uncertainty (i.e., dijand d;) are called the system uncertainty. For each quadrotor, it is unknown
whether the leader quadrotor is a neighbor or not. We say there is information uncertainty for

each quadrotor.
In this chapter, we consider the following control problem.

Formation flying with a leader: For a leader quadrotor and m follower quadrotors, it is
assumed that mj, Jj, dyj, and dyjare unknown for 1 <j <m. It is given the position and the
orientation of a leader quarotor and a desired formation defined by h; for 0 <j <m, the control
problem is to design distributed state feedback controllers fjand zj using its own information and

its neighbors’ information such that

11



lm[(p; — hy) = (@0 — ho)] = 0 (2.8)

lim[(¢;(t) — @o(t))] = 0 (2.9)

for 1 <j<m.

In the defined problem, (2.8) means that the (m+1) quadrotors come into the desired
formation and (2.9) means that the Y axes of the body frames of m + 1 quadrotors are parallel as

time goes to infinity.

In order to solve the defined problem, the following assumptions are made.

Assumption 2.1. The mass mj of quadrotor j is an unknown constant and m; < m; <, where m;

and W]are known constants.

Assumption 2.2. The inertia matrix Jj of quadrotor j is an unknown constant matrix.

Assumption 2.3. dgjand dyj are continuous functions and are bounded.

Assumption 2.4. The communication graph G?is a directed graph and the node 0 is globally

reachable.
Assumption 2.5. po(t) is smooth|| p,(t) ||land || By || are bounded.

Assumption 2.6. yois smooth. yo(t) is bounded.

12



Axonal arborization

Axon from another cell

\

Synapse

Dendrite Axon

Synapses

Cell body or Soma

Figure 2.1: Biology of a neuron

INnput units

Hidden units

Figure 2.2: Structure of neural networks.

2.1.2 Neural Networks

We can learn things by our brains. In a brain, different areas have different functions. Some
areas seem to have the same function in all humans (e.g., Broca’s region for motor speech); the
overall layout is generally consistent. Some areas are more plastic, and vary in their function;
also, the lower—Ievel structure and function vary greatly. We don’t know how different

functions are “assigned” or acquired.

Brain function occurs as the result of the firing of neurons. Neurons connect to each other

through synapses (see Fig. 2.1), which propagate action potential (electrical impulses) by

13



releasing neurotransmitters. There are about 10! neurons and about 10%* synapses in the human
brain!

Neural networks are made up of nodes or units, connected by links (see Fig. 2.2). Each link

Figure 2.3: Connection of a node.

Input layer

Figure 2.4: Neural networks [1].

has an associated weight and activation level. Each node has an input function (typically

summing over weighted inputs), an activation function, and an output. For each node (Fig. 2.3),

the output is

f=g(wTx)

14



where x = [1,X,...,Xn] T is the input vector, w = [wo,w1,...,Wn] T is the weight vector, wo is the bias,

1

o Ina

g(+) is the activation function. A sigmoid (logistic) activation function is g(z) =

neural network (Fig. 2.4), the outputs the hidden layer are

yi=g(W;iTx), 1<i<m

where X = [1,X1,...,Xn] Tis the input vector, w = [woi,Wii,...,Wni] T is the weight vector, wo; is the

bias, g(-) is the activation function.

Unknown Output
Function
Input + o —
T o=
o Neural +
- Dietverk Predicted Adaptation
A Output

Figure 2.5: Function approximation of NNs

The outputs of the output layer are

z=90]y), 1<i<k
where y = [1,y1,...,ym]T, ® = [60i,01i,...,0mi] T IS the weight vector, 6o is the bias.

Neural networks can be applied to classification, pattern recognization, approximation,

prediction, etc. Before its application, the neural network should be trained off-line or on-line.

15



Off-line Training is to find the weights with the aid of a cost function for each layer for given
input data and the desired output data. There are many methods for off-line training. See some

textbooks.

For control purpose, the neural network is used as an universal approximator. The neural
network is trained on-line. The structure of function approximation with the aid of NNs is shown

in Fig. 2.5 (see [1]). The ability of the approximation of NNs is as follows.

Theorem: (Universal approximation) Any continuous function f(x) defined in a compact set
Q € R"can be approximated arbitrarily well by a neural network with at least 1 hidden layer with

a finite number of weights.

2.2 Controller Design

In order to design distributed controllers, a two-step controller design procedure is
proposed. In the first step, we design distributed estimators to estimate state of the leader vehicle
using neighbors’ information. In the second step, we design a adaptive tracking controller for
each system such that the state of the vehicle asymptotically tracks the estimated state of the

leader vehicle.

2.2.1 Distributed Estimator Design

In this section, we apply the results in [56] to design distributed estimators. Let (p;9;, ¢;)

be the estimate of the leader’s state (po,Vo, o). Based on the results in [56], the distributed

estimators for vehicle j are proposed as follows.

16



py=- Z a;i(Bj — i) — Bpsign <2 ;i (p; — ﬁi)) (2.10)
IEN; IEN;

P, =- Z ai(@; — @;) — Bysign <Z @i (@) — @i)) (2.12)
lENj lENj

where fp > maxie«{||[p0||}, Bv > maxiew~{lI¥0II}, and By > maxteo»{|[¥0|}-

Lemma 2.1. For the distributed estimators in (2.10)-(2.12), if the leader’s information is

globally reachable to all other vehicles, (pj, 7,1;) converges to (po,Vo, o) within a finite time T,

i.e., after time T, (pj, ©,1j) = (Po,Vo, o) .

2.2.2 Tracking Controller Design

In this step, we design a tracking controller for each vehicle. Considering the cascade

structure of the system, a backstepping tracking controller is proposed in the following steps.
Step 1: The dynamics in (2.1)-(2.2) can be written as

mjp;j + mjges = fiRjes + m;jdy; (2.13)

Since m;j is a constant, the passivity property holds for the system. Let
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si = pj — i — hi + kLi(pi — pj — hi)

where kij is positive, then

mjsj = fiRje3 + mjd1j — mjge3 — mj(pj + hj) + mik1j(pj — Bj — hj)-

Since m;jand dsj are unknown, we use a neural network to approximate the unknown terms.

Choose the basis function of the neural networks as Y1j, we have

where Wi is an ideal constant weight vector and €, ; is the residue error vector. If the basis
function is well chosen and the number of nodes is large enough, ||€, || < c,; for a given

positive constant csj. So,

We choose a Lyapunov function
1 L1 o "
Vij =5mys; s;+ §V1j(W1j — Wi;) (W — Wyj)

where y3j is a positive constant and W'y; is an estimate of W4j. Then,
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Vij = 5] (fiRjes + Y1jw1j +€1;) = y1;(Wyj — W)Wy,

If fiRjes were control input, we choose the virtual control input as

Ay
a; = [“21‘] = —kas; — iWy — cq;sign(s)) (2.16)
(l3j
and the update law of W;jis
Wi, = vi Yis (2.17)

With the aid of the virtual control input, we have

Vyj = ]-T(ijjeg — ) — kzszsj + sz €~ clijTsign(sj) (2.18)

< s/ (fiRjes — a;) — kys/'s; (2.19)

Step 2: In this step, we find fjand virtual control inputs ggjand 6q; for gjand 6;. We choose

o=l (2.20)

Let fies = RT(@gj)aj and waj = ¥, simple calculation gives
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01jCOdCydj + 02jCOGjSdjwdj — 03iS0gj = 0 (2.21)
01j(SOdiCyjSpd; — SwdiCpd;) + a2i(SOuSyaSedj + CyCodj) + 3iCO4;Spd; = 0 (2.22)

a1j(SOdiCyaiCodj + SwdiSpdj) + azi(SOujSydiCodj — CydjSpd)) + asiCluiCod; = f (2.23)

where cOqj = cosfqj and sbqj = sinfgj. From (2.21) we have

A1iCOSQPi+aAyiSINQgi
1jCOSQPqj+Ay; ‘Pd]) (224)

0,. = arctan (
] aszj

(2.23)%singgj - (2.22)%cospq;j yields
fj singdj = a1 SiNwdj — 02§ COSwdj.

From this equation, we choose

a4 jSINQ4j—0,iCOSP 4
1 ]2 1> (225)

cl)d]. = arcsin ( o]

With the aid of the virtual control input ®gj = (4, @dj, aj), (2.15) can be written as

m;si= —kojsj + Yj (111 — mj) — ksjsign(s;) + mjdy;
+||aj||R(®a)(R(®] — Bgj) — Is)es (2.26)

Step 3: In this step, we design the virtual control for wjsuch that (2.8)-(2.9) are satisfied and

the Euler angles (¢j,0; ;) are in the restrict regions in (2.6). Let
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tand; — tanq)dj

E] — tanej - tan@dj (227)
tan® — tan 24
2 2
then,
£i=G(0))W(0))wj — G(Ouj) O (2.28)
where
6(0,) = di 1 1 1
j) = aag cos?¢;’ cos26; " 5. 2 %

It is obvious that ®;is in the regions in (2.6) and (2.9) holds if & is bounded and converges to

zero. To design a virtual controller for wj, we choose a Lyapunov function

_ 1.7
Vaj =38

Then,

Vaj = & (G(6;)W(8))w; — G(04;)04))

Choose the virtual controller of wjas
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7 =(G(O)W(6))) (—kKejéj + G(Oqj) Od) (2.29)

where Kej is a positive constant. If w;j = #;,

Vo = —E]kjEj < 0

which means that & exponentially converges to zero.
In (2.29), the inverse of G(®;)W(®;) always exists because ©jis in the regions defined in
(2.6) with the controllers defined in the next step.

Step 4: Since wj is not a real control input and cannot be 7;, we let

@j = oj~ 1.
Then,
§, = —ket; + G(0))W(6) @ (2.30)
Denote

22



]11]- ]12]- ]13j
Ji= ]21j ]22j ]23j
]31j ]32j ]33j

and for any vector ¢ = [(1,{2,(3]” € R® we define an operator

G ¢ ¢ 0 0
F(Z) =10 ¢ 0§ G
0 0 &G 0 ¢

then

JC=T)a;

€

where aj = [J11j,Jd12j,J13j,J22j,J23),J33)] T IS a collection of all elements of J;. Equation (2.31) can be

written as

Jiwi= 1~ [S(wpI(ewj) + T@)]aj + daj. (2.32)

Since ajand dyj are unknown, we use a neural network to learn them. We choose a basis

function Y2;jto approximate dzj — [S(wj)I'(wj) + I'(j)]aj. Then
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where W5 is the ideal weight vector, €,; is the residue error. For a given constant czj, we can

choose Y2; very well such that||€,; || < c,;. Then,

In order to propose an adaptive control law such that (2.8)-(2.9) are satisfied, we choose a

Lyapunov function

1 . . 1 ~ NT 4 .
Vsj = Vaj + 5871, + 5 (Waj = Wa;) 3 (Waj — Way)

where yyjis a positive definite constant matrix and W, is an estimate of Wy;and will be designed

later. The derivative of Vsjalong the solution of (2.30) and (2.34) is
Vsj = = ket + 5 G(0)W(0,)@; + & 1j + & €z & Vo Woj —
(W — Woj)Ty3] @)

We choose the control law and the update law as follows

= Koy~ [GOIW(O] G + Yol — Casign(@;)  (2:35)

—_—

Wz, = VZjYZ-;a; (2.36)
where k., is a positive constant. Then,
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which means that jand @; converges to zero and W ,jis bounded.

Based on the above controller design procedure, we have the following results.

Lemma 2.2. With the control input (2.35)-(2.36), (2.9) holds. Furthermore, ®;— ®g € L2 N La

and converges to zero.

Proof: By the Lyapunov function Vs;, we have (2.37), which means that V3jis bounded, & €
L2, and @; € L. The boundedness of V3 means that &, @; € L. So, &and @; converge to zero,
respectively. Therefore, (2.9) holds because the transformation tan(-) is one-to-one mapping for

angles in (—z/2,7/2).

By the mean value theorem, we have

tang; — tandy; =

(b — b))

cosd,;

T T

. . 1
where ¢ is a value between gjand ¢q;. Since ¢, dg; € (—E,E),m

< c¢j Where cy;is a

positive constant. Since & € Lo, gj— @4 € L2. Similarly, it can be proved that 6j— 6gj € L2and yj—
wdj € L2. Therefore, ®j— Ogj € L2 N L. S0, ®j— Ggj converges to zero. Based on the above

controller design procedure, we have the following results.

Theorem 2.1. For the systems in (2.1)-(2.4) and a leader vehicle, if the information of the leader
vehicle is globally reachable the control inputs (fj,zj) in (2.20) and (2.35) with the update laws in

(2.17) and (2.36) ensure that (2.8)-(2.9) are satisfied and (W 1;,W 3;) is bounded.

Proof: By Lemma 2.2, eqgn. (2.9) holds and ®;— ®gj € L2 N L. Furthermore, it can be shown

that (R(®j— @gj) — I3)es € L2 N L. So,
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Vij < —kyjsj'sj + 5] [|;||[R(04;)(R(€; — Oay) — I3)es

1 ~
< _ijSjTSj + O.Sksz]TSj + _2k2 ||a]||2(2(1 - C(QJ — de)c((l)] - q)d]) + Sz(d)j - d)d])
]

1 ~ ~
= O.SijSjTSj + % “a]”2(2(1 - C(ej - de)c(d)]' - (I)dj) + Sz(d)j - q)dj))

Integrating both sides of the above inequality and noting that ®q;—0; € LoNL., it can be shown

that sj € Lo N L. Furthermore, it can be shown that sj converges to zero. So, (2.8) holds.

Remark 2.1. In order to implement the controllers in Theorem 2.1, derivatives of # and ®q
should be obtained. Calculation of them is tedious. To overcome this, the command filters

proposed in [57] and [58] can be applied to estimate 7;and @g;. For given qq, the command filter
g1 = Wnq2

42 = —28wnqz; — Wn(q1 — qq)

Rotor 1 j Rotor 4

Mass center
73 4

v—+,
1
= Ze
Rotor 2 I i Ye Rotor 3
Xe
Oe

Figure 2.6: Configuration of a quadrotor
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ensures that ||w,q, — ¢4 |lis small by letting 0 < { < 1 and wn(> 0) large.

2.3 Simulation Results

The proposed results can be applied to design distributed controllers for formation flying
of multiple quadrotors. Considered five quadrotors. The dynamics of quadrotor j can be written
as (2.1)(2.4), where the total thrust fjand the generalized moment vector zj are generated by the
four rotors. For simplicity, we ignore the dynamics of each rotor and consider fjand zj as control
inputs. In the simulation, it is assumed that mj= 1kg and inertia tensor Jj = diag([1,1,1])kg m?. In

the controller design, mjand Jjare not exactly known. However, it is known that m; € [0.8,1.2]kg,
i.e., m =1.2kg and m = 0.8kg.

Simulation results are presented to illustrate the effectiveness of the proposed controllers.

Without loss of generality, for j-th quadrotor it is assumed that m; = 1kg and inertia tensor

Jj=diag([1,1,1])kg m. In the controllers, mjand Jjare unknown and m; € [0.8,1.2].

In the simulation, it is assumed that the trajectory poand o of the leader quadrotor are
(t)—[10(1 7Tt>10' i
Polt) = 95360/ """ 360"

T
P = gsin (0.01¢)
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Figure 2.8: Desired formation

The communication directed graph is shown in Fig. 2.7. It is can be verified that node 0 is

globally reachable.

The desired formation for quadrotors is shown in Fig. 2.8, where ho=[0,0,0]T, h1 =[0,15,0]",

h2=[~15,0,0]T, and hs = [0,~15,0]".

Distributed control laws can be designed with the aid of the procedure in the last section. The
simulation was done for a group of control parameters. Figs. 2.9-2.11 show the estimate errors po
—p%j, Vo—V'j, and wo —y/j for 1 <j < 3. It is shown that the estimates of the state of the leader

converge to the desired value within finite time.
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Fig. 2.12 shows the time response of pj— hj— (po— ho) for 1 <j < 3. It is shown that the
vehicles come into the desired formation and follow the leader vehicle. The time response of s;is
shown in Fig. 2.13, which shows that sjconverges to zero for 1 <j < 3. The time response of q7jis
shown in Fig. 2.14, which shows that the orientation of each vehicle converges to the orientation

of the leader vehicle. Fig. 2.15 show the response of »~j. They are converge to zero.

0.2

Po — Pj

0.2 03 0.4 05
time (sec.)

Figure 2.9: Estimate errors po— p~jfor 1 <j<3
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0.01 T T T

vo — Bj

h |

0.1 0.2 03 0.4
time (sec.)

Figure 2.10: Estimate errors vo— Vvijfor 1 <j <3

x10™

0.5

o — 4j

0 0.1 0.2 03 0.4
time (sec.)

Figure 2.11: Estimate errors yo— yjfor 1<j<3
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pi —hj — (po — ho)

4 6 8 10
time (sec.)

Figure 2.12: Tracking errors pj— hj— (po—ho) for 1 <j <3

0 2 4 6 8 10
time (sec.)

Figure 2.13: Tracking errors sjfor 1 <j <3
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Figure 2.14: Tracking errors q7jfor 1 <j <3
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Figure 2.15: Tracking errors w~jfor 1 <j<3
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2.4 Conclusion

This chapter considered the formation flying of multiple vehicles with a desired attitude
in the presence of parametric and non-parametric uncertainty. With the aid of the distributed
estimation, sliding mode control theory, and adaptive control theory, distributed control laws

were proposed. Simulation results show the effectiveness of the proposed controllers for

formation flying of three vehicles.
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CHAPTER Il

DISTRIBUTED TRACKING CONTROL OF MULTIPLE QUADROTORS WITH THE AID
OF OPTIMAL CONTROL THEORY

3.1 Introduction
Although there are many results on formation control of multiple quadrotors, how to
improve the control performance is still challenging in the presence of uncertainty and coupling
among neighboring quadrotors. Motivating by the research work in [53-55], in this chapter we
study the optimal formation control of multiple quadrotors with parametric uncertainty and
propose new distributed control laws with the aid of optimal control theory such that the
formation errors converge to zero and the attitude of each quadrotor converges to a desired

attitude.

3.2 Problem Statement and Preliminaries

3.2.1 Problem Statement
Consider m quadrotors. Under some assumptions, the kinematics and dynamics of j-th

quadrotor are defined by

i = Vi (3.1)
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. 1
Vj =—gesz+ ™ fiRje3 (3.2)

Ri =R S(w)) (3.3
Jj & = SUjwj)w; +1; (3.4)

where pjand vjare the position and the velocity of the mass center in the inertia frame,
respectively, m;jis the mass of the j-th vehicle, g is the gravitational acceleration, e3=[0,0,1]7, fj €
< is the total thrust, Rj = [baj,bj,bs3j] is the rotation matrix of the body frame with respect to the
inertia frame, wj is the angular velocity of the quadrotor in its body frame, Jjis the inertia

moment of the quadrotor, S(¢) for & = [&1,&,&]T is a skew-symmetric matrix defined by

0 —& &
5 = [ & 0 —21]
5 & 0

and 7j = [y, 725, 73j] T is the torque input of the system.

For multiple quadrotors, there are information flows between them with the aid of sensors or
wireless communication. Consider each quadrotor as a node. The communication between
quadrotors is defined by a directed graph G = {A,E} where A is the node set and E is the edge
set. If there is an edge ejj in E it means that the information of node i is available to node j. Node i
is called a neighbor of node j if the information of node i is available to node j. All neighbors of
node j form a node set which is called the neighbor set of node j and is denoted by N;. A directed
path from node i to node j is a sequence of sets of edges that connect node i to node j by
following their directions. Node i is said to be reachable to node j if there exists a directed path
from node i to node j. Node i is said globally reachable if node i is reachable for every other node
in A.
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In this chapter, we assume there are m follower quadrotors and one leader quadrotor. The
leader quadrotor is operated by a human operator and does not receive any information from the
follower quadrotors. Without loss of generality, the leader quadrotor is labeled as node 0. The
follower quadrotors are labeled by 1, 2, ..., m. The communication between m + 1 quadrotors is
defined by an augmented directed graph G?= {A? E®} where A®= Au{0} and E?is a union of E

and the edges from node 0 to the followers.

For m follower quadrotors and a leader quadrotor, a desired formation can be defined by
(m+1) vectors hj € R®which may be constant vectors or time-varying vectors. We say (m+1)

quadrotors are in the desired formation if

pi—pj=hi— Nk

forany 0 <i,j <m. We say m + 1 quadrotors come into the desired formation if

tli_glo[(Pi - h)— (@ —h)]=0

forany 0 <i,j<m.

In the dynamics (3.1)-(3.4), the parametric uncertainty (i.e., mjand J;) is called the system

uncertainty. For each quadrotor, it is unknown whether the leader quadrotor is a neighbor or not.
We say there is information uncertainty for each quadrotor.
In this chapter, we consider the following control problem.

Formation flying with a leader: For a leader quadrotor and m follower quadrotors, it is

assumed that mjand Jjare unknown for 1 <j <m. It is given the position and the orientation of a
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leader quadrotor and a desired formation defined by h;for 0 <j <m, the control problem is to
design distributed reinforcement learning based state feedback controllers fjand zj using its own

information and its neighbors’ information such that

lim[(p; — ) — (Po = ho)] = 0 (3.5)
lim[(ba;(t) — bap(t)] = 0 (3.6)

for 1 <j<m.

In the defined problem, (3.5) means that the (m+1) quadrotors come into the desired
formation and (3.6) means that the Y axes of the body frames of m + 1 quadrotors are parallel as

time goes
to infinity.

In order to solve the defined problem, the following assumptions are made.

Assumption 3.1. The mass mjof vehicle j is an unknown constant.

Assumption 3.2. The inertia matrix Jj of vehicle j is an unknown diagonal constant matrix and

its elements on the diagonal are the element of a vector a;.
Assumption 3.3. The communication graph G®is a directed graph and the node 0 is globally

reachable.
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Assumption 3.4. po(t) is smooth, ||, (t) || and ||, || are bounded.

Assumption 3.5. b2(t) is smooth. b20and bz are bounded.b; o(t)bs0(t) = 0 for any time

Po(t)+ges

wherebs o(t) = 150 (0 +gesl?”

The above assumptions are reasonable in practice.

The attitude of the j-th vehicle can be defined by a unit quaternion q; = [nj, E]-T]Twhere nj €

R and €;€ R3. The relation between gjand R;is defined by

For the j-th vehicle, (3.3) can be written as

q; = %A(Qj)wj (3.7)

where

T

Alay) = L]jl +S(€)]| (38)

38



3.3 Controller Design

In order to design distributed controllers, a multiple-step controller design procedure is
proposed. In the first step, we design distributed estimators to estimate state of the leader vehicle
using neighbors’ information. In the second step, we estimate the unknown inertia parameters
with the aid of data. Next, we design optimal controllers for each system such that the state of the
vehicle asymptotically tracks the estimated state of the leader vehicle and minimize a cost

function.

3.3.1 Distributed Estimator Design

In this section, we apply the results in [56] to design distributed estimators. Let (), ﬁj,z//,-)
be the estimate of the leader’s state (po,Vo, o). Based on the results in [56], the distributed

estimators for vehicle j are proposed as follows.

p, =7 (3.9)

9 = kevy - Z ai(5 - %) +k a,-i(ﬁ]—ﬁl)—ﬁvsign<z. a;(9 - % -
LEX;; ex, LEN;
J

J J

kp, + k@)) (3.10)

h=- Ziex- aji(rj - ri) — Brsign <Ziex-aji(r} - ri)) (3.11)

J ]
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where 1y = by k > 0, B > maxie(o,m)tlPoll}, By > maxieo,00){llPo + kpoll} , and g, >

maxce(o,o){[| D20}
Lemma 3.1. For the distributed estimators in (3.9)-(3.11), if the leader’s information is

globally reachable to all other vehicles, (p;,7;,rj) converges to (po,vo,bzo) within a finite time

T, i.e., aftertime T, (p;,9;,1j) = (po,vo,b20) .

3.3.2 Parameter Estimation
In the dynamics (3.1)(3.4), mjand Jjare unknown. They should be estimated with the aid
of the measured data. To this end, we integrate (3.2) and (3.4) over time interval [t,t + J¢] for

some stabilizing controller fjand zj. Then,

t+6t
mj(vj(t + 6t) —v;(t) + gegdt) = f fiRjesdt
t

t+6t

t+6t
Jj (a)j(t + 6t) — a)j(t)> = —f S(a)j)diag(wj)drvec(]j) +f 7;dt
t t

So,

t+8t
_ (Vj(t+5t)—vj(t)+ge36t)T ft+ fjRjesdt
;=

(3.12)

||vj(t+8t)—vj(t)+ge36t||2
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vec(;) = (diag (w;(t + 56 — 0 (©) + [ S(w)diag(wy)dn) [T rdr (3.9

In (3.12) and (3.13), some terms should be nonsingular. To avoid singularity of these terms,
one can integrate (3.2) and (3.4) over multiple time intervals.

In order to find mjand Jj, one needs to integrate some signals. To this end, one can let these
signals go through first integrators with zero initial conditions. If we define the following

auxiliary variables

&, = fiRjes, &;(t) =[0,0,0]" (3.14)
Eé] = S((Uj)diag(wj)’ &2j(t) = O3x3 (3.15)
Eé; =15, &, (t) = O3x1 (3.16)

then (3.12) and 3.13) can be written as

. 5t)—=v S T . 5
- (v;(t+8t)—v;(t)+ges5t) 511(2“ t) (3.17)
[lv;j(t+6)-v;()+gesbt]|

vec(]j) = (diag (wj(t + 6t) — wj(t)) + &t + 5t)>_ & (t +

5t) (3.18)
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3.3.3 Optimal Tracking Controller Design

In this step, we design a tracking controller for each vehicle with the aid of optimal

control theory. With the aid of the distributed estimator and the estimates of m;and Jj, for time t>

T the estimator for system j can be written as

Di=Vi (3.19)
. 1
b =—gest - fiRies (320)
]
Considering the cascade structure of the system, a backstepping tracking controller is
proposed in the following steps when time t > T.
Step 1: Let
-
vi—Yy
then
where

0 I
A = |23x3 I3x3

o Osxs]
/ O3x3  Osx3 '

, Bj =
] J I3x3
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Define a cost function

Jij = '[; (] Qjx; + LifiRies — H1"Nj[fjRies — 5)])

where Qjand Njare known positive definite matrices. We design a virtual control input «; for

fiRjes such that x; converges to zero and Jij is minimized.
With the aid of the linear quadratic regulation (LQR) optimal control theory, the optimal con-

troller is

aj=—Kjx + D (3.22)

where

K =N'B] P, (3:23)

and Pj is a positive definite solution of the following Lyapunov function
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(4j = BiK;) P, + P;(4; = BK;) + Q; + K NiK; = 0 (3.24)

Substitute K;to the above equation, Pjis the symmetric positive definite solution to the following

well-known algebraic Riccati equation (ARE).

Al P+ PAj + Q; — PiB;N;'B] P; = 0. (3.25)

Step 2: In this step, we find fjand the desired orientation R for j-th vehicle. Let

fiRles = a; (3.26)

fi = |l (3.27)

pd. = 3.28
3 = T | (3.28)

In (3.28), b, is not defined if ¢; = 0. In this case, we define b§;as follows

d _
bg; =

lcz)
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To define bfj and bg]_, the information b2, is required. Based on the distributed estimator in

(3.11), the estimate r;j of byo for j-th vehicle is known. We choose

T = 1 =1 byjbs; (3.29)
d _ 0

b2 =T (3.30)

b{; = bs; x b, (3.31)

The desired attitude of R;is chosen as

and the desired quaterniong? = [n%, (e}i)T]T is calculated by the equations (166)-(168) in [59]
which are omitted here. The desired angular velocity is calculated by

dq;’l

wf =24(qH7 . (3.33)
Step 3: Let the difference between gjand g be

7 =0@H"® q =M1, (3.34)
The derivative of g, is

G = 2A@)(w; — R of) (3.35)
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where Rj= (R)R;.

Let

@ = wj—Rlof —K & (3.36)

where K1 is a symmetric positive definite constant matrix, then

qj=— % A(G))K, € (3.37)
. d ;= ~
Jj & =S(jw)w; + 1 =] (Rl wft) — J;K1 &,
= —5(@;));@; — (@) (R] ))&

- ~ d ;~ ~
—S(RI wf )R] wf + 1 = J; - (Rl wf) = J;K1 §, (3.38)

The following result has been proved in [60].

Lemma 3.2. For the system in (3.37), if @; is bounded and converges to zero, then €; and @ all

converge to zero.

With the aid of Lemma 3.2, we design control input zj such that o~ converges to zero. First,

we consider the optimal control problem of the following system
with a cost function

1 poo ~ — 1=
Joy = 315 @] Koy + 7T ) (340

where K is a symmetric positive definite matrix, 7, is a virtue input.
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Let the value function
~ ~ 1 oo, ~ — 11—
Vi(g;(0, @) = Efo (@] K,@; + 17 TK; 'T))dt
The HJB equation is
N e T Toe1m 1 OV ol ~ 1~ 1
Hi(4;, ®;,7) = E (0] K,&; + 77 Ky '7) + 0_5)1,- (—J7's(@)j@; +J7'1)

The optimal control is

T
an
a(T)j

T_f = —k; éj_ K™t [

and the value function corresponding to 7; is

With the aid of Vj*, the optimal control input is

e o~
7 = —K,0;

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

This means that with the aid of the Lyapunov function Vj* the optimal control can be derived as

(3.45).

Since the equation (3.38) and equation (3.39) are similar, it is believed that Vj* is a sub-

optimal value function for the optimal control of systems (3.38) with the cost function (3.40). We

choose a Lyapunov function
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V=V (3.46)
The derivative of V; is
V; = & @
= &} (=5(&;));@; — S(@))];R] wf — S(R] w}')];&;
—S(Rf )R] wff + 7 — J; = (BRI wf) - J; K, & (3.47)
Choose the control input
T = —K,&; + 5(&;));@; + S(@)R] wf! + S(R] w}')];&;
+S(RT )R wf + J; = (R wf) + J;K, & (3.48)
then
Vi =] K. (3.49)

It can be shown that @; converges to zero.

Based on the above controller design procedure, we have the following results.

Theorem 3.1. For the systems in (3.1)-(3.4) and a leader vehicle, if the information of the leader
vehicle is globally reachable the control inputs (fj,zj) in (3.27) and (3.48) ensure that (3.5)-(3.6)

are satisfied.
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Proof: With the aid of (3.49), it can be proved that &; is bounded and converges to zero. By

Lemma 3.2,€5 converges to zero. So, eqn. (3.6) is satisfied.

With the aid of the above design, the algorithm for control is as follows.

Control Algorithm:

1. Initialization: Apply a control input (Fj,z;) for a small amount of time. Based on the measured

data, calculate mjand Jjusing (3.12)-(3.13).

2. On-line Control: Apply the control law fjand zj in (3.28) and (3.48) where (p%j,v’j,rj) are

defined in (3.9)-(3.11).

Remark 3.1. In order to implement the controllers in Theorem 3.1, derivatives of some terms
should be obtained. Calculation of them is tedious. To overcome this, the command filters
proposed in [57] and [58] can be applied to estimate the derivatives. For a given qgq, the

command filter

q1 = WnQq2

42 = —28wnqz; — wn(q1 — qq)

ensures that ||w,q, — ¢4l is small by letting 0 < < 1 and wn(> 0) large.
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3.4 Simulation Results

The proposed results can be applied to design distributed controllers for formation flying
of multiple quadrotors. Considered five quadrotors. The dynamics of quadrotor j can be written
as (2.1)-(2.4), where the total thrust fjand the generalized moment vector zj are generated by the

four rotors. For simplicity, we ignore the dynamics of each rotor and consider fjand zj as control

inputs.

n14 74 4
i D Ci D
Rotor 1 j Rotor 4

Mass center
73 4

Rotor 2 I i Ye Rotor 3
Xe

Figure 3.1: Configuration of a quadrotor

In the simulation, it is assumed that mj = 1kg and inertia tensor J; = diag([1,1,1])kg m?. In the
controller design, mjand Jjare not exactly known. However, it is known that m; € [0.8,1.2]kg,
i.e., m =1.2kg and m = 0.8kg. Simulation results are presented to illustrate the effectiveness of
the proposed controllers. Without loss of generality, for j-th quadrotor it is assumed that m; = 1kg
and inertia tensor Jj = diag([1,1,1])kg m2. In the controllers, m;and Jjare unknown and m; €

[0.8,1.2].
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In the simulation, it is assumed that the trajectory poand o of the leader quadrotor are

t t
—,100sin —

-
>0 20" 10 — 10exp (—0.1t)]

po(t) = [100COS

b [ i : ! O]T
= X — *
2,0 sin (7 60),cos (m 360)'

The communication directed graph is shown in Fig. 3.2. It is can be verified that node 0 is
globally reachable. The desired formation for quadrotors is shown in Fig. 3.3, where ho =

[0,0,0]7, hy = [0,15,0] T, ho=[~15,0,0] T, hs = [0,~15,0] T, and hs = [15,0,0] .

Distributed control laws can be designed with the aid of the procedure in the last section. The
simulation was done for one group of control parameters. Figs. 3.4-3.12 show the estimate errors

Po — Dj, Vo — Uj, and boo—rjfor 1 <j < 3. Itis shown that the estimates of the state of the leader

converge to the desired value within finite time.

Figure 3.2: Communication graph between quadrotors
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Figure 3.3: Desired formation
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Figure 3.5: Estimation error vo— V1.
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Figure 3.13: Time response of the estimate of m;.

Figs. (3.13)-(3.14) show the estimates of m; and J;. It is shown that the estimates are very
close to their real values.

Figs. 3.15-3.17 show the time response of pj— hj— (po— ho) for 1 <j < 3. It is shown that the
vehicles come into the desired formation and follow the leader vehicle. Figs. 3.18-3.20 show the
time response of vj— vofor 1 <j <3. It is shown that the velocity of the vehicles converge to the
desired velocity. Figs. 3.21-3.23 show the time response of gjfor 1 <j < 3. It is shown that the
orientation of the vehicles converge to the orientation of the lead vehicle. Figs. 3.24-3.26 show
the time response of w™jfor 1 <j<3. Itis shown that the angular velocity of the vehicles

converge to the desired angular velocity.
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3.5 Conclusion

This chapter considered the formation flying of multiple vehicles with the aid of optimal
control theory. The proposed approach integrates the distributed estimation, parameter

identification, and

350
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Figure 3.14: Time response of the estimate of J;.
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optimal tracking control. Simulation results show the effectiveness of the proposed controllers

for formation flying of three vehicles.
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CHAPTER IV

FUTURE WORK

In this thesis, we solved the formation flying of multiple quadrotors with the aid of

distributed estimation, neural network approximation property, and optimal control theory. The

obtained results are preliminary. Further research should be done on both research topics. In the

future, the following research topics will be done.

In this thesis, distributed controllers were design with the aid of the distributed estimation
and the tracking controller design. The distributed estimation and the tracking control are

separately steps. In the future, we will combine these two steps together.

In this thesis, we studied the formation control of quadrotors. In the future, we will study the
formation control of other types of vehicles, such as wheeled mobile robots, surface vehicles,

etc.

Reinforcement learning is a powerful tool in dealing with unknown environment. In the
future, we will study distributed control of multiple vehicles with the aid of reinforcement

learning instead of optimal control theory.

Other distributed control problems.
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